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Preface 


This volume constitutes the first part of a monograph on theory and 
applications of differential and integral inequalities. ‘The entire work, 
as a whole, is intended to be a research monograph, a guide to the 
literature, and a textbook for advanced courses. The unifying theme of 
this treatment is a systematic development of the theory and applications 
of differential inequalities as well as Volterra integral inequalitics. The 
main tools for applications are the norm and the Lyapunov functions. 
Familiarity with real and complex analysis, elements of general topology 
and functional analysis, and differential and integral equations is 
assumed. 

The theory of differential inequalities depends on integration of 
differential inequalities or what may be called the general comparison 
principle. The treatment of this theory is not for its own sake. The 
essential unity is achieved by the wealth of its applications to various 
qualitative problems of a variety of differential systems. 

The material of the present volume is divided into two sections. The 
first section consisting of four chapters deals with ordinary differential 
equations while the second section is devoted to Volterra integral 
equations. The remaining portion of the monograph, which will appear 
as a second volume, is concerned with differential equations with time 
lag, partial differential equations of first order, parabolic and hyperbolic 
respectively, differential equations in abstract spaces including nonlinear 
evolution equations and complex differential equations types. 

The vector notation and vectorial inequalities are used freely through- 
out the book. Also, because of the several allied fields covered, it becomes 
convenient to use the same letter with different meanings in different 
situations. This, however, should not cause confusion, since it is spelled 
out wherever necessary. 

The notes at the end of each chapter indicate the sources which have 
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been consulted and those whose ideas are developed. Some sources 
which are closely related but not included in the book are also given for 
guidance. 

We wish to express our warmest thanks to our colleague Professor 
C. Corduneanu for reading the manuscript and suggesting improvements. 
Our thanks are also due to Professors J. Hale, N. Onuchic, and C. Olech 
for their helpful suggestions. 

We are immensely pleased that our monograph appears in a series 
inspired and edited by Professor R. Bellman and we wish to express our 
gratitude and warmest thanks for his interest in this book. 


V. LAKSHMIKANTHAM 
S. LEELA 

Kingston, Rhode Island 

December, 1968 
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1.0. Introduction 


This chapter is an introduction to the theory of differential inequalities 
and therefore forms a basis of the remaining chapters. After sketching the 
preliminary existence and continuation of solutions of an initial value 
problem for ordinary differential equations, we develop fundamental 
results involving differential inequalities. Basic comparison theorems 
that form the core of the monograph are treated in detail. While con- 
sidering the system of differential inequalities (finite or infinite), we 
find it convenient to utilize the notion minimax solutions, and conse- 
quently our treatment rests on this notion. Certain useful integral 
inequalities that can be reduced to the theory of differential inequalities 
are also presented. Some results on differential inequalities of 
Caratheodory’s type are also dealt with. 


1.1. Existence and continuation of solutions 


Let R” denote the real n-dimensional, euclidean space of elements 
U = (Uy, Uy ,..., U,). Sometimes, we shall denote also the (x + 1)-tuple 
(t, Uy, Uy ,...,U,) as an element, and R®** shall denote the space of 
elements (¢, u,, Uy ,..., U,) or (¢, u). Let || u|| be any convenient norm. 
As usual, we shall use R instead of R'. Let E be an open (ft, u)-set in 
Rt, We shall mean by C[E, R”] the class of continuous mappings 
from FE into R”. If f is a member of this class, one writes f ¢ C[E, R”]. 
Let us consider a system of first-order differential equations with an 
initial condition 
u’ = g(t,u), u(t) = Ue, (1.1.1) 


where u’ = du/dt, uy = (Uyo , Uag +++) Uno), and g € CLE, R"]. A solution 
of the initial value problem (1.1.1) is a differentiable function of ¢ such 
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that u(ty) = uy, (t, u(t))e EB, and u’(t) = g(t, u(t)) for a t-interval J 
containing ¢, . This means that u(¢) has a continuous derivative. From 
these requirements on the continuous function u(t), it follows that it 
satisfies the integral equation 


u(t) = uy + i. 2(s, u(s)) ds, te |. 


In order to prove the classical Peano’s existence theorem, we have 
to introduce the notion of an equicontinuous family of functions. 


DeFINITION 1.1.1. A family of functions F = {f(u)} defined on some 
u-set EC R” is said to be equicontinuous if, for every « > 0, there 
exists a 6 = 6(e), independent of fe F and also u, , u,¢ FE, such that 
I f (w,) — f (up| < « whenever |] 4, — ug] <8. 

The following theorem shows the fundamental property of such a 
family of functions, the proof of which will be omitted. 


Tueorem 1.1.1. (Ascoli-Arzela). Let F={f} be a sequence of 
functions defined on a compact u-set E'C R", which is equicontinuous 
and equibounded. Then, there exists a subsequence {/f,}, m = 1, 2,..., 
which is uniformly convergent on E. 


THEOREM 1.1.2. (Peano’s Existence Theorem). Let g € C[R,, R], 
where R, is the set [(t, u): ty <t <ty +4, || u — uy || < 4]; || g(t, w)| < M 
on R,. Then, the initial value problem (1.1.1) possesses at least one 
solution u(t) on tj <t <ty + a, where « = min(a, b/M). 


Proof. Wet u(t) be a continuously differentiable function, on 
[t) — 5, ty], 56 > 0, such that u(t) = uy, || u(t) — uy || <4, and 
|| wg(t) || <M. For 0 <« <8, we define a function u,(t) = u,(t) on 
[to -- 6, to] and 


u(t) = up + | 2(s, ue(s — €)) ds (1.1.2) 


on [ty , f9 + 4], where «, = min(a, ¢). Observe that w,(¢) is differentiable 
and 
|| u(t) — wy | <b (1.1.3) 


on [t) — 6, t) + a]. If ay <a, we can use (1.1.2) to extend ut) as 
a continuously differentiable function over [t) — 6, ty + a], o%) = 
min(«, 2e), such that (1.1.3) holds. Continuing in this way, u(t) can be 
defined over [t) — 5, t) + «] so that it has a continuous derivative and 
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satisfies (1.1.3) on the same interval. Furthermore, || u:(¢)|| <M, and 
therefore {u,(t)} forms a family of equicontinuous and uniformly bounded 
functions. An application of Theorem 1.1.1 shows the existence of a 
sequence {e,} such that «, > «, > ---e,-+0 as n> ©, and u(t) = 
lim, U.,(¢) exists uniformly on [f) — 4, fy + a]. Since g is uniformly 
continuous, we obtain that g(t, u.(¢ — «,)) tends uniformly to g(t, u(Z)) 
as n -> 00, and, hence, term-by-term integration of (1.1.2) with e = «,, 
a = « yields 


w(t) = uy + J als, u(s) ds 


This proves that u(t) is a solution of (1.1.1). 


The following corollary of Peano’s Theorem is useful in applications. 


Corotiary 1.].1. Let & be an open (t, u)-set in R"*! and E, be a 
compact subset of EZ. Suppose that g € CLE, R"] and || g(t, u)|| < Mon E. 
Then, there exists an a = a(F, E, , M) such that, if (t) , uy) € Ey, (1.1.1.) 
has a solution, and every solution exists on [fy , fy + a]. 

In that case, when g is not bounded on FE, we can replace the set EF 
by an open subset EF, having a compact closure in F and containing E, . 


The next theorem deals with the problem of extending the solutions 
up to the boundary of E. 


TuHeoreM 1.1.3. Let E bean open (¢, u)-set in R"*, and let ge C[E, R”] 
and u(t) be a solution of (1.1.1) on some interval t) <t <a). Then 
u(t) can be extended as a solution to the boundary of £. 


Proof. Let E,, E,,... be open subsets of E such that E = VU) E,; the 
closures F, , FE, ,... are compact, and £,C E£,,,. It then follows from 
Corollary 1.1.1 that there exists an ¢«, > 0 such that, if (t),u)e E,, 
all solutions of (1.1.1) exist on 4) Mt S44 e,. 

Choose 7, so large that (ay , u(a)) € E,,, . Then, u(t) can be extended 
over an interval [a), 4) + €,,], and, if (a) + €,,, ua) + €,,)) © Ey, » 
u(t) can be further extended over [a + €,,, @ + 2e,,]. This argument 
can be repeated until we get the extension of u(t) over the interval 
ty <t <a,, where a, = ay) + Nye,,, Nj is an integer >1, such that 
(a, u(a,)) ¢B,, . ; 

Choose 2, so large that (a, , u(a,)) € E,,, . Arguing as before, we arrive 
at an integer N, > 1 such that u(t) can be extended over 4) Ct <a, 
a, = a, + Noe,,, and (a), u(ay)) ¢ E,, « 

Proceeding in this way, we are led to a sequence of integers 
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My <M, <**+ and numbers a) < a, < a, <-*+ such that u(f) has an 
extension over [t,, 2), where a = lim,.,.. a, and that (a, , u(a,)) ¢ E,, . 
Thus, the sequence {a,,, u(a;,)} is either unbounded or has a cluster 
point on the boundary of E. 

To show that u(t) tends to the boundary of FE as t > a, we must show 
that no limit point of {t, , u(¢,)} is an interior point of E as ¢, — a. Since 
this follows from the lemma below, the theorem is proved. 


Lemma 1.1.1. Let ge C[E, R”], where E is an open (t, u)-set in 
R*1, Let u(t) be a solution of (1.1.1) on an interval 4) <t <a,a< o. 
Assume that there exists a sequence {t¢,} such that ty <t,—> 00 as 
k-> co and wv? = lim,.,.. u(t,) exists. If g(t, u) is bounded on the inter- 
section of E and a neighborhood of (a, u®°), then 


lim u(t) = w°. (1.1.4) 
If, in addition, g(a, u°) is defined such that g(t, uz) is continuous at 


(a, u°), then u(t) is continuously differentiable on [tg , a] and 1s a solution 


of (1.1.1) on [ty , @]. 


Proof. Let « > 0 be sufficiently small. Consider the set R:0<a—t <e, 
ju — u\| <e. Let Mie) be so large that || g(t, u)l| < M(e) for 
(t,uJeEOR. Uf, for Rk sufficiently large, 0 <a — t, </2M(c) and 
Ii w(t,) — u° || <«/2, then 

| u(t) — u(t,)I| < M(o(a — te) < €f2 (1.1.5) 


for t, <t <a. If this is not true, there is a ¢, such that t, <t, <a, 
{| u(t,) — u(t,) || = M(e)(a — t,) < €/2. It therefore follows that 


|| u(t) — uw || < ge + lu) —w i] <e for 4 Kt<h. 
This implies || u’(t)|| < M(«) for t, <t < t,. Consequently, 
|] u(t) — u(ty)|| < M(e\(ty — t,) < M(e)(a — t). 


This proves (1.1.5), which, in turn, shows that (1.1.4) holds. The last 
part of the lemma follows from the fact that 


u'(t) = g(t, u(t)) — g(a, wv) as t—>a, 


CoROLiary 1.1.2. Let ge CIE, R"], where 


E=[(t,u):t) <t<t+ala < w), ue RI. 
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Let u(¢) be a solution of (1.1.1). Then the largest interval of existence 
of u(z) is either [t), ¢, + a] or [t), 6), 6 <t) + a@ and || u(t)| > o as 
t—> 0. 


1.2. Scalar differential inequalities 


We adopt the following notation for Dini derivatives: 


Dtu(t) = i sup A u(t + h) — u(t)], 


D,u(t) = lim inf hut + h) — u(t), 
hor 

D-u(t) = gu sup A“'u(t + h) — u(t), 
—»07 

D_u(t) = lim inf A4[u(t + h) — u(t)}, 
h->0- 


where wz € C[(t) , tf) + a), RJ. When Dtu(t) = D,,u(t), the right derivative 
will be denoted by u‘,(t). Similarly, w'(¢) denotes the left derivative. 


DEFINITION 1.2.1. Let E be an open (¢, u)-set in R* and geé C[E, Ry]. 
Consider the scalar differential equation with an initial condition 


u’ = g(t, 4), U(ty) = Uy. (1.2.1) 


Suppose ve C[[t),t + @), RJ], v(t) exists for t€[t),¢t + @), and 
(t, v(¢)) € E. If o(#) satisfies the differential inequality 


v'(t) < g(t, v(t), te [ty,t + a), 


it is said to be an under-function with respect to the initial value problem 
(1.2.1). On the other hand, if 


v(t) > a(t, v(t), te {fo > to = a), 
a(t) is said to be an over-function. 


A fundamental result on scalar differential inequalities is the following: 


THEOREM 1.2.1. Let E be an open (ft, u)-set in R® and geC[E, RI. 
Assume that v, w€ C[[t),% + a), RJ] and (¢, v(t)), (4, w(t)) € E, 
te [t) , tf) + @). Suppose further that 


Uty) < w(ty), (1.2.2) 
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and, for t € (ty , tg + a), the inequalities 


D_v(t) < g(t, v(t), (1.2.3) 
D_w(t) > g(t, w(t)) (1.2.4) 

hold. Then, 
u(t) < w(t), té [ty , t) + a). (1.2.5) 


Proof. Tf assertion (1.2.5) is false, then the set 
Z = [te [ty t +a): w(t) < r(0)] 


is nonempty. Defining t, = inf Z, it is clear from (1.2.2) that 4, <t,. 
Furthermore, 


v(t,) = w(t,) (1.2.6) 
and 
v(t) < w(t), t € [ty , t,). (1.2.7) 


Using (1.2.6) and (1.2.7), we obtain, for small h < 0, 


oly + A) — 2h) w(t + A) ~ w(t) 
h h , 


which in its turn implies 
D_v(t,) > D_w(t,). (1.2.8) 
The inequalities (1.2.3), (1.2.4), and (1.2.8) together with (1.2.6) lead 


us to the contradiction 
&(ty » Ut) > 8(4, , M(H). 
Hence Z is empty, and the statement (1.2.5) follows. 


Remark 1.2.1. It is obvious from the proof that the inequalities 
(1.2.3) and (1.2.4) can also be replaced by 


D_vt) < g(t, e(t)), 


D_w(t) > g(t, w(t)), 
respectively. 
Note that the proof does not demand the validity of the inequalities 
(1.2.3) and (1.2.4) for all ¢ € (% , 4) + @). The following refinement is a 
consequence of this observation. 
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THEOREM 1.2.2. Let the assumptions of Theorem 1.2.1 hold, 
except that the inequalities (1.2.3) and (1.2.4) are satisfied for 
te Z, = [f€ (to, fy + a): o(t) = w(t)]. Then (1.2.5) remains valid. 

In fact, Theorem 1.2.1 can be subjected to further refinements. To this 
end, we require the following simple lemmas. Although we state them 
for scalar functions, it is easy to see that they are true for vector functions 
as well. Unless otherwise specified, let S denote an at-most countable 
subset of [ty , 49 + 4). 


Lemma 1.2.1. (Zygmund). Suppose that ue Cl[t),¢ + a), R] and 
the inequality Du(t) < 0 for t € [f) , f) + a) — S, D being a fixed Dini 
derivative. Then, u(t) is nonincreasing in f on [fy , fy + a). 


Lemma 1.2.2. Let v, we C[[f), t9 + a), RJ, and for some fixed Dini 
derivative Dv(t) < w(t) for t € [ty , % + a) — S. Then, D_v(t) < w(t) 
for t € [ty , tg + 4). 


Proof. Define the function 
t 
m(t) == v(t) — { w(s) ds. 
to 


It then follows, from the assumption, that 
Dm(t) = Do(t) — w(t) < 9, te [t,t +a) —S. 


Hence, by Lemma 1.2.1, m(t) is nonincreasing in ¢ on [%), tf) + @). 
Consequently, 


D_m(t) = D_v(t) — w(t) < 0, 1€ [ty , t9 + 2), 


and the lemma is proved. 


RemMarK 1.2.2. In the light of Lemma 1.2.2, it is clear that 
Theorem 1.2.1 remains true when the inequalities (1.2.3) and (1.2.4) 
hold for ¢ € [f) , f) + a) — S, D being any fixed Dini derivative. 

It will now be shown that any solution of the initial value problem 
(1.2.1) can be bracketed between its under- and over-functions. 


THEOREM 1.2.3. Let v(t), w(t) be under- and over-functions with 
respect to the initial value problem (1.2.1), respectively, on [fy , fy + 4). 
If u(t) is any solution of (1.2.1) existing on [%) , f) + @) such that 


U(to) = Uy = W(t), (1.2.9) 
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then 

ut) < u(t) < w(t), te [ty,t) + @). (1.2.10) 
Proof. We shall prove the right half of the inequality (1.2.10). Similar 
reasoning can be used for the left half. Let z(t) and u(t) be an over- 
function and a solution of (1.2.1), respectively. Let m(t) = w(t) — u(t). 
Then, m‘,(t)) > 0 because of (1.2.9). It follows that m(f) is increasing 
to the right of ft, in a sufficiently small interval tj < t < ft) + e, which 
implies that 


u(ty + €) < w(ty + ©). 

Furthermore, 

u(t) < g(t, u(t)) 
and 

wi (t) > g(t, w(t)) 
for t € [f) + «, ty + a). A direct application of Theorem 1.2.1 yields that 

u(t) < w(t), te [yt +). 

‘This proves the theorem. 


Coro.ary 1.2.1. Let £ be an open (¢, w)-set in R’, g,, 2. € CLE, R], 


and 
&(t, u) < 82(t, 4); (t, uj Ek. 
Let u,(2), u,(2) be any two solutions of 
my = 8(t,4), uy, = g(t, u), 
respectively, existing on [é), t+ a) such that ,(f)) < u,(t)). Then 


u(t) < u(t), te [to % + 2). 


Coro.Liary 1.2.2. Let FE be an open (Z, u, v)-set in R°, and g € C[E, R], 
and g(t, u,v) is nondecreasing in v for each fixed ¢ and uw. Let 
u,v éC{[t), t + a), R] such that w'(Z), v’(t) exist, (Z, u(t), u’(2)), 
(#, v(t), v'(t)) € E for t € [ty , tg + a). Assume that the inequalities 

&(t, u(t), w'(t)) < 0, 

g(t, v(2), v'(t)) > 0 
hold for te [t,,# + a). Then, u(t.) < v(f)) implies u(t) < v(Z) for 
té [ty , to + @). 


1.3. MAXIMAL AND MINIMAL SOLUTIONS M1 
1.3. Maximal and minimal solutions 


The notion of maximal and minimal solutions of (1.2.1) will now be 
introduced. 


DEFINITION 1.3.1. Let r({t) be a solution of the scalar differential 
equation (1.2.1) on [f),¢% + a). Then r(t) is said to be a maximal 
solution of (1.2.1) if, for every solution u(t) of (1.2.1) existing on 
[to » t) + a), the inequality 


u(t) <r(t), tftp, to + a) (1.3.1) 


holds. A minimal solution p(t) may be defined similarly by reversing the 
inequality (1.3.1). 


We shall now consider the existence of maximal and minimal solutions 
of (1.2.1) under the hypothesis of Peano’s existence theorem. 


THeorEM 1.3.1. Let geC[R,, R], where R, is the rectangle 
ty <t<t+a,|u—uy| <4, and | g(t, u)| < M on R,. Then there 
exist a maximal solution and a minimal solution of (1.2.1) on [f, , t) + a], 


where « = min(a, 6/(2M + 0)). 


Proof. We shall prove the existence of the maximal solution only, since 
the case of the minimal solution is very similar. Let 0 <« < 5/2. 
Consider the differential equation with an initial condition 


u' = g(t,u)+<«, — u(ty) = Uy +e. (1.3.2) 
Observing that 
&(t, u) = g(t, u) + € 


is defined and continuous on 
R.ity St Sty +4, |u — (uw + )| < 8/2, 


R.C Ry and |g. (t, u)| <M + (6/2) on R,, we deduce from 
Theorem 1.1.2 that the initial value problem (1.3.2) has a solution 
u(t, €) on the interval [f) , 4g + «], where « = min(a, 6/(2M + 6)). For 
0 <e <«, <e, we have 

U(lo » 2) < U(ty , &)s 

u'(t, 2) < g(t, u(t, &2)) + ee, 


u(t, €) > at, u(t, €)) + €o> LE [t,t + a]. 
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We can apply Theorem 1.2.1 to get 
u(t, €9) < u(t, €), t € [fy , ty + &]. 


Since the family of functions u(t, «) is equicontinuous and uniformly 
bounded on [tf , t) + a], it follows by Theorem 1.1.1 that there exists 
a decreasing sequence {e,,} such that «,, —> 0 as m —> oo, and the uniform 
limit 
r(t) = lim u(t, €,) 

exists on [ty , ty) -+ a]. Clearly, (ty) = vu). The uniform continuity of g 
implies that g(t, u(t, €,)) tends uniformly to g(t, r(¢)) as n —> oo, and thus 
term-by-term integration is applicable to 


t 
u(t, &) = Ug + & + | 2(s, u(s, €,)) ds, 
to 


which in turn shows that the limit 7(t) is a solution of (1.2.1) on 
[to > £9 + x]. 

We shall now show that r(¢) is the desired maximal solution of (1.2.1) 
on [ty, t 4- x] satisfying (1.3.1). Let u(t) be any solution of (1.2.1) 
existing on [fy , f) 4- «]. Then, 


U(ty) = Uy < Ug +e = Ut, €), 
u(t) < g(t, u(t)) + «, 
u'(t,€) > g(t, u(t, €)) + €, 
for t € [ty , 4) + «J and e < 4/2. By Remark 1.2.1, we obtain that 
u(t) < u(t, €), t E [ty , fy -+ a]. 


The uniqueness of the maximal solution shows that u(t, «) tends uni- 
formly to r(t) on [iz , t) + «] as « +0. This proves the theorem. 


This existence theorem, together with the extension Theorem 1.1.3, 
implies the following: 


Tueorem 1.3.2. Let ge C[E, R], where E is an open (¢, u)-set in R? 
and (ty), %))¢ &. Then (1.2.1) has maximal and minimal solutions that 
can be extended to the boundary of E. 


The lemmas given below are useful in certain later applications. 


Lemma 1.3.1. Let the hypothesis of Theorem 1.3.2 hold, and let 
[ty , t) 4- a) be the largest interval of existence of the maximal solution 
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r(t) of (1.2.1). Suppose [Zp , 4] is a compact subinterval of [t) , t) + a). 
Then there is an ey > 0 such that, forO < « < €, , the maximal solution 
r(t, «) of Eq. (1.3.2) exists over [f) , 4], and 


lim r(t, €) = r(t) 
uniformly on [Z,, é,]. 


Proof. Let E, be an open bounded set, EC E, and (¢, r(t)) ¢ E for 
t € [ty , t,]. We can choose a b > 0 such that, for ¢ € [¢, , ¢,], the rectangle 


Re[t,t+6],  |u—(r(t)+¢)| <4, 


is included in Fy fore < 6/2. Let | g(t, w)| < Mon E, . Then it is evident 
that 


| g(t, u) +e| <M + 6/2 


on Rj, for te [t),¢,] and 0 <« < 4/2. Consider the rectangle Rj, . 
It follows from Theorem 1.3.1 that the maximal solution 7(¢, «) of 
(1.3.2) exists on [f) , tg + y], 7 = min(d, 2b/(2M + 5)). Note that y does 
not depend upon e¢. Furthermore, proceeding as in Theorem 1.3.1, 


we can conclude, in view of the uniqueness of the maximal solution r(t) of 
(1.2.1), that 
lim r(t,€) = r(t) 


uniformly on [t) , é + 7]. This implies that 
lim r(to +, ©) = r(ty + 9). 

Consequently, there is an «, < b/2 such that, for 0 <« <«,, we have 
rit + 9,6) <r(tp +) +. 


We can now repeat the foregoing argument with respect to the rectangle 
Rian € <<€,, to show that there exists an e, < «, such that, fore <«, 
the maximal solution f(é, «) of 


ui = g(t,u) +e, U(ty + 4) = 7(to +7) + € 
exists on [f) + 7, ty) + 2], and 
lim #(t, ©) = r(t) 


uniformly on [¢) + 7, tp + 2n]. For « < «, , we can extend the function 
r(t, ©) by defining 


r(t,<) = *(t, ©), te [fp + 9, ty + 27]. 
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It is clear that r(t, e) is the maximal solution of (1.3.2) on [fg , tg + 2y], 
and 
lim r(t,<«) = r(t) 


uniformly on [ty , tg + 27]. 

By induction, it can be shown that there is an eg = €, such that 
(to, 1] © [t), t, + ny], that the maximal solution r(¢, ¢) of (1.3.2) exists 
on [ty , t9 + ny] forO <« < e), and that 


lim r(t,«) = r(t) 
uniformly on [ty , tg + 2]. The lemma is thus proved. 


Lemma 1.3.2. Let g € C[[ty, ty + a] x R, R) and nondecreasing in x 
for each t & [fy , ty + a]. Assume that 


g(t, 0) =0, (1.3.3) 
|g(t,u)| <M on [t,t +a] x R, (1.3.4) 
and u(t) = 0 is the unique solution of 
u' = g(t,u), u(ty) = 0 (1.3.5) 
on [ty , tg + a]. Then, the successive approximations 


u(t) = M(t — ty), 


t 
tysalt) =f g(ss ma(s)) as 
are well defined; 


0 < u4,(t) < u,(t) on [ty, to + @], (1.3.6) 
and 


jim u,(t) = 0 uniformly on [ég, ty + a]. (1.3.7) 
Moreover, for every n > 1, the maximal solution 7,,(t) of 
u’ = g(t, u) + Re(t, up_,(t)), u(t) = 0, k>0, 
exists on [ty , tp -- a], and 


lim 7,(¢) = 0 uniformly on [t, t + a]. (1.3.8) 


Proof. An easy induction proves (1.3.6). Since, by (1.3.4), | u,(t)| <M, 
using Theorem 1.1.1, we can conclude that lim,,,., u,,(¢) = u(t) uniformly 
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on [ty , 4g + a]. It is clear that u(z) satisfies u’(t) = g(t, u(t)) and u(t,) = 0. 
By (1.3.5), it follows that u(t) = 0, and (1.3.7) is proved. 
Given « > 0, there is an ” > n(e) such that 


| Ag(t, upa(t)| <<, te [ty,t + 4], 


because of (1.3.3) and (1.3.7). Now an argument similar to that of 
Lemma ].3.1 proves (1.3.8). 


1.4. Comparison theorems 


An important technique in the theory of differential equations is 
concerned with estimating a function satisfying a differential inequality 
by the extremal solutions, of the corresponding differential equation. 
One of the results that is widely used is the following comparison 
theorem: 


Tueorem 1.4.1. Let E be an open (é, #)-sct in R? and ge C[E, R}. 
Suppose that [%), f) + a) is the largest interval in which the maximal 
solution r(t) of (1.2.1) exists. Let me C[(¢) , tg + a), R], (4, m(t)) € EF for 
te [t), t) + @), m(to) < uy, and for a fixed Dini derivative, 


Dm(t) < g(t, m(t)), (1.4.1) 
te [ty , t) + a) — S. Then, 
m(t) < r(t), te [ty , ty + @). (1.4.2) 
Proof. From Lemma 1.2.2, it follows that (1.4.1) can be replaced by 
D_m(t) <g(t,m(t)), — 1E (ty, ty +). (1.4.3) 


Let 4) <7 <t, + a. By Lemma 1.3.1, the maximal solutions r(¢, «) of 
(1.3.2) exist on [t) , 7] for all « > 0 sufficiently small, and 


r(t) = lim 7(¢, €) (1.4.4) 


uniformly on [é,7]. Using (1.3.2) and (1.4.3) and applying 
Theorem 1.2.1, we derive that 


m(t) <r(t,<),  t€[ty, 7] (1.4.5) 


The last inequality, together with (1.4.4), proves the assertion of the 
theorem. 
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Remark 1.4.1. If the inequality (1.4.1) is reversed and m(t)) > uy, 
then we have to replace the conclusion (1.4.2) by m(t) > p(t), where p(t) 
is the minimal solution of (1.2.1). 


Theorem 1.4.1 can also be proved under a weaker hypothesis. 


TuHroreM 1.4.2. Let m(t), r(t) be as in Theorem 1.4.1, and 


Z = [t © [ty, t + a): r(t) < m(t) < r(t) + 9], (1.4.6) 


for some ¢, > 0. If (1.4.1) is satisfied for ¢¢ Z — S, where S is an 
at-most countable subset of Z, then (1.4.2) holds. 


Proof. Jt is enough to prove (1.4.5). As before, Lemma 1.2.2 implies 
that (1.4.3) is satisfied for t¢ Z. Proceeding as in the proof of 
Theorem 1.2.1, we arrive at a ¢, such that 


m(t,) = r(ty , €). 
In view of (1.4.4), there exists an €) > 0 such that 
r(t,€) <r(t) 4- &, te [éy, 7]. 
Moreover, we have r(t) < r(t, «), and hence there results the inequality 
r(t) << r(tje) <r(t) +e, te [ty , T]. 
It therefore follows from (1.4.6) that 
r(t;) < m(t,) < r(ty) + €, 


which implies that t, ¢ 7. Hence, (1.4.3) is satisfied for such a ¢, , and 
this is sufficient to establish the desired result. 


We now give a modification of Theorem 1.2.1. It is evident that the 
proof of Theorem 1.2.1 breaks down if we do not assume one of the 
relations (1.2.3) and (1.2.4) to be a strict inequality. This, however, can 
be relaxed provided g satisfies a further assumption. 


Turorem 1.4.3. Let the hypothesis of Theorem 1.2.1 hold except 
that the inequalities (1.2.3) and (1.2.4) are replaced by 


D_o(t) < g(t, ot), (1.4.7) 


D_w(t) > g(t, w(t) (1.4.8) 
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for ¢ € (ty), t) + a). Assume further that, for each 7 & (t), ty + @) and 
t € [ty , 7], g satisfies the condition 

&(t, t) — S(t, Ug) > —G(r + ty — t, uy, — up), uy, > uz, (1.4.9) 


where G € C[[t) , 4 + @) X R, R], and 7(t) = 0 is the maximal solution 
of 

u’ = Git, 4), u(t) = 0. 
Then (1.2.5) holds. 
Proof. Proceeding as in the proof of Theorem 1.2.1, there exists a 
t, € (ty , fy + @) such that 

v(t,) = w(t,), (1.4.10) 

and 

v(t) < w(t), t&<ti<t. (1.4.11) 


Define v(t) = v(t; + t) — t) and w,(t) = w(t, +t) — 2). This, in 
view of (1.4.10) and (1.4.11), yields that 


(to) = W,(to): (1.4.12) 
v(t) < w,(t), te [éy, ty]. (1.4.13) 


Setting m(t) = w,(t) — v,(2), the definitions of v, , w, and the assump- 
tions (1.4.7) and (1.4.8) imply the inequality 


D_m(t) = D_w,(t) — D_oj(t) < gi(t, a(t) — git, a(t), 


where g,(t, uv) = —g(t, + ty — t, u). Since (1.4.13) holds, we can use 
(1.4.9) to arrive at 


D_m(t) < G(t, m(t)), te [t,, t,]. 
By Theorem 1.4.1, we have 
mi)<r(t) te[t),t], (1.4.14) 


where r(Z) is the maximal solution of u’ = G(t, u), such that r(t)) = m(ty). 
From the definition of m(t) and (1.4.12) and (1.4.13), we deduce that 
m(t) > 0, te [t, , t,], and m(t)) = 0. Then, the inequality (1.4.14) and 
the assumption 7(t) = 0 show that 


v(t) = w(t), te [t,, 4], 


which, however, is contrary to the assumption (1.4.11) and the definition 
of t, . Hence, the set Z is empty, and the theorem is proved. 
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To give another comparison theorem that, in certain situations, is 
more useful than Theorem ].4.1, we require the following result: 


TugoreM 1.4.4. Let F be the product space [t, ty + @) x R® and 
ge C{F, R]}. Assume that g is nondecreasing in vw for each ¢ and u. 
Suppose that r(f) is the maximal solution of the differential equation 


ul = g(t,u,u), (ty) = ty > O (1.4.15) 
existing on [fy , fg + @), and 
r(t) > 0, te [ty , ty + @). (1.4.16) 
Then, the maximal solution r,(t) of 


ul = E(t, u), U(to) = Uy 2 0, (1.4.17) 


where g,(t, wu) = g(t, u, r(t)), exists on [ft , fy + @) and 
r(t)=n(t), te [fy,t + 4). (1.4.18) 


Proof. By Theorems 1.3.1 and 1.3.2, the maximal solution r,(t) of 
(1.4.17) exists on an interval [fy , ty + a], « <a, which can be extended 
to the boundary of F. This implies that either 7,(t) is defined over 
{to , t) + @) or there exists a t, < tj + @ such that 


| ry(t;,)| > 00 (1.4.19) 
for a certain sequence {t,}, tf, —> 47 as k > oo. Observe that 
r(t) = g(t, r(4), (4) = a(t, (0), 
and this yields, from Theorem 1.4.1, that 
r(t) <n (¢), (1.4.20) 
as far as r,(¢) exists. It follows from (1.4.16), (1.4.19), and (1.4.20) that 


7(t,) > +00 (1.4.21) 


as t). > t,-. 
We shall show that (1.4.21) cannot be true. For this purpose, consider 
the maximal solution 7(t, €) of 


ul = g(t, u,u) +e, u(ty) = Uy +, Uy = 0, (1.4.22) 
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which, by Lemma 1.3.1, exists on {¢), ft; + v],v > 0,andt, +» < tf) + a, 
for sufficiently small « > 0. Moreover, we have from (1.4.22) that 


r'(t, €) > g(t, r(t, €), r(t, €)), (1.4.23) 
and 
r(ty) < r(ty > €). 


Hence, one gets, from Theorem 1.2.1, the inequality 
rit) <r(t,e), te[ty,4 +7]. (1.4.24) 
Since g is nondecreasing in v, (1.4.23) and (1.4.24) lead to 
r'(t, €) > g,(t, r(t, €)), te [t),t, +r]. 


But 73(t) = g(t, 7(t), r(t)) = gilt, n(2), t © [to , ty), and 74(t) < 14(to, €). 
An application of Theorem 1.2.1 again shows that 


r(t) <r(t,e), te [ty ty). (1.4.25) 
Since r(t, <) exists on [t),¢, -+ v],v > 0, (1.4.21) leads us to a contra- 
diction because of (1.4.25), and this proves the existence of 7,(¢) on 
[to » 29 + @). 

To prove (1.4.18), we now see that (1.4.20) is true for ¢ € [Z) , 4) + a). 
Furthermore, 


r(t) = Hilt, n(4)) = g(t, (2), 7(2))- 
From the monotonic character of g in v and (1.4.20), one gets 
n(t) S g(t, n(4), n(4)). 
Theorem 1.4.1 now gives that 
r,(t) <7(t), te [ty , t) + a). 


This inequality, together with (1.4.20), proves (1.4.18), as is desired. 


Tueorem 1.4.5. Let the hypothesis of Theorem 1.4.4 hold; 

méC|[t),t) + a), R] such that (¢, m(t),v)e BE, te [to,t) + a), and 

m(ty) < uy. Assume that for a fixed Dini derivative the inequality 
Dm(t) < g(t, m(t), v) (1.4.26) 


is satisfied for t € [ty , tf) + a) — S. Then, for all v <7(t), t€ [ty ,% + @), 
we have 
m(t) < r(t), t € [ty , ty + @). (1.4.27) 
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Proof. Let wv <r(t), t € [ty , tf) + a). Then, using the monotonicity of g 
in v, the inequality (1.4.26) reduces to 


Dm(t) < g(t, m(t)), te[t,,t +a)—S, 


where g,(t, m(t)) = g(t, m(t), r(t)). If 7,(¢) is the maximal solution of 
(1.4.17), Theorem 1.4.4 shows that r,(Z) exists on [Zp , 4g + @) and (1.4.18) 
is true. Now a straightforward application of Theorem 1.4.1 assures the 
inequality (1.4.27). 


Coro.iary 1.4.1. Let E be an open (#, u)-set and ge CLE, R]. Let 
mé€ Cl[tp , to + 2), RI, (¢, m(t)) € B, and 


D_m(t) < g(t, m(t)), FE (tf) +) 
Assume that, for each 7 € (t), t) +- a) and t € [t, , 7], g satisfies the con- 
dition 
ot, ) — g(t, up) > —Gir + ty — tm — my), my > ay, 
where Ge C[[t , tg + a) x R, RI, and r(t) ~= 0 is the maximal solution 


of 
uv’ —Glt,u), —u(t,) = 0. 


Then m(t)) < uy implies m(t) < u(t), t € [ty , 49 + @), where u(t) is any 
solution of u’ = g(t, u), u(t) = up , existing on [fy , t9 + a). 

The maximal and minimal solutions may be defined to the left of 
t,, and their existence may be proved using the previous arguments 
with necessary modifications. A result parallel to Theorem 1.4.1, con- 
cerning the minimal solution to the left, is useful in later applications. 
We shall state this as a theorem, omitting its proof. 


Turorem 1.4.6. Let E be an open (Z, u)-set in R® and ge C/E, R]. 
Suppose that meC[(t) — a, to], RJ, (¢, m(t))e¢ E for te (ty — a, ty], 
m(t)) = uy, and for any fixed Dini derivative 
Dm(t) < g(t, m(2)), t € (ty — a, ty). 
Then 
m(t) > p(t), 


as far as p(t) exists to the left of ty , p(é) being the left minimal solution of 
(1.2.1). 
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1.5. Finite systems of differential inequalities 


Many of the results considered so far for scalar differential inequalities 
will now be extended, in the sections that follow, to finite systems of 
differential inequalities. To avoid repetition, let us agree on the following: 
the subscript 1 ranges over the integers 1, 2,..., 2; let 0 <k <n; the 
subscripts p and g range over the integers 1, 2,...,kandk + 1,k + 2.,..., , 
respectively. We shall be using vectorial inequalities freely, with the 
understanding that the same inequalities hold between their corres- 
ponding components. 

We shall consider the differential system with an initial condition, 
written in the vectorial form 


uo =g(t,u), u(t) = My, (5219 
where g € C[E, R”] and F is an open (f, u)-set in R’™*1, 


DeFINiITION 1.5.1. Let ve C[[tp, t) + a), R"]; (t, o(t)) € E, and vi (t) 
exists for t € [ty , fy + a). The function v(Z) is said to be a k under (n — hk) 
over-function with respect to the initial value problem (1.5.1) if 


Up +(t) < gpl(t, 2(¢)), 
Uy +(t) > Salt, of) 


hold for t € [t) , t) + a). If v(t) satisfies the reversed inequalities, it is 
said to be a k over (n — k) under-function. 

These definitions clearly include the definitions of under- and over- 
functions as special cases, viz. k = 0 or k = n. 

We require that the function g(t, wz) should satisfy certain monotonic 
properties, which are listed below. 


DEFINITION 1.5.2. The function g(t, wv) is said to possess a mixed 
quastmonotone property if the following conditions hold: 


(¢) g,(t, 4) is nondecreasing in u;, 7 = 1, 2,...,k, 7 Ap, and non- 
increasing in u, . 
(11) g(t, “) 18 nonincreasing in u, and nondecreasing in u,;, 


Jouk+1,k4+ 2,...,0, 7 Aq. 


Evidently, the particular cases k = n and k = 0 in the mixed quasi- 
monotone property correspond to quasi-monotone nondecreasing and 
quasi-monotone nonincreasing properties of the function g(Z, u), res- 
pectively. Furthermore, g(t, w) is said to possess mixed monotone 
property if, in conditions (i) and (ii), 7 4 p, 7 4 g are not demanded. 
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An extension of Theorem 1.2.1 which plays an equally important role 
is the following: 


THEOREM 1.5.1. Let (i) g € CLE, R"], where F is an open (f, u)-set 
in R'; (i) v, we Clty, t + @), KR”), (t, v(t), G, w(t) € FE for 
te [t), t) + a); and (iii) g(Z, uw) possess a mixed quasi-monotone property. 
Assume further that 


Uy(t) << w,(ty); Uq(to) 2 w,(ty), (1.5.2) 


and, for t € (t), t) + a), the inequalities 


D_w,(t) < S(t, v(t), (1.5.3) 
D_vf{t) > galt, (2), (1.5.4) 
D_w,{t) > g p(t, w(d)), (1.5.5) 
D_w,(t) < g,(t, w(t) (1.5.6) 
are satisfied. Then, 
v,(t) < w,(t), u(t) > w,(t), t€ [ty , to + 2). (1.5.7) 


Proof. Define m,(t) = w,(t) — v,(t) and m,(t) = v,(t) — w,(t). Then, 
because of (1.5.2), 
m,(to) > 9, 4.55 125.0050 (1.5.8) 


Suppose that the assertion (1.5.7) is not true. Then, the set 


nm 


Z = Ite [tp to + a): mt) < 0] 


i=l 


is nonempty. Let ¢, = inf Z. By (1.5.8), it is obvious that t, > ¢,. 
Since the set Z is closed, t; € Z, and consequently there exists a j such 
that 


m(t,) = 0. (1.5.9) 
If (1.5.9) is not true, one would have m,(t,) < 0, which implies m,(t) < 0 


in a sufficiently small neighborhood to the left of ¢,. This contradicts 
the definition of ¢, , and therefore (1.5.9) is valid. Moreover, 


m(t,) 0, ixXf, (1.5.10) 
and 
D_m(t,) <0. (1.5.11) 


1.5. FINITE SYSTEMS OF DIFFERENTIAL INEQUALITIES 23 

Suppose that | <j <k. Then (1.5.11), along with (1.5.3) and (1.5.5), 
gives 

Silty M(t) < 8i(ty » O(4))- (1.5.12) 


The mixed quasi-monotone property of g(f, u) in uw, in view of (1.5.9) 
and (1.5.10), yields 


8ilty » U4) S gi(ty » (44). (1.5.13) 


The inequalities (1.5.12) and (1.5.13) lead us to a contradiction. Hf, 
on the other hand, k + 1 <j <1, arguing as before, we arrive at the 
contradiction 


&i(ty > w(t,)) > Ri(ty ? w(t,)), 


using the relations (1.5.4), (1.5.6), (1.5.9), (1.5.10), (1.5.11), and the 
mixed quasi-monotone property of g(z, u) in u. Hence the set Z is empty, 
and (1.5.7) is proved. 


Corotiary |.5.]. Let conditions (i), (ii), and (iii) of Theorem 1.5.1 be 
satisfied. Assume that, for t € (ty , tg + a), the inequalities 


D_v(t) < g(t, o(t)); 
D_w(t) > g(t, w(t)) 
hold. Then, v(ty) < w(ty) implies 
v(t) < w(t), t€ [ty , ty + @). 


Remark 1.5.1. Notice that the proof of Theorem 1.5.1 remains 
unchanged even when the inequalities (1.5.3)-(1.5.6) are replaced by 


D_v,(t) < g(t, 2(¢)), 

D_v,{t) > gilt, r(t)), 

D_w,(t) > g(t, w(t), 

D_w,{t) < gq(t, (t)). 
Remark 1.5.2. Onecan,in Theorem 1.5.1 and the following corollary, 
use any fixed Dini derivative D in place of D_, the corresponding 


inequalities being satisfied only for ¢€[f),¢, + a) — S. This follows 
from Lemmas 1.2.1 and 1.2.2. 


The next theorem is an analog of Theorem 1.2.3. 
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THEOREM 1.5.2. Let v(é), w(t) be k under (1 — k) over-, k over (n — k) 
under-functions, respectively, for t € [fy , tj + a), with respect to the 
initial value problem (1.5.1). Assume that g(t, uv) has mixed quasi- 
monotone property. Let u(t) be any solution of (1.5.1) existing on 
[to » 4g + @) such that 


U(to) = Uy = W(ty). (1.5.14) 

Then 
v,(t) < u,(t) < w,(t), (1.5.15) 
Ug(t) > u(t) > w,(t) (1.5.16) 


for t € [ty , t) + @). 

Proof. Yf (1.5.15) and (1.5.16) hold for t) <t <i), & sufficiently 
close to tf), then one can deduce the assertion of the theorem by the 
application of Theorem 1.5.1 and the subsequent Remark 1.5.1. Indeed, 
such a é, exists. For, defining 


m,(t) a u,(t) > v(t), m,(t) bead V(t) aa u(t) 


and noting that m,(ty) = 0 because of (1.5.14), it is easy to deduce that 
m;,,(ty) > 0, which implies m,(t) is increasing in a sufficiently small 
neighborhood of t) , say tf) <¢t <t,. Similar argument with 


mz (t) = w,(t) — uy(t), mg (t) = g(t) — w,(t) 


shows that m;*(t) increases in ty < t < ty , t, being sufficiently close to ty . 
Now, the desired f, = min(t, , 4,). The proof is therefore complete. 


Corotiary 1.5.2. Let v(t), w(t) be under- and over-functions, res- 
pectively, with respect to the initial value problem (1.5.1) for 
te[t),t) + a). Assume that g(t, uz) is quasi-monotone nondecreasing 
in u. Let u(t) be any solution of (1.5.1) existing on [%) , #) + @) such that 


U(ty) = Up == (to). 
Then, 
u(t) < u(t) < w(t), te [ty , ty + @). 
Corotiary 1.5.3. Let (i) f, ge C[E, R”], where EF is an open (ft, u)-set 


in Rv*1; (ii) either f or g possess a mixed quasi-monotone property; 


(iit) f,(t, u) <g,(t, w), fy{t, w) > go(t, u), (t, u) € E; (iv) u(t), 2(¢) be any 
two solutions of wu’ = f(t, u), v’ = g(t, v), existing on [t),¢) + a), 
respectively, such that uy, < Up.» » “oq > Yog» Phen 


Uy(t)<v,(t), Malt) > (2), FE [to to + @). 
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1.6. Minimax solutions 


DEFINITION 1.6.1. Let r(t) be a solution of the differential system 
(1.5.1) existing on [%),% + @) such that, for every solution u(t) of 
(1.5.1) on [t, , tg + @), the inequalities 


u(t) <ry(t), u(t) > rt), €€ [ty ty + 4) (1.6.1) 
or 


u,(t) 2 ¥ (2), u,(t) S r(t), te [to ’ to I a) (1.6.2) 


are satisfied. In case of (1.6.1), r(t) is called a k max (n — k) mini-solution 
of (1.5.1), whereas, in case of (1.6.2), it is said to be a k mini (n — k) 
max-solution. In either case, r(t) is said to be a minimax solution. 

A k max (n — k) mini-solution reduces to a maximal solution when 
k = nand to a minimal solution when k = 0. Similarly, a k mini (n — k) 
max-solution coincides with a minimal solution and a maximal solution 
when k = n and k = QO, respectively. 


As minimax solutions include both maximal and minimal solutions 
as special cases, we consider below the existence problem for minimax 
solutions only. 


THEOREM 1.6.1. Let ge C[R,, R”], where 
Ryit <t<h +a, || w — uy || < 4, 


and || g(t, w)|| < M on R, . Assume further that g(t, wz) possesses a mixed 
quasi-monotone property. Then, there exists a k max (m — k) mini- 
and a k mini (m — k) max-solution of (1.5.1) on [t), % + 7], where 
7 = min(a, b/(2M + 5)). 


Proof. LetQ <e« < 6/2. Consider the initial value problem 


Uy = Rpt, u) +, u,(to) = Uo,p + 
ur, a £At, u) —e, U,(ty) = Ug — €: 3 


Observe that g.¢ C[R,, R”], where 


(1.6.3) 


&At, u) — a(t, u) ot €, 
Ro: [(t,u)e R™ 12 t) St St +a, || wz — (uy + €)] < 5/2], 
and R,C R,. Also, 


il g(t, )| < M+ (6/2) on RR. 
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It therefore follows from Peano’s Theorem 1.1.2 that the initial value 
problem (1.6.3) has a solution u(t,«) on the interval [f) , t) + y], 
= min(a, b/(2M -- b)). Let 0 < «, < «, <e. Then, we have 


Uy(ty » €) < Up(ly , 4); Ug(ty » €g) > Ugly , &1); 
Up(t, €2) < Spt, u(t, €2)) -F €2 5 
Ua{t, €x) > Balt, u(t, €2)) — €2 5 
Up(t, €1) > So(t, u(t, &1)) + €2 5 
u(t, &) < go(t, u(t, &)) — &. 
An application of Theorem 1.5.1 yields 
u,(t, €) < u,(t, €,), Ug(t, €2) > u(t, &), 


for t € [ty , tg + J. Since the family of functions u(t, ¢) is equicontinuous 
and uniformly bounded, one can establish that 


lim, u(t, €,) = r(t) 


uniformly on [f),f) + 7] and that 7(#) is a solution of (1.5.1) on 


[toto + 7). 

To show that 7(t) is a k max (nm — k) mini-solution of (1.5.1) on 
[to 49 + 7], we have to prove that (1.6.1) is satisfied. Let u(t) be any 
solution of (1.5.1) existing on [fy , tg -+ n]. Then, 


Up(to) <Up(to,€), — Ua(to) > Ua(to » €)5 
unt) < gp(t, u(t) + 
u(t) > ga(t, u(t)) — ¢; 
un(t,€) > Slt, u(t, €)) + 


ur(t,<) < g,(t, u(t, )) — € 


for « < 6/2. By Theorem 1.5.1, it follows that 
u,(t) < u,(t, €), 
u(t) > wat, €) 
for t € [ty , ty + 7]. Consequently, 
u,(t) <lim u,(t, €) = 7,(2), 
u(t) > lim u(t, 6) = rel?) 


for t € [ty , t + vy]. 
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The existence of k mini (x — k) max-solution can be established by 
changing the signs of « in (1.6.3) and proceeding on similar lines. This 
proves the theorem. 


This existence theorem for minimax solutions, together with the 
extension Theorem 1.1.3, implies the following: 


THEOREM 1.6.2. Let hypotheses (i) and (ili) of Theorem 1.5.1 hold. 
Then, if (¢) , uo) € E, (1.5.1) has minimax solutions that can be extended 
to the boundary of E. 


Corotiary 1.6.1. Let the hypothesis of Theorem 1.6.2 hold. Let 
[to » t) + @) be the largest interval of existence of k max (n — k) mini- 
solution 7(¢) of (1.5.1). Suppose [f,, ¢,] is a compact subinterval of 
[to , t9 + a). Then there exists an €g > 0 such that, for 0 <¢« < «,, the 
k max (2 — k) mini-solution 7(t, €) of the system (1.6.3) exists on [ty , 44], 
and 

lim r(t,e) = r(t) 


uniformly on [ty , 4]. 


1.7. Further comparison theorems 


We shall be concerned, in this section, with comparison theorems 
for finite systems of differential inequalities. These are, naturally, 
extensions of some of the results in Sect. 1.4. As will be seen, minimax 
solutions play an essential role. 


THEOREM 1.7.1. Assume that the hypotheses (i) and (iii) of 
Theorem 1.5.1 hold. Suppose that [t) , tg + @) is the largest interval in 
which the k max (m — k) mini-solution 7(¢) of (1.5.1) exists. Let 
me C{[t), t) + a), R"], (t, m(t)) ¢ E, te [ty, ty + a), 


M(t) < Upp, — Malto) = Uogs (1.7.1) 
and, for a fixed Dini derivative, the inequalities 
Dm,(t) < gp(t, m(z)); 
Dm,(t) > q(t, m(t)) 


hold for t €[t, , 4g + a) — S. Then, 


(1:72) 


m,(t) < 7,(t), m,(t) > r,(t), té€ [ty , t) + a). (1.7.3) 
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Proof. By Lemma 1.2.2, it follows that (1.7.2) is equivalent to the 


incqualitics 
D_m,(t) < &p(t, m(t)), 


(1.7.4) 
D_m{t) > &¢(t, m(t)) 


for t€ (ty, t) + a). Let 7 € (ty, ty + @). Then, the existence of k max 
(x — k) mini-solution r(t, €) of (1.6.3) on [ty , 7], for all « > 0 sufficiently 
small, satisfying 


r(t) = lim r(t, ¢) (1.7.5) 


uniformly on [t,, 7], is a consequence of Corollary 1.6.1. By 
Theorem 1.5.1 and the relations (1.6.3) and (1.7.4), we deduce that 


m,(t) < r9(t, €), (1.7.6) 
m,(t) > rt, €) 


for te [t), 7]. The last inequalities, in view of (1.7.5), prove the con- 
clusion (1.7.3). 


Remark 1.7.1. If, in Theorem 1.7.1, the inequalities (1.7.1) and 
(1.7.2) are reversed, the assertion (1.7.3) becomes 


m,(t) > p,(t), mt) < palt); te [ty , t + a), 
where p(t) is the k mini (” — k) max-solution of (1.5.1). The proof 
requires obvious changes. 
The following corollary of Theorem 1:7.1 is important in later 


applications. 


CoroLiary 1.7.1. Let condition (i) of Theorem 1.5.1 be satisfied. 
Suppose that g is quasi-monotone nondecreasing in u. Let [ty , t) + a) 
be the largest interval of existence of the maximal solution 7(2) of (1.5.1). 
Let meC[[to,t) + 4), R"], (¢, m(t))¢ Ey, te [t,t + a), and, for a 
fixed Dini derivative, the inequality 


Dm(t) < g(t, m(2)) (1.7.7) 
holds for ¢ € [t), t -+ a) — S. Then, 


M(t) < uo (1.7.8) 
implies 
m(t) < r(t), te [ty , ty + a). (1.7.9) 
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Remark ].7.2. If, in Corollary 1.7.1, the inequalities (1.7.7) and (1.7.8) 
are reversed, then the conclusion (1.7.9) is to be replaced by 


m(t) z p(t), te [to rt ai a), 
where p(¢) is the minimum solution of (1.5.1). This follows from 


Remark 1.7.1. 


The next theorem is analogous to Theorem 1.4.2 in this general 
framework. 


THEOREM 1.7.2. Let the hypothesis of Theorem 1.7.1 hold, except 
that the inequalities (1.7.2) are replaced by 


Dm,(t) x L(t, m(t)), te Zy pas S, > 
: (1.7.10) 
Dm,{t) = &alt, m(t)), te Zq <a Sq > 
where 
Z, = {te [ty, ty + a): dt) < 0], 
d,(t) = 1,(t) —m,(t), — d,(t) = m,{t) — r,(¢), 


and S, is an at-most countable subset of Z;, for each 7. Then (1.7.3) 
remains valid. 


Proof. The proof requires minor changes up to (1.7.5) of the proof 
of Theorem 1.7.1. Now, proceeding to prove (1.7.6) as in Theorem 1.5.1, 
we atrive at af, and aj such that 1 <j < mand 


mj(t,) = rt, €)- (1.7.11) 
Moreover, it is easy to obtain from Theorem 1.5.1 that 
ryt) <rp(t,e), —r,(t) > realty €) (1.7.12) 


for te [t), 7], 7 € (49, f9 + @), where 7r(t, «) is the k max (nm — k) mini- 
solution of (1.6.3) which exists on [f), 7], by Corollary 1.6.1. It then 
follows from (1.7.11) and (1.7.12) that 


7;(t,) < m,(t,) if l<j<k 
or 
rt) >m(tq) if k4+1<jca. 


This implies, from the definitions of 7; and d,(t), that t, € Z, . Hence, 
the jth inequality in (1.7.10) is satisfied for such a t,. The rest of the 
proof is identical with the proof of Theorem 1.5.1 in order to arrive 
at (1.7.6), and this is sufficient to draw the conclusion (1.7.3). 
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THEOREM 1.7.3. Let the hypothesis of ‘Theorem 1.5.1 hold, except 
that the inequalities 


D_v,{(t) > g,(t, v(t), (1.5.4*) 
D_w,(t) > gy(t, w(t) (1.5.5*) 


are satisfied for t € (t) , f) + a), instead of (1.5.4) and (1.5.5). Assume 
further, for each rE (ty), t%) + a), t€[t),7], and for each 7, that g 
satisfies the condition 


&,(t,u) — gt, a) > —G(ir +t) —t,u; — 4@,), (1.7.13) 


uz > i, , uu; = , (¢ AJ), where Ge Cl[t, , t, + 2) x R, R], and7(t) =0 


: «| vi 
is the maximal solution of 


u’ = Git, 4), u(ty) = 0. 
Then (1.5.7) holds. 


Proof. Following the proof of Theorem 1.5.1, we arrive at a 
4, € (ty, t) + a) andaj(]1 <j <2) satisfying 


mj(t,) = 0, (1.7.14) 
m,(t) > 0, ty SPSS: (1.7.15) 


Let 1 <j <k. Define a(t) = v(t, +t) — 1), w(t) = w(t, + t) — 2), 
&t, uw) = —g(ty + ty — t,u), and d(t) = w,(t)— o,(t) for te [t), 4]. 
Then, using (1.5.3) and (1.5.5*), we obtain 


D_d(t) = D_%,t) — D_6,(t) 
S &(t, W(t) — S(t, O(2)). (1.7.16) 
The mixed quasi-monotone property of g and the relation (1.7.15) yield 
that 
Hilt, W(t)) < F(t, 1(2),..., Di(L)y---) On (E))- 


This inequality implies, along with (1.7.16) and the assumption (1.7.13), 
the scalar differential inequality 


D_d(t) < G(t, d(t)), te [ty , t,]. 


Since d(tj) = 0 because of (1.7.14), arguing as in Theorem 1.4.3, one 
deduces that 


v(t) = w,(t), te [to , t], 
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which contradicts the assumption (1.5.2) and the definition of 
t, € (to, 9 + a). A repetition of the argument to the casek + 1 <j <n 
yields a similar contradiction. This proves that the set Z is empty, and 
the desired result (1.5.7) follows. 


Corovvary 1.7.2. Let E be the product space [f), fg + a) x R®” and 
géC[E, R"]. Assume that g is quasi-monotone nondecreasing in u for 
each (ft, v) and monotone nondecreasing in v for each (¢, u). Suppose 
that 7(z) is the maximal solution of the differential system 


u’ = g(t, u, u), Uu(ty) = uy > O 


existing on [t), ¢) + a), and that 7(t) > 0, te [t,t + a). Then, the 
maximal solution 7,(¢) of 


u’ = g,(t,u), utp) = uy > 0 
exists on [ty , fg + @), where 
&i(t, u) = g(t, u, r(t)) 
and r(t) = 7,(t), t € [ty , tf) + @). 
Coroiary 1.7.3. Let the assumptions of Corollary 1.7.1 hold; 


me C[[ty, t9 + a), R"] such that (¢, m(t), v)e E,te[ty,t) + a), and 
m(ty) < uy. Assume that for a fixed Dini derivative the inequality 


Dm(t) < g(t, m(t), 2) 


is satisfied for t € [ty , ty 4+ a) -— S. Then, for all v < r(t), t € [ty , tp + @), 
we have m(t) <r(t), t € [tp , % 4+ 4). 


1.8. Infinite systems of differential inequalities 


A classical result of Perron is that the maximal solution of a scaler 
differential equation can be obtained as the least upper bound of the 
family of functions m(t) that satisfy the inequality 


m'(t) < g(t, m(t)) 


with the same initial condition m(t)) = uw). Similar arguments hold for 
infinite systems of differential inequalities, provided that the maximal 
solution of a single equation is known. We shall first formulate an abstract 
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version of this method and then apply it to show the existence of mini- 
max solutions for an infinite system of differential equations and also 
obtain inequalities. 

Let E, , F, be two partially ordered sets with the partial ordering <. 
We use the same symbol of order relation, namely, <, for both the sets. 
Assume that the following conditions hold: 


x,y, zeE8k,, x<y, y<ez imply x« <2; (1.8.1) 
x, yeEE£k,, x <y, y <x imply x =y; (1.8.2) 
x,y, 2EF,, #<Y, ys imply *« <8; (1.8.3) 
“xeF, implies * < x. (1.8.4) 


Corresponding to the sets £, and F, , let us consider two partially ordered 
sets E,,F,, with the dual order relation, denoted by the symbol >, 
satisfying conditions (1.8.1*)—-(1.8.4*) analogous to (1.8.1)-(1.8.4). We 
shall use u,v, w and #, ,w for elements belonging to FE, and F,, 
respectively. 

Let the operators P,, P, be defined on E,, E,, taking values in 
F,, FP, , respectively. Furthermore, let the functions QO, ,Q, be defined 
on E, x BE, x E,, EF, x FE, x E,, taking values in F, , F, , respectively. 

Consider the simultaneous equations 

P,(x) = 
1(*) Ou(x, x, u), (1.8.5) 
P(u) = O,(x, u, u). 


By a solution of (1.8.5), we shall mean an ordered pair (x, u), xe E,, 
u € E, such that x, u satisfy Eqs. (1.8.5) simultaneously. 

A solution r = (€, 7) of (1.8.5) is said to be a minimax solution, if 
for every solution (x, u) of (1.8.5) the relations 


xi uSyn 
are satisfied. 

The functions O,,Q, are said to possess a mixed quasi-monotone 
property whenever the following conditions hold: y, , y, € Fy, v1 <2 
imply that 

Oi(x, V1, u) < O,(x, y2, uv), xek,, uck,; (1.8.6) 
and 
O(N» 4%) = Ool¥e,% v), uu, VE EL; (1.8.7) 
uy, u,€ E,, u, > uz imply that 


Oye, y a) < Oye, ys Us), x, VE Ey > (1.8.8) 
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and 
Oy, u,v) > Oy, Uy, v), yeEk,, vek,. (1.8.9) 
We now define the sets 
U, = [we E,: P(x) < O,(%, x, u), ue FE); (1.8.10) 
U, = (we E,: Pu) > Q(x, u, u), x € Fy). (1.8.11) 
The following theorem is concerned with the existence of the minimax 


solution of (1.8.5). 


THEOREM 1.8.1. Let P,, P,,Q,,Q, be as defined previously. Suppose 
that QO, ,Q. have the mixed quasi-monotone property. Assume further 
that there exist two functions z,, 2, defined on F,, F, such that 
2,(£,) C E,, 2,(E,) C E, , satisfying the follwing conditions: 


P,(2(x)) = Qy(a(*), x, u), we By, 


(1.8.12) 
P,(2,(u)) = Oo(x, u, 22(u)), xek,; 
and 
P, < 1 ’ ’ ? E % 
(x) <O(x%, 9,4), yek, (1.8.13) 
P(u) > Oy, 2, 4), vek, 


imply that x < 2,(y), u > 2,(v). Let the sets U, , U, defined in (1.8.10) 
and (1.8.11) be nonempty. Then, 


z(E,)CU,, — (Ey) C Up. (1.8.14) 


Moreover, the existence of (sup U,, inf U,) implies the existence of 
(sup 2,(U,), inf z,(U,)), and vice versa. Also, sup U, = sup 2,(U,), 
inf U, = inf z,(U,), and r = (sup U,, inf U,) is the minimax solution 


of (1.8.5). 
Proof. Let xe E,, ue E,. Then, from (1.8.12), 
P\(21(*)) = Qy(21(*), *, 4), 
P(Z(u)) = Qo(x, u, Z9(u)), 
x < 2,(x), u > 2,(u). (1.8.16) 


Using (1.8.4), (1.8.4*), (1.8.6), (1.8.9), and (1.8.16), we obtain, from 
Eqs. (1.8.15), 


(1.8.15) 


Py(a(*)) < Q1(Ry(x), 24(%), %), 
P(2,(u)) > Ool*, 2q(u), 22(%)), 
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which, in view of the definitions of the sets U, , U, , imply that 
x(x)eEU,, zu) U,. 


This proves the assertion (1.8.14). 

We shall show that z,, 2%, are increasing functions. For, let 
VY, <2, V7, Sv,, where y,,y.¢ HL, and v,,v,¢€ F,. Using again 
(1.8.6) and (1.8.9) in (1.8.12), we get 

Py(2(91)) < Qi(21(1)s Vo » #)s 
P(22(2)) 2S Qa(M1 » V2 » F0(%)), 


and this, because of (1.8.13), proves that 


&(¥1) XK 2(y2), 3_(V1) = %a(Ve). 


Suppose now that = sup U,, 7 = inf U,; we have, by (1.8.14), 
that 


aE) <€,  Bo(q) > 9 (1.8.17) 


On the other hand, since x < €,u > 7 for anyxe U,,ue U, , the mixed 
quasi~monotone property of O,,Q0,, together with the definitions of 
U,, U,, yields 

P(x) <Ox(s, 69), 


S 
Pu) > Q2(E, 7, #)- 


It then follows from (1.8.13) that 


x <23,(f), 4 > 2,{n). 
Consequently, € == 2,(€), 7 = 2.(n) from (1.8.17). It is evident from 
(1.8.12) that r = (€, 7) is a solution of (1.8.5). 
Let y < y*, v > v* for ye 2z,(U,), v € 2,(U,). Then 
a) <y*, a(n) > oF 
The monotonic nature of 2, , 2) yields 
== (x) < 2,(€) forall yex (Uj), 
v = 8,(u) > 2,(n) forall vexz,(U,). 
It therefore implies that € = sup 2,(U,), 7 = inf z,(U,). The fact that 


r = (&, m) is the minimax solution of (1.8.5) follows from the definitions 
of U,, U,. 
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If € = sup 2,(U,), » = inf z,(U,), using similar arguments, one can 
prove that € = sup U,, 7 = inf U,, respectively, and that r = (£, ) 
is the minimax solution of (1.8.5). This completes the proof of the 
theorem. 


Consider the system 


Uz = fit, Uy , Ug yee) Up 5 Vy Vg y.--, Uy); u(ty) = u,°, 
l<i<yp, 

(1.8.18) 
v; = &(t, Uy, Ug seers Up 5 Vy 5 Va sorry Vq)s %(to) a U5", 
I<j <q 


where p, q are arbitrary (may be infinite). The existence of minimax 
solutions for finite systems of differential equations follows when p, ¢ 
are both finite. The minimax solution for infinite systems is covered by 
the other choices of p and q (either p or g or both may be infinite). 
In case p, g are both infinite, the functions f, and g, in (1.8.18) are to be 
interpreted as f,(t, Uy , Uz ,...53 Vp, Vg y+.) and g(t, Uy , Uy y..05 Vy, Vy 5), 
respectively. 
Let the functions f, and g, satisfy the following assumptions: 


ADD FAG te Sls Gecae this 9 ity Oy, gece Oy) and Elly Uy 9 Ma sriny, Uy 4 
V1» Vy y-, Uy) are defined for [t), 4) + @] and arbitrary u,, uy,..., u 
and Vy , Vg y+) Vy» 


(ii) There exists constants M, and N, such that 


p 


| fit, uy » Us perey uy ; Yy ’ Ug peeey V,)| < M; ’ 


= 
<N; 


| gilt, Uy y Ug yerey Uy 5 Vy, Ug seers V,) 


for te [ty,t) + al, 1 <i<p,andi <j<q. 


(ii) The functions f; and g,; are continuous in the sense that, if 
h>t,ugs—u,, ve; (1 <1<p,1 <j <q), then 


SAE WE Me aces WES OE Ugh sreny Osh) > TAB y 5 Ma aeny Mg FD, 4 Op assy Dy) 


Li(E%, Uy%, nM ones p25 Vy%, Ug%seeey Ug®) —> OG(E, Uy 5 Ug sevey Up} Vy y Ua yerey Ug) 


(iv) The functions f; and g; possess mixed quasi-monotone property, 
ie., for each = 1, 2,..., pandj = 1, 2,..., q, 

(a,) fit, Uy, Ue 5.46) Mp 5 Vz Ug y-++) Ug) IS Monotonic nondecreasing 

IN Uy, Uy yerry Uy_y » Uj41 y+) My and monotonic nonincreasing in 


Oya Ursigt. 5 
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(as) gj(t, ty, Uo y..., Uy 3 Uys Vy 5-++, Ug) IS Monotonic nonincreasing 
iN U,,Uy,..-,u, and monotonic nondecreasing in %,, Vy ,...,0 


p »“j-1? 
Uyiy gerey U 


aq? 


Now we have the following: 


THroreM 1.8.2. Assume that the functions f, and g, satisfy conditions 
(i)-(iv). Then there exists a minimax solution (u}*(t), vf(t)) of (1.8.18) on 
[ty , t) -+ a]. Furthermore, if m,(t), 2,(t) are continuous functions defined 
on [t, , t) + a], satisfying the inequalities 
mi(ty) <u, — yj(to) & 07°, 
Demi t) < file, my(t), mt)yey mg(t)5 y(t), Malt) ones Malt), 


Dnt) > gy(t, my(t), my(t)yooe5 my(t)s my(E)s My(t),e5 My(t)) 
and 


mt) < uj(t), nt) = vu; (t), té [fo , f + a]. 


Proof. Let (¢,(t)}, {,(t)} be two sequences of continuous functions on 
[to » ty + a] such that, for t € [ty , t) + a], 


f(t) <u? + Mt — ty), eS Li2oe sD; 


ot) < vf -+ Nit — to), J= 1,259 
Denote 


PADS = (Prl4)s balt)>-» bo(t)) = I 


Let E,, E, stand for systems of sequences y = {¢,(t)}, v = {¥,(é)}. If 
y= (APO), vo = {6(H} are two sequences such that, if y,,y.¢ E,, 
then y, < yz implies 4{9(t) <dM(t) on [t), to + a] and for each 7. 
Similarly for v,,v7,€ F,,v, >v, means that p(t) > 4(t) on 
[to » f) ++ @] and for each j. 

Let F, , #, stand for the systems of sequences of continuous functions 
on [ty , t) + @] which take values in the real extended line, the order 
relations in fF, , F, being the same as those in F,, E,, respectively. It 
is easy to verify that conditions (1.8.1)-(1.8.4) and (1.8.1*)-(1.8.4*) 
are satisfied. Let us now define the operators P, , P, and the functions 
QO, , O, as follows: 


Py) ={D'dAt)}, — Pp(v) = {Dp}, 
Ox, ¥ ®) = Lilt, Pit), Pat)» Mt); Paras Pol) Palt)s PolOaeeey balt))s 
OY, v, 9) i g(t, pit), palt),---> Ppt); ¥,(Z),---, p(t), u(t), Pay (2)s-05 $q(t)). 
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Clearly the functions QO, , QO, satisfy the mixed quasi-monotone property. 
For any pair of sequences {¢,(2)}, {y,(£)}, define 


Filts 7) = filts br(t)y-s Pia)s 7s 1 bisa(Dse Pos t(D)s Holt)s--+s Pelt); 
Bt, p) = Bilt b(t )r- bolt)s Paes biaO)> Pi» Hra(t)y++> Palt))- 
Let, for each 7, 7,(f) be the maximal solution of 
r=f(tr), tito) = ue, 
and, for each j, p,(t) be the minimal solution of 
p= &lt.p), —ps(to) = 23. 


Since the functions f; and g, satisfy (11), the existence of 7,(t) and p,(t) 
on [fy , tg ++ a] is ensured. Let us now define the functions z, , 2, by 


a({o(t)}) = (D} aH) = tes(t)}- 
From Theorem 1.4.1, it follows that the functions 2, , 2, satisfy (1.8.13). 
Moreover, the sets U,, U, are nonempty, since u,° — M(t — ty) € U, 
and v,° + N,(t — ta) € U, , because of (ii). Furthermore, 
Iri(t)hi <M;, — | pi(t)| < N;. 


Therefore, the family of functions {7,(2)}, {p;(t)} are equicontinuous and 
uniformly bounded. This proves that 


sup 2,(Uy) = {sup r,(2)}, 
inf 2,(U,) = {inf p,(t)} 


are continuous on [f,, ft + a]. The assertion of Theorem 1.8.2 now 
follows from Theorem 1.8.1. 


1.9. Integral inequalities reducible to differential inequalities 


We shall consider, in this section, only those integral inequalities 
that are reducible to differential inequalities. We begin with one of the 
simplest and most useful integral inequalities. 


TuHeEoREM 1.9.1. Let m, ve C[[ty, ty + 2), R,], where R, denotes the 
nonnegative real line. Suppose further that, for some nonnegative 
constant C, we have 


mt) <<C +4 (a v(s)m(s) ds, te [ty ty + a). (1.9.1) 
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Then 


m(t) < Cexp | eit ele ae gy (1.9.2) 
to 


Proof. If C > 0, it follows from (1.9.1) that 


m(t) v(t) 
CH ft (6) m(s) ds aD) 


which, by integration, yields 
{ t t 
log ie + | v(s) m(s) as| —log C< | a(s) ds. 
ty ta 


This inequality, together with (1.9.1), gives (1.9.2). 

If C = 0, then (1.9.1) holds for every constant C, > 0, and therefore 
the previous argument gives (1.9.2) with C=C,. Letting C,—0 
implies m(t) = 0. This proves the theorem. 


Corotiary 1.9.1. Let m, ve C[[to, ty + &, RJ, 2 € Clty, to + @), RI, 
and satisfy the inequality 


m(t) <n(t) + | v(s) m(s) ds, t E [ty , ty + )- 
Then we have 
m(t) <n(t) + i 2(s) n(s) (exp | * o(é) dé) ds, té[ty, ty + a). 


If, in addition, the derivative 7’(¢) exists for ¢ € [t) , ty + @), then 


m(t) < n(t) (exp | 2(s) ds) + | exp ( | (6) dé) n'(s) ds. 


A generalization of Theorem 1.9.1 is the following analog of 
Theorem 1.4.1 which, however, requires the monotony of g with respect 
to u. 


THEOREM 1.9.2. Let & be an open (t, u)-set in R? and ge C[E, R]. 


Suppose that g(t, w) is monotonic nondecreasing in wu for each t. Let 
meéC[[to, to + @), RI, (4, m(t)) € E, t € [to , ty + @), m(ty) < uy, and 


m(t) < m(to) + | . os, m(s)) ds, tE [ty ty +2). (1.9.3) 
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Then 
m(t) < r(t), te [to , ty + 2), (1.9.4) 
where r(z) is the maximal solution of (1.2.1) existing on J. 
Proof. Define 
oft) = (to) + J gs, rms) ds 
so that ; 


m(t) < u(t) (1.9.5) 


and 
o'(t) = g(t, m(t)). 


Since g is monotonic in u, using (1.9.5), we obtain the differential 
inequality 


v(t) < g(t, v(t), t€ [ty, ty + @). 
From an application of Theorem 1.4.1, we deduce that 
wut) < r(t), té [ty , ty + @). 


The assertion (1.9.4) is now immediate because of (1.9.5). 


RemarK 1.9.1. Notice that one could prove Theorem 1.9.1 using an 
argument similar to that of Theorem 1.9.2, although we have given the 
classical proof. 


Corociary 1.9.2. Let m, ve Cty, t + a), Rij, ge CLR, , R,], gu) 
monotone in uw and g(0) = 0. Assume that 


mt) < my + | v(6)g(oms)) ds, FE [ly to + a). 
Then : 

m(t) < w{eo(mp) + f, v(s) ds], t) <t<t, 
where 


wo(u) = | drigt), my > 05 


w(u) is the inverse function of w(u), and (ty, t,) C [tp , tf) + @) such 
that zw(m) + it v(s) ds is in the domain of definition of w~1(u). 
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Corotiary 1.9.3. Let m, pe Clty , tp + a), R] and 


m(t) < m(t,) + | [K m(s) + p(s] ds, K>O. 
Then 


m(t) < m(ty) exp[K(t — t))] + p(s) exp[K(t — s)] ds, te [ty,t) + 4). 


CoroLiary 1.9.4. Let the assumptions of Theorem 1.9.2 be satisfied 
except that the integral inequality (1.9.3) be replaced by 


mt) <n(t) + J sls, m(s)) ds, te taste + a), 


where 2 € C[[ty , fg + a), R]. Then (1.9.4) takes the form 
m(t) < n(t) + r(2), te [t),% + 4), 
where r(¢) is the maximal solution of 
u’ = g(t, n(t) + 4), u(ty) = 0 
existing on [ty , ty + a). 


It is casy to extend Theorem 1.9.2 to finite systems of integral 
inequalities. Actually, we prove such a result in a more general form. 


TueoreM |.9.3. Let assumption (1) of Theorem 1.5.1 hold, and 
suppose that g(t, u) has the mixed monotone property in uw. Let 
meé Cl[fo , f9 + 2), R"], (, m(t)) © E, t € [ty , t) 4+ @), and the inequalities 


m,(to) S Uo,p > mM{to) = Uo.» 


mgt) < mista) + J gles mts) ds 


t 
me(t) = malty) + | gelsy m(s)) as 
hold for t €[t) , tj + a). Then 


my(t) < ryt), malt) & rel?) (1.9.6) 


for £€[t), ft) + @), where 7(t) is the k max (mz — k) mini-solution of 


(1.5.1). 
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Proof. Let the vector function v(t) be equal to 


(ta) + fg m(s) ds 


so that 


m,(t) <v,(t), ma(t) > v,(t) (1.9.7) 
and 


v(t) = g(t, v(t). 


The mixed monotonic character of g in u shows, in view of the inequalities 


(1.9.7), that 
v(t) < g,(t, v(t)), 
v(t) > Salt, v(t), té [to, ty + @). 
Theorem 1.7.1 is now applicable, and we get 
v(t) < r,(t), v(t) z= rq(t), te Ito rb + a). 


The inequalities (1.9.6) result from (1.9.7), and the theorem is proved. 


1.10. Differential inequalities in the sense of Caratheodory 


Let the function g(t, u) be defined on an open (t, u)-set E C R®, taking 
values in R. g(t, u) is said to satisfy the Caratheodory condition if 
(i) g(t, uw) is continuous in u for each fixed t and Lebesgue measurable 
in ¢ for each fixed u; and (ii) M(2) is asummable function on [f, , ty + a] 
and 


| g(t, u)| < M(t),  (t, ue B. 
By a solution u(t) of the differential equation with an initial condition 


u’ = g(t, u), u(ty) = Uy, (1.10.1) 


we mean an absolutely continuous function u(Z) satisfying (1.10.1) 
almost everywhere on [tp , ty + a]. 

By the classical theorem of Caratheodory, there exists a solution of 
(1.10.1) under the foregoing conditions. Moreover, existence of maximal 
and minimal solutions and the problem of extension of solutions can be 
shown in just a similar way as before. 

The following theorem on differential inequalities of Caratheodory 
type is of interest. 
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THEOREM 1.10.1 Let (i) the function g(t, uv) be defined on an open 
(t, u)-set EC R?, taking values in R and satisfying the Caratheodory’s 
condition; and (ii) 7(¢) be the maximal solution of (1.10.1) existing on 
{ty , fg + a]. Assume that me C[[ty), ty -- a], R] and is of bounded 
variation on [t), fy -+- a] such that its singular part is a nonincreasing 
function. Suppose further that 


m'(t) < g(t, m(t)) (1.10.2) 
almost everywhere on [ty , ty + a]. Then 
m(lo) < tp (1.10.3) 
implies 
mt) < r(t), te [ty, to + a]. (1.10.4) 


Proof. Define the function 


o(t, u) if m(t) <u, 
g(t,m(t)) if u <m(t), 


I(t, u) = 


which satisfies the Caratheodory’s condition. Let 7,(¢) denote the maximal 
solution of 


u’ »- f(t, u), u(ty) == Uy. (1.10.5) 
We claim that 
mt) < 7,(t), te (ty, ty + al]. (1.10.6) 


If this were not true, let, without any loss of generality, (¢, , t,) be an 
open interval such that 


m(ty) = 74(4) (1.10.7) 
and 
mt, +h) > r(t, +- A”), (1.10.8) 
h > 0 sufficiently small. For ¢e (t,, ¢.), we obtain from (1.10.2) and 
(1.10.5) the inequality 
m'(t) -~ ri(t) < g(t, m(t)) — f(t, r(2)- (1.10.9) 
The definition of f(#, w), together with (1.10.7), (1.10.8), and (1.10.9), 
gives 
m'(t) — ri(t) <0, 
which in its turn implies 


eth 


{ m'(s) ds <r,(t, + h) — 14(t,)- (1.10.10) 
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Since m(t) is of bounded variation, we have 
ty+h 
m(t, +h) = mt) + | m’(s) ds + B(t, + h), (1.10.11) 
th 


where A(¢) is the singular part of m(t). The relations (1.10.7), (1.10.10), 
and (1.10.11) lead to 


m(t, + h) — Bt, +h) <r (t, + A). 


As B(t,) = 0 and A(t) is nonincreasing by assumption, —A(t, + h) > 0, 
and consequently 
mt, +h) <n(t, + h), 


which contradicts (1.10.8). This proves (1.10.6). 
The definition of f now shows, because of (1.10.6), that 7,(z) is a 
solution of (1.10.1), and therefore 


7r,(t) < r(t), te [fy , ty + a]. 


This completes the proof. 


THEOREM 1.10.2. Let assumptions (i) and (ii) of Theorem 1.10.1 be 
satisfied. Assume that m(t) is absolutely continuous for ¢ € [ty , ty + a] 
and satisfies (1.10.2) almost everywhere on [fy , fy + aj. Then (1.10.3) 
implies (1.10.4). 

If m(t) is absolutely continuous on [ty , tg + a], the singular part 
A(t) of m(t) is identically zero. This remark shows that Theorem 1.10.2 
is a consequence of Theorem 1.10.1. 


THEOREM 1.10.3. Let assumption (i) of ‘Theorem 1.10.1 hold. Assume 
that g(t, uv) > 0; me C[[ty , fy + a], R] and satisfies, for small A > 0, 


| m(t +h) — m(t)| < Pets m(s))ds, t,t + hE[ty,t +a]. (1.10.12) 


Then (1.10.3) implies (1.10.4). 


Proof. It follows from the inequality (1.10.12) that m(t) is absolutely 
continuous over any interval in [f, , f) + a]. Consequently, m’(t) exists 
almost everywhere on [ty , fg + a]. Moreover, (1.10.12) implies that the 
derivative m’(t) satisfies the relation 


| m'(t)| < g(t, m(t)) 


almost everywhere on [f, tf) + a]. The assertion (1.10.4) now follows 
from Theorem 1.10.2. 
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1.11. Notes 


Theorems 1.1.2 and 1.1.3 are taken from Hartman [5]. Theorem 1.1.2 
is due to Peano [2], and the proof uses a device of Tonelli [1]. For the 
type of results on differential inequalities in Sect. 1.2, see Babkin [1], 
Caferio [1, 2] and Chaplygin [1]. 

Maximal and minimal solutions are considered by Peano [1]. Also 
sce Kamke [I] and Perron [1]. Lemma 1.3.2 is due to Wazewski [9]. 
Ditferential inequalities of the type (1.4.1) occur in the work of Peano [1] 
and of Perron [1]. Theorem 1.4.3 is due to Walter [3]. The result of 
Theorem 1.4.4 is due to Wazewski (see Szarski [1]). The proof in the 
text does not require g(t, u) = 0. Theorem 1.4.5 is new. 

‘The results of Sects. 1.5, 1.6, and 1.7 have been adopted from the 
work of Burton and Whyburn [1], who introduced the notion of mini- 
max solutions. See also Kamke [2] and Wazewski [3, 4, 6] for results 
on extremal solutions for systems and corresponding theorems on 
differential inequalities. 

Section 1.8 contains the work of Lakshmikantham and Leela [4]. 
For allied results, see Mlak and Olech [1] and Mlak [2]. 

For Theorem 1.9.1, see Bellman [3], Giuliano [1], Gronwall [1], and 
Peano [1]. Corollary 1.9.2 is due to Bihari [1]. Also, see Lakshmikantham 
[9] and Langenhop [1]. Theorem 1.9.2 is due to Viswanatham [2, 4]. 
Sce also Baiada [1] and Cafiero [3]. For a generalization of this result 
to systems, see Lakshmikantham [2] and Opial [1]. Theorem 1.9.3 is 
new. Theorem 1.10.1 is taken from Olech and Opial [1]. 

The result of Theorem 1.10.3 is due to Lakshmikantham [1]. See also 
Olech and Opial [1]. For Caratheodory’s existence theorem, see 
McShane [I]. 

New proofs of Theorems 1.1.2, 1.3.1, and 1.4.1 are given by Cor- 
duneanu [17]. For differential inequalities with the limiting initial 
conditions, see Mamedov [1]. For collateral reading on differential and 
integral inequalities, see Szarski [1] and Walter [3]. 


Chapter 2 


2.0. Introduction 


The most important techniques in the theory of differential equations 
involve a systematic use of the theory of differential inequalities, or 
what may be termed as the integration of differential inequalities. We 
present, in this chapter, a number of varied results depending essentially 
on this approach. Many of our theorems and their proofs will involve 
estimates with respect to some convenient norm. The choice of a norm 
as a medium for our arguments is a natural one, although it is seldom 
the best choice, A better candidate is, of course, the so-called Lyapunov 
function, which is more flexible. An approach based on Lyapunov 
functions will be postponed to later chapters. 


2.1. Global existence 


We shall use the Tychonoft’s fixed point theorem for locally convex 
linear spaces to prove the global existence of solutions of the differential 
system 


x = f(t.)  x()=%, t >, (2.1.1) 


where fe C[J x R", R"J, J being the half-line [0, 00). Let us state the 
fixed point theorem of Tychonoff in the following form. 


THEOREM 2.1.1. Let B be a complete, locally convex, linear space and 
B, a closed convex subset of B. Let the mapping T: B -> B be con- 
tinuous and T(B,) C By. If T(B,) is compact, then T has a fixed point 
in By. 
The main result of this section runs as follows. 
45 
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THeoreM 2.1.2. Let fe CLJ x R”, R™], and, for (t, x)e J x R*, 


WAG xl < gl *l)), (2.1.2) 


where ge C[J x R,, R,] and the function g(t, uv) is monotonic non- 
decreasing in u for each te J. Assume that, for every uy > 0, the scalar 
differential equation 


w= g(t,u), — U(ty) = Uy, = ty 2 O (2.1.3) 


has a solution u(t) = u(t, ty , %) existing for t > t,. Then, for every 
Xy © R” such that || x || < up, there exists a solution x(t) = x(t, ty , Xo) 
of (2.1.1) for ¢ > ty, satisfying 


|e@)il Sut), tS ty. 


Proof. 'To apply Theorem 2.1.1, let us consider the real vector space B 
of all continuous functions from [f), 00) into R*, the topology on B 
being that induced by the family of pseudo-norms { p,(x)}?_, , where 
for xe B, 

Pa) SUD 


A fundamental system of neighborhoods is then given by 
(Videos where V,, == [xe B: p,(x) < 1). 


Under this topology, B becomes a complete, locally convex, linear space. 
Let us now define a subset B, of B as follows: 


By = [we B: || x(t)| < u(t), t > ty], (2.1.4) 


where u(t) is a solution of (2.1.3) existing for ¢ > t,. It is clear that, 
in the topology of B, the set By is closed, convex, and bounded. Consider 
the integral operator defined by 


T(x)(t) = x) + | H(s, x(s)) ds, (2.1.5) 


whose fixed point corresponds to a solution of the system (2.1.1). 
Evidently, the operator 7' is compact in the topology of B, and therefore 
7(B,) is compact in view of the boundedness of B, . To prove the theo- 
rem, it remains to be shown that 7(B,) C B, . To this end, we observe 
that for any xe B,, 


[TNO <aall + J eles ed a, (2.1.6) 
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because of (2.1.5) and (2.1.2). Using the monotonic character of g(¢, 1) 
in u, the definition of By, and the fact that u(z) is a solution of (2.1.3) 
such that || x || < ug, it follows from (2.1.6) that 


| Te) < uw). 


This implies T(B,) C By and completes the proof. 
Corotiary 2.1.1. Let fe CEJ x R”, R"] and 


I| F(t, x) < AM) g(ii « I!) (2.1.7) 


for (t, x)€ J x R", where X(t) > 0 is continuous for te J; g(u) > 0 
is continuous for u > 0, g(0) = 0, g(u) > 0, u > 0, and g(u) is non- 
decreasing in uw. If 


i rh galt) Sed (2.1.8) 


for uw > 0, then, for every x) ¢R”, there exists a solution of (2.1.1) 
for t > ty. 


Proof. The result follows from Theorem 2.1.2, if we show that the 
differential equation (2.1.3) has a solution existing for ¢ > ty. Clearly, 
the equation 


u’ = X(t) g{u), u(ty) = Uy > 0 (2.1.9) 


may be solved. For, if we write 
U t 
Glu) = | dulg(u) = f AG) ds 


it is easily seen that the function G(z) 1s strictly increasing in w, and so 
the inverse function exists. In view of the assumptions concerning g, 
the domain of the inverse function is [0, <0), and therefore the solution 
u(t) of (2.1.9) is defined fort > t,. 


Remark 2.1.1. It is possible to obtain, from ‘Theorem 2.1.2, some 
qualitative information of solutions of (2.1.1), knowing the behavior 
of solutions of the related scalar differential equation (2.1.3). The result 
that follows illustrates this fact. 


THEOREM 2.1.3. Consider the system 


x’ = A(t\w +f(t,*), *(f,) =%, tp SO, (2.1.10) 
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where A(t) is a continuous, » x m matrix fort ¢ Jandfe CL] x R*, R*). 
Let U(t) denote the principal matrix solution of the linear system 


x = A(t)x 
for t > t,, satisfying the estimates 
| OIL < Kew, 
| UDUA®)|| < Keo"), «KK >0, o > 0, ts. 
Assume that, for (¢, x)e J x R*, 
F(4, x) < gt] xl), 


where geC[J x R,,R,], g(t,u) is monotone nondecreasing in u 
for each fixed t, and the scalar differential equation 


u’ = —ou +- Kg(t, u), u(ty) = Uy > 0 
has a solution u(£) existing for t > ft) such that 


lim u(t) = 0. 


Then, there exists a solution x(t) of (2.1.10) defined for ¢ > ¢, such that 


lim x(t) = 0. 


2.2, Uniqueness 


A simple criterion that implies the uniqueness of solutions is the 
following Perron’s condition. 


THEOREM 2.2.1. Assume that (i) the function g(t, «) is continuous and 
nonnegative for 4% <t<t+ 4, 0 <u < 2b, and, for every 
ty ty <4, <Ct) + a, u(t) ==0 is the only differentiable function 
on tg <t < t,, which satisfies 


u' = git,u), —u(ty) = O (2.2.1) 
for ty <t <t,; Gi) fe C[R,, R*], where 


Ryit) <t<y4+4, || « — a |] < 8, 
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and for (é, x), (t, y)€ Ry, 


| F(t, x) — F(t, 9)I| < g(t, Il ~ — y|))- (2.2.2) 
Then, the differential system 


x’ = f(t, x), — ¥(to) = % (2.2.3) 
has at most one solution ont) Ct Cty + a. 


Proof. Suppose that there are two solutions x,(¢) and x,(¢) of the system 
(2.2.3) on fy <t < t) + a. Define m(t) = || x,(¢) — »,(¢) ||. Then, 


D'm(t) < || x(t) — ¥o(2)Il = F(t, x(t) — SA, %2(t))I| 
< g(t, m(t)), 


using (2.2.2). Also, m(t)) = 0. For any ¢, such that tf) < 4; <%+ a, 
we obtain from Theorem 1.4.1 the inequality 


m(t) <1(t), h<sti<h, 


where 7(¢) is the maximal solution of (2.2.1). The assumption (2) now 
assures that m(t) == 0 on tp < t < #,, proving the theorem. 


CoroLiary 2.2.1. The function g(é,u) = Ku, K > 0, is admissible 
in Theorem 2.2.1. 

It is an easy exercise to verify that g(t, u) satisfies assumption (i) of 
Theorem 2.2.1. In this case, the condition (2.2.2) just reduces to the 
well-known Lipschitz condition. 

Although Corollary 2.2.1 is a direct consequence of Theorem 2.2.1, 
we give below a proof that is instructive. 


Proof of Corollary 2.2.1. Let m(t) be the same function defined 
previously, and let m(t) = n(é)e*!, where L > K is a constant. It is 
enough to show that n(#) = 0 on t) <t < ty) + a. Suppose, on the 
contrary, that 


max n(t) > 0, 


fg<t<tgta 


and that the maximum occurs at t = a. We have, at o, n’(c) = 0. 
On the other hand, using (2.2.2), we obtain 


n'(a)el* +- Ln(a)e’? = m'(c) 
<i f(e, 1()) — fe, x2(o))l 


< Kn(o)e!’. 
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This implies, because of the choice K < JL, that n’(o) < 0, contradicting 
n'(o) = 0. Thus, n(t) -- Oonty Mt <h+a. 


The next result is known as Kamke’s uniqueness theorem, which is, 
evidently, more general than that of Perron and is sufficient for many 
practical cases, since it includes as special cases many known criteria. 


THEOREM 2.2.2. Assume that (i) the function g(t, u) is continuous and 
nonnegative for ty <<t<ty)-+ a, 0 <u <2b, and, for every 
ty, fy <i ty <ty + @, u(t) — 0 is the only function differentiable on 
ty <.t < t, and continuous on ty < t < t,, for which 


u(t) — u(to) 


u'.(ty) == lim rae exists, 
tty? — ty 
u'(t) = g(t, u(t)), fp <b < 45 (2.2.4) 
U(ty) = ui (ty) = 0; (2.2.5) 


(ii) the hypothesis (ii) of Theorem 2.2.1 is satisfied except that the 
condition (2.2.2) holds for (t, x), (t, v)€ Ry, t F ty. 
Then, the conclusion of Theorem 2.2.1 is valid. 


We shall first prove the following: 


THEOREM 2.2.3. Let the function g(t, u) verify hypothesis (i) of 
Theorem 2.2.2. Assume that the function g,(¢, uv) is continuous and 
nonnegative for ty <t <t, + 4,0 <u < 2b, g,(t, 0) = 0, and 


&ilt, 1) < &(t, u), t x to 2 (2.2.6) 


Then, for every t, , tg < t, < ty + a, u(t) = O is the only differentiable 
function on ty <¢ < t,, which satisfies 


u’ = g,(t, u), u(ty) = 0 (2.2.7) 


forty) <i <t,. 


Proof. Let us show that the maximal solution 7(t) of (2.2.7) is identically 
zero. Suppose, on the contrary, that there exists ao, ty <o < t+ a, 
such that r(o) > 0. Because of the inequality (2.2.6), we have 


rit) <strt), tt) <t<a. 
If p(z) is the minimal solution of 


ul = g(t, uv), u(c) = r(o), 
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an application of Theorem 1.4.6 shows that 
p(t) <r(0), (2.2.8) 


as far as p(t) exists to the left of co. The solution p(t) can be continued 
tot = t,. If p(r) = 0, for some 7, ty <7 < a, we can effect the con- 
tinuation by defining p(t) =O for tf, <t <7. Otherwise, (2.2.8) 
ensures the possibility of continuation. Since r(ty) = 0, lim,.,,+ p(t) = 0, 
and we define p(t)) = 0. Furthermore, since g,(t, 4) is continuous 
at (t,,0) and g,(t),0) = 0, r{(t)) exists and is equal to zero. This, 
because of (2.2.8), implies that p’,(¢)) exists and p'(t)) = 0. But we have 
assumed that g(t, u) satisfies hypothesis (1) of Theorem 2.2.2. Hence, 
p(z) == 0. This contradicts the fact that p(c) = r(c) > 0. Therefore, 
r(t) = O, and the proof is complete. 


CoROLLaRY 2.2.2. The function g(t, u) = A(t)u, where A(t) > 0 is 
continuous on ¢, < ¢ <t, + 4, satisfies the requirements of Theorem 
2.2.3, provided that 


jim, sup[1 + At)Je? > 0, (2.2.9) 
where 
to 
o(t) = {_As) ds, fete. (2.2.10) 
t 


Proof. Consider the differential equation 
ui = XAt)u. (2.2.11) 


The solutions u(¢) 4 0 of (2.2.11) are nonvanishing constant multiples 
of the function e~-?, p(#) being given by (2.2.10). The derivative of 
this function is A(tje?. Since A(t) > 0, it follows from assumption 
(2.2.9) that every solution u(t) # 0 of (2.2.11) violates at least one of 
the two limiting conditions (2.2.5). Hence, the function g(t, u) = A(t)u 
satisfies hypothesis (i) of Theorem 2.2.2. 


CoROLLARY 2.2.3. Let the assumptions of Theorem 2.2.3 hold except 
that the function g,(¢, u) is continuous ont, <¢t <t,+a,0 <u < 2b. 
Then, for every #,,t) <t, < ty + a4, u(t) = 0 is the only function 
differentiable on tj) < ¢ < ¢, and continuous on fy <¢t < t,, for which 
wu’, (to) exists, 


u'(t) = &ilé, u(t)), —H<'<h, 


and (2.2.5) holds. 
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Proof. We have to show that all the solutions u(t) 4 0 are such that 
they violate the limiting properties (2.2.5). Assuming the contrary and 
proceeding as in the proof of Theorem 2.2.3, it is easy to prove the 
stated result. 


Proof of Theorem 2.2.2. Define the function 


R(t, uw) = caue f(t, «) — F(t, ¥)ll (2.2.12) 


for tj <t<t+a, Ou < 2b. Since f(t, x) is continuous on 
Ry, gt, u) is continuous on tg <t <ty + a, 0 <u < 2b. It is clear 
that condition (2.2.2) holds for the function g(t, u) because of (2.2.12). 


Morcover, 
&(t, u) —< ai, u) 
for tj <t <t) + a, O <u < 2b. Theorem 2.2.3 is now applicable 


with g,(t, w) = g/t, u), and therefore g(t, u) satisfies the assumptions 
of Theorem 2.2.1. This establishes ‘Theorem 2.2.2. 


CoROLLARY 2.2.4. The conclusion of Theorem 2.2.2 holds if condition 
(2.2.2) is replaced by 


tx —yll 
ti 


| f(, x) — f(t, y)II < 


for (t,x), (t, y)e Ry, t A ty- 


0 


Coroviary 2.2.5. If t) = 0, then g(t, u) = A(t)P(u) is admissible in 
Theorem 2.2.2 provided that A(t) > 0 is continuous for 0 <t < a; 
(uw) is continuous for uw > 0 and ¢(0) = 0, d(u) > 0 for u > 0; and 


| Als) ds < 00, | n BIB(3) = 26. 


The following is yet another criterion of uniqueness cf solutions 
which generalizes the earlier ones. The statement of the results involves 
the existence of two controlling functions. 


TurorrM 2.2.4. Assume that (i) the functions A(t), B(t) are continuous 
and nonnegative on t) <t <t,-+ a such that A(t) = Bit.) = 0, 
B(t) > 0, t > t), and 


lim, 1()/B() = 0; (2.2.13) 
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(ii) the functions g,(¢, u), g(t, uv) are continuous and nonnegative for 
fy <t<h+a4,0 <u < 20; (iil) all the solutions u(t) of 


u’ = g,(t, u) (2.2.14) 
with u(t)) = 0 obey 


u(t) < A(Z), %<ctcanta 
(iv) the only solution v(z) of 
vo’ = g,(t, 2) (2.2.15) 
on fy <t < ty + a such that 


lim, 2(2)/B() = 0 (2.2.16) 


is the trivial solution; (v) fe C[R,, R"], and, for (¢,x), (t,y)e Ro, 
tAt, 


w= &ilt, || x — y ll), 
F(t, x) — f(t, Wl < Eee il (2.2.17) 


Then, the differential system has at most one solution on tj < ¢t <t,) + a. 


Before proceeding to the proof of Theorem 2.2.4, it is convenient to 
prove the following: 


THEOREM 2.2.5. Let the functions A(é), B(t), g,(t,u), and g,(t, u) 
fulfill hypotheses (i), (ii), (iii), and (iv) of Theorem 2.2.4. Suppose that 
the function g(é, uw) is continuous and nonnegative for fj <t < ty + a, 
0 <u < 26, g(t, 0) = 0, and 


&ilt, u), 


BEM) SY ot, u), 


tAlty. (2.2.18) 


Then, u(t) = 0 is the only differentiable function on t) < t <t, +a 
which satisfies 

uw’ =s(t,u), u(t) = 0 (2.2.19) 
fort, <t <t+a. 
Proof. We shall show that the maximal solution 7(z) of (2.2.19) is 
identically zero. Assuming, on the contrary, that there exists a o such 


that r(c) > 0 and proceeding as in the proof of Theorem 2.2.3, making 
use of relations (2.2.18) and (2.2.19), we obtain 


prt) <r(t), (2.2.20) 
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as far as p,(t) exists to the left of o, where p,(t) is the minimal solution 
of (2.2.15) such that p,(c) = 7(c). As before, we can continue p,(t) 
up to ty by defining p.(t,) = 0. Since p,(t) #4 0, we have 


im, p,(t)/B) # 0, 
which, in view of (2.2.20), implies that 


jon r(t)/B(t) A 0. 


This, together with assumption (2.2.13), shows that there exists a t, 
such that 


r(t,) > A(t). (2.2.21) 


Let p,(t) be the minimal solution of (2.2.14) such that p,(t,) = 7(t,). 
Then it can be shown, arguing similarly, that p,(¢) can be continued 
up to fy, pr(to) = 0, and 


0 < p,(t) < r(t), te<ct<t. (2.2.22) 


Since, by hypothesis (iii), all solutions u(t) with u(ty) = 0 of (2.2.14) 
must obey u(t) < A(t), ty < t < ty -+ a, we must have 


px(t) < A(t), ty Stcthta 


This is absurd because of (2.2.21) and the fact that p,(t;) = r(t,). 
Hence, p,(tg) > 0, which implies, in view of (2.2.22), that 


0 < py(to) < (4), 


contradicting the assumption 7(t)) = 0. 


Proof of Theorem 2.2.4. Consider the function g(t, u) == g,(t, uv), where 
g(t, u) is the function defined by (2.2.12). By combining the respective 
arguments in the proofs of Theorems 2.2.2 and 2.2.5, it is easy to show 
that gt, u) verifies Perron’s uniqueness conditions of Theorem 2.2.1, 
which is sufficient to establish the uniqueness of solutions. 


REMARK 2.2.1. Whenever f(t, x) is assumed to be continuous on Ry , 
it follows from the foregoing considerations that the uniqueness condi- 
tions of Theorems 2.2.2 and 2.2.4 can be reduced to that of Perron’s 
condition. 

If the pair of functions g,(t, u), go(t, u) satisfies the hypotheses of 
Theorem 2.2.4, we can also show that there exists a function g(t, u) 
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that fulfills the uniqueness criteria of Kamke as given in Theorem 2.2.2. 
This is the content of the following: 


THEOREM 2.2.6. Let the functions A(é), B(t), g,(t,u), and g(t, uv) 
satisfy hypotheses (i), (ii), (iii), and (iv) of Theorem 2.2.4. Then, there 
exists a function g(t, wv) verifying assumption (i) of Theorem 2.2.2. 


Proof. Define the function g(t, uw) by 


a(t, u) = min[ g,(é, w), 2o(t, u)]. (2.2.23) 


Then g satisfies (2.2.18). To prove the stated result, it is enough to 
show that no nontrivial solution of (2.2.4) fulfills the limiting conditions 
(2.2.5). In fact, the assumption that there exists a differentiable function 
u(t) satisfying the differential equation (2.2.4) and the conditions (2.2.5) 
for which u(c) > 0, tg <o < t) + a, leads, following the proof of 
Theorem 2.2.5, to the contradiction that u(t)) > 0. 


Corouuary 2.2.6. The functions g,(¢,u) = Kyu, g(t, uv) = K,(u/t) 
are admissible in Theorem 2.2.4, if0 <a < 1, K,(1 — «) < 1, with 
A(t) = K,(1 — «)t/4-®), and B(t) = t*, 

We shall now show that, if certain conditions of Theorem 2.2.2 are 
violated, Eq. (2.2.3) has nonunique solution. We prove this for the case 
n = | and t, = 0. 


THEOREM 2.2.7. Let g(t, wu) be continuous on0 << t<a,0O<u <b, 
g(t, 0) = 0, and g(t, u) > 0 for u > 0. Suppose that, for each ¢,, 
0<t, <a, u(t) #0 is a differentiable function on 0 <t <4, 
and continuous on 0 < t < ¢, for which w/,(0) exists, 


u’ = g(t, u), O<t<4, 


and 
u(0) = u’,(0) = 0. 


Let feCLR,, R], where R,:0 <t <a,|x| <6, and, for (t,x), 
(4, vy)ER,, t #0, 


If(t, x) —fl, 9) > g(t, | * —y |). (2.2.24) 
Then, the scalar differential equation 
x’ =f(t,x), (0) =0 (2.2.25) 


has at least two solutions onQ <t <a. 
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Proof. Let us first suppose that f(z, 0) = 0, so that, putting y = 0, 
we obtain the inequality 


i f(t, *)| & g(t, ||), 


because of condition (2.2.24). Since f(z, x) is continuous and g(t, u) > 0 
for u > 0, it follows that either f(t, x) < 0 or f(t, x) > 0, for x 4 0. 
This implies that either 


f(t, x) > g(t, | x |) (2.2.26) 
or 
f(t, *) < —g(t, | + |). (2.2.27) 


By hypothesis, there exists a o, 0 <o <a, such that u(c) > 0. 
Let y(t) be the minimal solution of x’ = f(t, x), y(o) = u(c). Then, 
using an argument similar to that in the proof of Theorem 2.2.3 and the 
inequality (2.2.26), it can be shown that y(t) < u(¢) to the left of o, 
as far as y(t) exists. Moreover, y(t) can be continued up to ¢t = 0 and 


O<y(t)<ut), O<t<a. 


Since u(O0) = u'(0) = 0, we obtain from the foregoing relation 
(0) = y'(0) = 0. This proves that the differential equation (2.2.25) 
has a solution y(z), not identically zero. On the other hand, since 
f(t, 0) = 0, (2.2.25) admits the identically zero solution. Hence, we 
have two different solutions for Eq. (2.2.25). Corresponding to the case 
(2.2.27), we can employ a similar reasoning to arrive at the same con- 
clusion. 

We shall now remove the restriction f(¢,0) = 0. Let x(t) be a 
solution of (2.2.25), existing on 0 <¢t <a. Using the transformation 
z= x — x,(2), we get 


a! = x" — x(t) = ft, x) — f(t, xo(t)) 


= f(t, = + x(t) — f(t, xo(t)) 
= F(t, 2). (2.2.28) 


Evidently, F(t, 0) = 0. It follows, therefore, that z = 0 is one solution 
of (2.2.28) through (0, 0). But the previous considerations show that 
(2.2.28) has a solution 2(¢) different from the identically zero solution. 
This implies that x(t) = 2(t) + x)(t) is not identically equal to x(t), 
and the theorem is proved. 

We have assumed the continuity of f(¢, x) in the uniqueness results 
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that are discussed so far. We shall consider, in what follows, the differen- 
tial system 


x —f(t,x), (0) = 0, (2.2.29) 


where f(z, x) is defined on R,:0 <t <a,||x|| < 5. A solution of 
(2.2.29) in the classical sense will mean a function x(é) that is continuous 
on 0 <t <a, differentiable on 0 < t < a, and that satisfies (2.2.29) 
forO <t<a. 

Suppose that x(t), y(t) are two solutions of (2.2.29), existing on 
0 <t <4; then, the requirement 


t—0+ t 

which is satisfied when f(t, x) is continuous at (0,0), is a necessary 
condition for the uniqueness of solutions. This can be generalized by 
the following: 


on Ue) — ON 
(Ca => 0, (2.2.30) 


where the function B(¢) is continuous, positive on 0 <¢ <a, and 
B(Ot) = 0. That condition (2.2.30) is not sufficient for uniqueness is 
seen by the following: 


Lemma 2.2.1. Suppose that the function B(t) is continuous and 
positive on 0 < ¢ < asuch that B(O+) = 0. Then there exists an infinity 
of functions f(t, x) such that (2.2.29) has more than one solution satis- 
fying the condition (2.2.30). 


Proof. We first construct a function A(t) having a nonnegative derivative 
0<t<aand 
lim, A(t)/B(t) = 0. 


We proceed as follows. Divide the interval [0, a] into subintervals £, 
such that 


I, =(a/2,a), I, = (a4, a/2),.... 


Suppose that 6, = inf, B(t). Find a positive linear function L, on , 
such that 


L(a) = 6, L,(a/2) < 31,(a). 
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Then find L, on J, such that 
L,(a/2) = b,/2 if 6/2 <L,(a/2), 
L,(a/2) <4L,(a/2) if 5/2 > L,(a/2), 
L,(al4) < 3L,(a/2). 


We continue this process and then connect the linear functions near the 
points a/2” by suitable functions having nonnegative derivatives (for 
example, by arcs of parabolas). This modification gives us the function 
A(t) with the required properties. 

Having constructed the function A(t), it is easy to define f(t, x) by 


f(t, x) = x*A'(t) (0<a< 1). 


Then, x(t) = 0 and x(t) = (1 — a)/O-PA(t)]}1/O- are solutions 
of (2.2.29). It is clear that any two solutions satisfy the condition (2.2.30), 
and, hence we have the proof. 


It is also easy to prove the following fact. 
Lemma 2.2.2. Suppose that f(¢, x) is defined on R, and is continuous 


at (0,0). Then there exists a function B(t) on 0 <t <1 such that 
(2.2.30) is satisfied. 


Proof. Let x(t), y(t) be two solutions of (2.2.29) on0 <t < a. Define 
m(t) = || x(t) — y(o)ll- 
Observe that m(0) = 0, and, because of the assumed continuity of 


F(t, x) at (0, 0), we have 
lim, m(t)/t = 0. 


Setting B(t) = sup,<;<, m(s)/s, it is easily verified that 


lim, m(t)/B(t) = 0. 


This is possible if m(s) 40 in some neighborhood of the origin; 
otherwise, the existence of B(?) is trivial. 

We notice that the continuity requirement of f(t, x) at (0, 0) is stronger 
than the condition (2.2.30). To see this, define f(t, x) as follows: 


1, x >t, 
F(t,x) = jx/t, O<x* <t, 
0, x<0. 
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The solutions of (2.2.29) are then given by x(t) == kt, whereO0 <k <1. 
Take B(t) = #/%. Clearly, the relation (2.2.30) is satisfied even though 
f(t, x) is not continuous at (0, 0). 

These considerations lead to 


THEOREM 2.2.8. Suppose that x(2), y(t) are any two solutions of (2.2.29) 
satisfying (2.2.30), where B(t) is positive, continuous on 0 <t <a 
with B(0*) = 0. Let the function g(t, u) > 0 be continuous on 0 <t <a, 
0 <u < b, and the only solution u(t) of 


u’ = g(t, u) 
onQ <t < asuch that 
lim, u(t)/B(t) = 0 
is the trivial solution. Assume further that the function f(t, x) is defined 
on R, and satisfies 


for (t,x), (t, y)€ Ry, t #0. Then there exists at most one solution 
of (2.2.29) on0 <t <a. 


Proof. Define m(t) = || x(t) — y(t) ||, where x(t), y(t) are any two 
solutions of (2.2.29) existing on0 < t < a. Then m(0) = 0, and 


D*m(t) < || f(t, x(¢)) — f(t 9)! 
< g(t, m(t)). 


If we suppose that, for some a, 0 < a < a, m(a) > 0, we can show, 
as in Theorem 2.2.3, that 


p(t)<m(t), t<o, 
as far as p(t) exists, where p(Z) is the minimal solution of 
u’ = g(t, u), u(c) = m(c). 


Furthermore, as before, p(t) can be continued up to ¢ = 0 and 
0 < p(t) < m(t), O <t <co. Then, because of the assumed condition 
(2.2.30), we have 


0 < lim, p(t)/B(t) < lim m(2)/B(e) = 0, 


which, by hypothesis, implies that p(t) = 0. This contradicts p(o) = 
m(c) > 0, and hence m(t) = 0,0 <t < a. The proof is complete. 
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The answer to the question of whether or not a solution of the system 
(2.2.3) can always be obtained as a limit of the sequence or a subsequence 
of the successive approximations is negative. It is not difficult to construct 
an example such that the solution of (2.2.3) is unique, although no 
subsequence of the successive approximations converges to that unique 
solution. It turns out, however, that, with an additional restriction of 
monotony of g(¢, w) in win Theorems 2.2.1, 2.2.2, and 2.2.4, convergence 
of successive approximations to the unique solution follows. 

Suppose that g(t, u) of Theorem 2.2.2 is monotone nondecreasing 
in « for fixed ¢, in addition to the hypotheses of the theorem. Then, 
defining 

gt,u) = sup f(t, x) —f(4 9) 
Ilx—yll <u 
instead of (2.2.12) for 4) <t <t,+ 4, O<u < 26, we note that 
gt, u) is monotone nondecreasing in wu for each ¢. Thus, it follows that 


&(t,u) Sglt,u) (Fb), 


and, by ‘Theorem 2.2.3, g,(¢, u) satisfies the hypotheses of Theorem 2.2.1. 
Similarly, if we assume that g,(¢, wu) and g.(¢, u) of Theorem 2.2.4 are 
monotone nondecreasing in wu for each ¢, then Theorem 2.2.5 shows that 
gt, u) = g(t, u) also verifies the assumptions of Theorem 2.2.1, in view 
of the fact that 


&ilt, u), 


&s(t, u) < Balt, u), 


t#ty. 


It is therefore enough to prove the convergence of successive approxim- 
ations for Theorem 2.2.1 with an additional restriction of monotony on 


o(é, u). 


THEOREM 2.3.1. Let the assumptions of Theorem 2.2.1 hold. Suppose 
further that g(t, uw) is nondecreasing in wu for each f¢, || f(t, x) || < M on 
R,, and « = min(a, 6/M). Then, the successive approximations defined 
by 


spelt) = ay + [fl6,a(0)) d (2.3.1) 


exist onf, <¢ < ty -+ was continuous functions and converge uniformly 
on this interval to the solution x(¢) of (2.2.3). 
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Proof. Suppose that x,(z) is defined and continuous ontj <t <t) + a 
and satisfies || x,,(t) — xo || < 6 for k = 0, 1, 2,..., n. Write 


Xpi(t) =X + | F(s, xp(s)) ds. 


Then, since f(t, x,(é)) is defined and continuous on tf) <t <t + 4, 
the same holds for x,,,,(¢). Moreover, it is also clear that 


esa) — oll < fF If(s, xu) ds 
< Ma <b. 


Thus, by induction, the successive approximations are defined and 
continuous on fj < ¢t < ty) + « and 


ll Xn41(t) — Xo |] < 4, n = 0,1, 2,.... 


We shall now define the successive approximations for Eq. (2.2.1) as 
follows: 


u(t) = M(t — ty), 
t 
Unya(t) = J &(S, Un(s)) ds, tp <tc<tta 
to 
Then, 
t 
a) — oll < J As wo) ds 


< M(t — to) = u(t). (2.3.2) 
Assume that 


i] %(#) — &pa(4)I] < we a2) (2.3.3) 
for a given k. Since 


Hee) — s¥(0l < AG, (9) 166 ees) a 


the inequalities (2.2.2), (2.3.3), and the monotonic character of g(t, u) 
in u give 


t 
I eal) — ACO < J gs, anal) ds = wilt). 
Thus, by induction, the inequality 


Il ns(t) — Xn(4)l| < up (t) (2.3.4) 


62 CHAPTER 2 


is true for all 2. Furthermore, 


tI Xnea(t) — an(OIl SUF (4 mn(t)) — f(t, %ald))Il 
S g(t, | x(t) — Xn a(A)ll) 
S Gt, Un4(t))- (2.3.5) 
Let 1 <2 < m. Then, using (2.2.2) and (2.3.5), we get 


Il %n(t) — %m(2)II S| a(t) = %rsa(ZDll FU ent) = ersaA)lh 
+ Ul nat) — Xm A)ll 
S(t, Mnalt)) + 8(ts tma(t)) 
+ g(t, |i Xn(t) — %n(2)|i)- 
Since by Lemma 1.3.2 we have 


Unsa(t) < u,(t) for all 7, 


it follows that 
D'|| x(t) — Xm(t)l| < g(t, | X(t) — Xm(E)II) + 2g(t, tnra(t)) 


because of the monotonicity of g(t, u) in u. An application of Theorem 
1.4.1 yields that 


Il X(t) — Xm(t)I| < mt), ty St Shy +a, 
where r,,(¢) is the maximal solution of 


v = g(t, y) + 2g(t, tnalt)), nto) = 0 


for each . Since the conditions of Lemma 1.3.2 are satisfied r,,(t) > 0 
uniformly on tg <¢ <t) 4+ a, as m—» co. This implies that x,(t) 
converges uniformly to x(t) on ty < t < ty + «asm —> oo. By Theorem 
2.2.1, the solution of (2.2.3) being unique, this x(t) is the unique solution 
of (2.2.3). 


Another proof of Theorem 2.3.1. It can be easily shown that the sequence 
of approximations (2.3.1) is uniformly bounded and equicontinuous on 
tl <t <t,-+ a, and therefore there exists uniformly convergent 
subsequences. Suppose that x,(¢) — x,_,(¢) > 0 as m > 00; then (2.3.1) 
implies that the limit of any such subsequence is the unique solution x(¢) 
of (2.2.3). It then follows that a selection of a subsequence is unnecessary 
and that the full sequence x,(2), x,(£), x.(Z),... converges uniformly to x(¢). 
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Thus, to prove Theorem 2.3.1, it is sufficient to show that m(t) = 0, 
where 
m(t) = lim sup || x,(¢) — *,-(2)}|- (2.3.6) 


We shall first show that m(#) is continuous for ¢ & [f) , fg + a]. Since 
| f@, x) || < M on Ry, we see that 
Il %n(t1) — ¥n—a(4r)ll < f] %n(te) — Xna(te)l] + 2M] t, — te | 
< m(ty) + 2M|t, — ty] + € 
for large n, if « > 0. Hence, we have 
m(t,) < m(t,) + 2M|t, —t,| +e 
As t, , tg can be interchanged and « > 0 is arbitrary, we obtain 
| m(t,) — m(t,)| < 2M|t, — t, |, 


which proves the continuity of m(é). 
The assumption (2.2.2), together with the relation (2.3.1), yields 


I neal) — aa) < fates aa(6) — a ae 


For a fixed ¢ in the interval (¢, , t) + a], there is a sequence of integers 
ny < my < +++ such that || «,,,(¢) — x,,(2) || tends to m(#) asn = n, > ©, 
and that 
m*(s) = lim | x4(s) — %a(6)l 
k 


exists uniformly on tj <s < t) + a. Thus, 
t 
m(t) < | g(s, m*(s)) ds. (2.3.7) 
to 


Since g is assumed to be monotone nondecreasing in u and m*(s) < m(s), 
we obtain from (2.3.7) the inequality 


m(t) < | g(s, m(s)) ds. 


By Theorem 1.9.2, m(t) < r(é), where 7(é) is the maximal solution of 
(2.2.1). As Eq. (2.2.1) is assumed to possess only identically zero solution, 
it follows that 7(t) = 0, which in turn shows that m(t) = 0 on [tg , fy + a]. 
This completes the proof. 
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2.4. Chaplygin’s method 


We are interested in establishing a method of approximation of the 
solution of a given differential equation by means of solutions of an 
associated linear equation and in estimating the difference between them. 
This is precisely what the Chaplygin’s method accomplishes. For 
convenience, we shall first consider the case of scalar differential equation. 


THEOREM 2.4.1. Let feC[R,, R], where Ry is the rectangle 
tho <t<Stt+a, |x—x|] <b. Let |f(t,x)| <M on R, and 
« = min(a, b/M). Suppose that f,, f,, exist and f,, > 0 in R,. Let 
the functions uy = u,(t), vy = v(t) be differentiable for £, <t <t, + « 
such that (¢, u,(2)), (¢, vo(t)) € Ry and 


ug(t) < f(t, uo(t)), — Uo(to) = Xo (2.4.1) 
v(t) > F(t, lt), Voto) = %o - (2.4.2) 
Then, there exists a Chaplygin sequence {w,(t), v,(t)} such that 
U(t) < Uner(t) < x(t) < Myalt) <a,(t), 1 € [tos to + a, 
Un(to) = Xo = Un(to), 
where x(t) is the unique solution of 
x’ =f(t,x), — x(ty) = % (2.4.3) 


existing on [fy , fg + a]. Also, u,(¢) and v,(t) tend uniformly to x(z) on 
[to , tp + x] as 2 —> oo. If, in addition, for a suitable constant B, 


0 < w(t) — u(t) < f, 
then 
| u,(t) — v,(t)| < 28/22", té [ty , ty + a]. (2.4.4) 


Proof. The functions u,(t), v(t), and x(t) satisfy the assumptions of 
Theorem 1.2.3, and therefore we have 


up(t) < x(t) < up(t), t E (ty , ty -+ a. 

We now define the functions 
Fi(t, ¥5 ty » Uo) = F(t, uo(t)) + fat, uo(t))(~ — uo(2)); (2.4.5) 
ESky = fia > S(t, Up(t)) — F(t, %(t)) 


ug(t) — vo(t) 


(x —up(t)). (2.4.6) 
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Observe that, fort = t, 


Filto » ¥5 Uo 5 %) = folto » X3 Mo » %)- 
Let u,(t), %,(¢) be the solutions of the linear differential equations 
ui(t) = filt, u(t); %o , %), U(to) = Xo, (2.4.7) 
v(t) = folt, v(4)5 Uo » Vo); Y(t) = Xo» (2.4.8) 


which exist on [t, , f) + «]. From the inequality (2.4.1) and the definition 
of f; in (2.4.5) result 


uo(t) < f(t, uo(t)) 
= f(t, uo(t); Up , U%), 
which, because of Theorem 1.2.1 and the following remark, yields 
ug(t) < u,(t), te (ty, ty + a). (2.4.9) 
A similar reasoning with (2.4.2) and (2.4.6) shows that 
v(t) < a(t), tE (ty, ty + a]. (2.4.10) 


We shall next show that the functions u,(t), v,(t) also satisfy the 
differential inequalities (2.4.1) and (2.4.2), respectively. Since /,(t, x) 
is strictly increasing in x, using (2.4.5), (2.4.7), and the mean value 
theorem, it is easy to deduce that 


u(t) = filt, u(t); uo » %) 

< f(t, u(t), te (tos ty + o- (2.4.11) 
On the other hand, 

ui(t) < f(t, wg(t)) 

= falt, Uo(t); Uo » Yo) 
and consequently, we have, applying Theorem 1.2.] again, 
u(t) <v,(t), t€(tys ty +o] (2.4.12) 

Furthermore, it is readily seen that 


f(t, uolt)) — Ft, 20(4)) 


Ft, up(t)) < u(t) ry Ut) 


(2.4.13) 
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and 
F(t, (2) = F(t, uot) + Felt, Ho())[er(4) — wo(2)] 
+ bhaxlts \lor(t) — mo()P, Molt) < & < a(t). (2.4.14) 
The relations (2.4.8), (2.4.11), (2.4.12), (2.4.13), and (2.4.14), together 


with the repeated applications of mean value theorem and the assumption 
Felt, €) > 9, imply 
4(t) = falt, (4); Uo » %) 
> f(t, 4 (2)), té (ty, ty) + a]. (2.4.15) 


Since the functions u,(¢), v,(¢), and x(t) verify the assumptions of 
Theorem 1.2.3, we obtain 


u(t) < x(t) < v(t), tE (to, to + a], 
which, in view of the inequalities (2.4.9) and (2.4.10), gives 
u(t) < u(t) < x(t) < v,(t) < v,(2), tE(tg,t) +a]. (2.4.16) 


The foregoing considerations define a transformation T that assigns to 
a given couple of functions (z(z), ve(z)) a new couple (u,(z), v,(z)) satis- 
fying the same inequalities (2.4.1) and (2.4.2), respectively, such that 
(2.4.16) holds. This implies that 


(4, %1) = TL(uo » %)]- 


It therefore follows that we can apply the transformation T to the couple 
(u, , ,) to get (uv, , v,). A repeated application of the transformation T 
provides a well-defined Chaplygin’s sequence 


(uns > Urs) = Tn » An)] 
of functions satisfying the following relations: 
(i) w(t) < f(t, wa(t)), Unto) = Xo 5 
(ii) u(t) > ft, M2), nto) = 05 
(iii) a(t) < tay (t) < a(t) < Mild) < 4,(2); LE (fo, % + a]5 
(iv) Unarlt) =i Unsi(t)s Mn(2)s Pn(2))5 
(v) Gni(t) = folt, Oni); 4nlt), Ua(4))- 


It is clear from (iii) that the sequences {u,}, {v,} are monotonic and 
uniformly bounded on [t,, é) + o]. Furthermore, they are equicontin- 
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uous, in view of the fact that, for each fixed 2, u, , v, are solutions of 
linear equations. Hence, an application of Theorem 1.1.1 proves the 
uniform convergence of u,,(¢), v,(f) to x(t) as 7 > 9. Let 


K= sup _—_([fa(t, *)| (2.4.17) 
Ug(t) << volt) 
tySt< 


and 
HA = sup | foalt, x). (2.4.18) 


Ug(t) << x< v9(t) 
ty EX tg tea 


Assume that 0 < Up(t) — u(t) < (2Hoe')1 = B. Clearly, (2.4.4) holds 
forn = 0. Suppose it is true for a certain fixed x, Le., 


| u(t) — v_(t)| < 26/22. (2.4.19) 


From the definition of u,,,(2), %,4,(¢), and the mean value theorem, 
it follows that 


S(t, unlt)) — f(ts an(t)) ; 
u,(t) — 0,(#) [@n4i(t) — Unt] 


— Falt, tn(2))[enas(t) — un(2)] 
= felts [Pri (t) — MA] 
+ [Unsalt) — wnt) Felts £) — felts u(t), (2.4.20) 
where u,(t) < € < v,(#). Since 
alt, £) —Falts M(t) = Sealt, LE — u(t), 
where u,(t) <4 < €, we obtain, from (2.4.17), (2.4.18), and (2.4.20), 


Unsi(t) — Un4i(t) 


| Ursalt) — tna) SK] Opya(t) — trir(t)| 
+ Hj E —u,(0)|| u(t) — (t)). (2.4.21) 
Furthermore, we also have 
| é ~ u,{t)| < | Up(t) _ u,(t)| 


and 


| Un y(t) — u,(t)| < | p(t) ~ u,(t)|- 


These estimates, together with (2.4.19) and (2.4.21), lead to the differen- 
tial inequality 


D+| Onaa(t) ~ tnsa(t)| <K] Onaalt) ~ toya()| + HE 


gen > 
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which, in view of Theorem 1.4.1, yields 


H 278? t 


or eXit—s) ds. 
2 


| Mn4a(t) — Unyalt)| < 


: t 
Since J, eKtt-8) ds < aeX*, we get 
G 


2p 


ants . 


Um 4i(£) ei Unir(t)| < 


Thus, by induction, the relation (2.4.4) is true for all m, and consequently 
we have, by (ili), 


| x(t) — u,(t)| < 28/2” 
and 
| x(t) — v,(t)| < 26/2". 
This completes the proof. 
Let us now consider the differential system 


x =f(t,x), x(t) = x9. (2.4.22) 


In this case, we shall be able to demonstrate only the lower Chaplygin’s 
sequence {u,}, under some additional restrictions. 


THEOREM 2.4.2. Let fe C[R,, R”], where R, is the set, 
Roit) <P +4, || x — x5 || <6. 


Let || f(t, x) || < M on R,. We suppose that f(t, x) is quasi-monotone 
nondecreasing in x, for each t € [t), ty +- a], and that af (t, x)/@x exists 
and is continuous on R,. Let u(t) be continuously differentiable on 
[to , 9 +- a], where « = min(a, b/M), (t, uo(t)) € Ro, and ug(t) <f (t, up(t)), 


Ug(to) = Xo - 
Furthermore, let 


fix) +f) -(y—-x)<f(,y) if x<y. (2.4.23) 
Then, there exists a Chaplygin sequence {u,(t)} such that u,(to) = %, 
u(t) < Un4,(t) < x(2), te [t),% + a], 
where x(Z) is the solution of (2.4.22) existing on [fy , fy + a], and 
lim, u,(t) = x(0) 


uniformly on [Z) , ty + «]. 
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Proof. We notice, first of all, that @f,/éx; > 0 for « 4 Jj. This follows 
from the quasi-monotonicity of f(t, x). Moreover, applying Corollary 
1.5.1, we obtain 


u(t) < x(Z), teé [ty , to + a]. 


Corresponding to the linear equation (2.4.7), we have now to consider 
the linear system defined by 


of (t, up(t)) 
ae Ly 


y =f (t, uo(t)) + — uj(t)] 


=f(t,y; u(t), y(t) = %- (2.4.24) 


Observe that f(t, y; u9(t)) possesses the quasi-monotone property in y 
because 0f,/@x; => 0, 1 #7. Hence it follows by Corollary 1.5.1 that 


u(t) < u,(t), te [to , ty + a], 


where u,(#) is the solution of (2.4.24). The assumption (2.4.23) implies 
that 


my(t) = F(t, w(t); Mo(2)) 
< f(t, m(2), 
and an appeal to Corollary 1.5.1 yields 


u(t) < x(t), te [t,t + a}. 
Thus, we have 


u(t) < u(t) < x(t), té [t,t + a]. 
As in Theorem 2.4.1, we can define the transformation verifying 
u,(t) = T[u,(t)]- 
The rest of the argument is but a repetition of the proof of Theorem 2.4.1 


with appropriate changes. This establishes the method of Chaplygin 
for systems. 


2.5. Dependence on initial conditions and parameters 


We shall consider the problem of continuity and differentiability of 
solutions x(t, ty , x») of the differential system 


x’ = f(t, x), (2.5.1) 
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with an initial condition 
x(t) =%, tt 20, (2.5.2) 
with respect to the initial values (ty , x9). 
Lemma 2.5.1. Let fe CLJ x R”, R”], and let 


Gen = me ls el 


Assume that r*(t, fy , 0) is the maximal solution of 
u’ = G(t, 4), 


through (tf), 0). Let x(t, ty , x9) be any solution of (2.5.1) and (2.5.2). 
Then, 


{| x(t, ty > Xo) — % | < r*(t, ty > 0), t = ty ‘3 
Proof. Define m(t) = || x(t, to , %) — Xo ||. Then, 
D‘m(t) < | x(t, ty , Xq)li 

oe FG, x(t, to , Xo))I| 

Sg ae Fee 

= G(t, m(t)). 
This implies, by Theorem 1.4.1, that 

m(t) = \ x(t, to ’ Xo) — X \ < r*(t, to ’ 0), t 2 to ’ 


and this proves the lemma. 
TueroreM 2.5.1. Let feCLJ x R”, R7], and, for (t, x), (4, y)e J x R*, 


F(t, *) — F(x) < a(t le — yl), (2.5.3) 


where ge C[J x R,, R,]. Assume that u(t) == 0 is the unique solution 
of the differential equation 


u’ = g(t, u) (2.5.4) 


such that u(t.) = 0. Then, if the solutions u(t, ty , ug) of (2.5.4) through 
every point (¢),%) are continuous with respect to initial conditions 
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(t) , %), the solutions x(Z, ty , xg) of (2.5.1) and (2.5.2) are unique and 
continuous with respect to the initial values (t) , x9). 


Proof. Since the uniqueness of solutions follows from Theorem 2.2.1, 
we have to prove the continuity part only. To that end, let x(t, t) , x9), 
y(t, ty , Vo) be the solutions of (2.5.1) through (ty , x9), (fp , Yo), Tespec- 
tively. Defining 


m(t) = || x(t, to» Xo) — H(t, to» Yo)lls 
the condition (2.5.3) implies the inequality 
Dim(t) < g(t, m(t)), 
and, by Theorem 1.4.1, we obtain 
mt) <r(t, to, [|%o— Holl), tS by» 


where 7(t, to , || Xo — Yo ||) is the maximal solution of (2.5.4) such that 
u(to) = || X) — Yo ||. Since the solutions u(t, ty , uo) of (2.5.4) are assumed 
to be continuous with respect to the initial values, it follows that 


lim r(t, to ’ I Xo — Yo I) = r(t, to ’ 0), 
*o—Yo 


and, by hypothesis, r(t, t) ,0) = 0. This, in view of the definition of 
m(t), yields that 
Pa X(t, fy, Xo) = V(t, to Vo), 


which shows the continuity of x(t, ty , x9) with respect to xp - 

We shall next prove the continuity with respect to initial time ft). 
If x(t, ty , X), y(t, ty, Xo), ty > ty, are the solutions of (2.5.1) through 
(fo , Xo), (41 , Xo), respectively, then, as before, we obtain the inequality 

D'm(t) < g(t, m(t)), 
where 
m(t) = l| x(t, to > X) a y(t, ty ’ Xo)|l. 
Also, 
m(t,) = || x(t, , to , Xo) — Xl. 


Hence, by Lemma 2.5.1, 


m(t,) < r*(t , ty ? 0), 
and, consequently, 
mt) <*),  t>h, 
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where 
F(t) = F(t, hh, r*(ty » fo, 0)) 


is the maximal solution of (2.5.4) through (¢,, r*(¢,, tf), 0)). Since 
r*(ty , to ,0) = 0, we have 


lim A(t, 4 > r*(ty , ty , 0)) - r(t, ty , 0), 


2) 1p 


and, by hypothesis, 7(z, tp , 0) is identically zero, thus proving the con- 
tinuity of x(¢, tj , x9) with respect to ty. 


CoroLiary 2.5.1. The function g(t, uv) = Lu, L > 0, is admissible 
in Theorem 2.5.1. 


THEOREM 2.5.2. Let fe C[E, R"], where E is an open (E, x, y)-set 
in R"™+™+1, and for wp = py, let xo(t) = x(E, ty , Xp, Mo) be a solution of 


x = f(t, 49), ll) = %, (2.5.5) 
existing for ¢ > ¢) . Assume further that 
Jim f(6,, 1) = f(t, a) (2.5.6) 


uniformly in (¢, x), and, for (¢, x, , 2), (f, %, h) EE, 


F(t, 15H) — F(t, %2 > ILS 84 Il — el), (2.5.7) 


where gE C[J x R,, R,]. Suppose that u(t) = 0 is the unique solution 
of (2.5.4) such that u(f,) = 0. Then, given « > 0, there exists a d(e) > 0 
such that, for every p, || — py || < S(e), the differential system 


x" = fit, x, 4), x(t) = Xo (2.5.8) 
admits a unique solution x(#) = x(t, ty , % , #) satisfying 
IIx) —a(l<e t>t. 


Proof. The uniqueness of solutions is obvious from Theorem 2.2.1. 
From the assumption that u(t) = 0 is the only solution of (2.5.4), it 
follows, by Lemma 1.3.1, that, given any compact interval [%) , tf) + a] 
contained in J and any « > 0, there exists a positive number 7 = 7(e) 
such that the maximal solution 7(¢, tf , 0, 7) of 


w= g(t, a) +7 
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exists on tf) < t < ty) + @ and satisfies 
r(t, ty ,0, 7) <e, t€ [ty , t9 + 4]. 


Furthermore, because of the condition (2.5.6), given 7 > 0, there exists 
a 5 = 8(y) > O such that 


F(t, He) — F(t, % Bo)ll <9 
provided 
Ile — Mo || < 8. 


Now, let « > 0 be given, and define 
m(t) = || x(t) — xo(2)ll, 


where x(t), xo(t) are the solutions of (2.5.8) and (2.5.5), respectively. 
Then, using the assumption (2.5.7), we get 


Dtm(t) < g(t, m(t)) + i F(t, xo(t), #) — F(t, ¥o(2), Ho) 
From this, it turns out that, whenever || 1 — pp || < 4, 
D*m(t) < g(t, m(t)) + - 
By Theorem 1.4.1, we have 


m(t) < r(t, ty , 0, n), ti>th, 
and hence 
x(t) —x(Al<<6 tf 2> bo, 
provided that 
lw — ba || <8. 
Clearly, 5 depends on « since 7 does. The proof is complete. 


Lemma 2.5.2. Let fe CL] x D, R®], where D is an open, convex set 
in R”, and let af {dx exist and be continuous. Then, 


flim) Fs 9) = f FOR EC a] - (x, — ay 


Proof. Setting 


F(s) = f(t, 5x» + — s)x,), 0 <s < 1, 
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the convexity of D implies that F(s) is defined. Hence, 


dF ids = [# (t, Sip me =) eed (2.5.9) 


Since F(1) = f(t, x2) and F(O) = f(t, x), the result follows by integrating 
(2.5.9) from 0 to 1. 


THEOREM 2.5.3. Assume that fe C[J x R”, R"] and possesses con- 
tinuous partial derivatives éf/éx on J x R”. Let the solution 
Xy(t) = x(t, ty , Xo) Of (2.5.1) exist for t > ty, and let 


Of tb ty 5%) 


H(t, ty , X) = aes 
Then 
‘ Ox(t, ty » Xo) 
i) O(t,t,,*%) =—we 
(i) (6 ty mp) = 
exists and is the solution of 
y = H(t, ty, Xo) y (2.5.10) 


such that ®(fy , ty , Xp) is the unit matrix; 


Ox(t, ty » Xo) 


(H) ty 
exists, is the solution of (2.5.10), and satisfies the relation 


Ox(t, ty » Xo) - 


at Dt, ty , Xp) -f (to » Xo), t>ty. (2.5.11) 
“0 


Proof. First we shall prove conclusion (i). Let hk be a scalar and 
e,, = (e,1,..., &;”) be the vector such that e,/ = 0 if j A Rk and e,* = 1. 
Then, for small A, let 


x(t, h) = x(t, to, X% + eh), 
which is defined on J, and 


Lim w(t, h) = a(t) 


uniformly on J. Since 


[x(t, h) ia Xo(t)]’ = f(t, x(t, h)) —ft, Xq(t)); 
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applying Lemma 2.5.2 with x, = x(t, h), x, = x(t), we have 


fate) — a(t! = fF OD a «(a — ay) 


If we write 

a(t) = see OF h +0, 
the existence of Ox(t, ty , X9)/@xX_ is equivalent to the existence of the 
limit of x,(t) as h-> 0, since x(t), h) = x9 + eh, (to) = e,. Thus, 
x,(2) is the solution of the initial value problem 


y = Alt, ty,%,h)y, (to) = ex» (2.5.12) 


where 
" of(t, x(t, h)s + (L — s)xo(t)) ds. 


a Ox 


A(t, to, Xo.) = 


As x(t, h) > x(t) as h > 0, by the continuity of df/éx, it follows that 
lim A(t, tp, %,h) = H(t, ty , Xp) 


uniformly on J. 

Considering (2.5.12) as a family of initial value problems depending 
on a parameter A, where H(t, ty , x9 , 2) is continuous for te J, h being 
small and y arbitrary, and observing that the solutions of (2.5.12) are 
unique, it is clear that the general solution of (2.5.12) is a continuous 
function of h. In particular, lim,_ *,(¢) = x(t) exists and is the solution 
of (2.5.10) on J. This implies that Ox(Z, ty , x9)/@x9 exists and is the 
solution of (2.5.10). 

To prove (11), define 


a(t) = x(t, ty + h, “= x(t, ty » Xq) peas 


Since (2.5.1) has unique solutions, we have 
x(t, ty + A, x9) = x(t, ty , (ty, to + A, Xo)), 
and therefore 
AK, (t) = x(t, ty , x(to , ty ++ A, X%)) — X(t, ty , Xp): (2.5.13) 
Because Ox(t, ty , X9)/@Xq exists and is continuous and 


*(tq 5 ty + hy Xo) —> x(to » ty » Xo) = Xo as h—0, 
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it follows from (2.5.13) that 


Ox(t, ty » Xp) 
OX» 


hi,(t) — | + O(1)] [los to + 45%) — ah (2.5.14) 


as h —> 0. By the mean value theorem, there existsa 0 = 0,,k = 1, 2,...,.0 
such that 
¥,(ty y ty -|- Ay Xp) — Xo,n = —Afe(ty + Oh, x(ty + Oh, ty + h, x )), 
where 0 < 0 < 1. Notice that, for each k, 
Fito + 8h, x(ty + Oh, ty + h, X9)) = fi(ty » Xp) + O(1) 
as h + 0. Thus, (2.5.14) shows that 


Ox(t, to » Xp) 
Ox, 


(2) = — | + 0(1)] + flo» #0) + OC) 


as h + 0, which implies that Ox(t, ty , X9)/Oty = limp.» £,(t) exists and 
satisfies (2.5.11). 
This completes the proof. 


2.6. Variation of constants 


Let us prove some elementary facts about linear differential systems, 
x’ = A(t)x, (2.6.1) 


where A(f) is a continuous 2 X m matrix on J. Let U(t) be the » x n 
matrix whose columns are the m-vector solutions x(t), x(t), being so 
chosen to satisfy the initial condition U(f,)) = unit matrix. Since each 
column of U(t) is a solution of (2.6.1), it is clear that U satisfies the matrix 
differential equation 


U’ = A(t)U, U(ty) = unit matrix. (2.6.2) 


THEOREM 2.6.1. Let A(t) be a continuous 2 X nm matrix on J. Then the 
fundamental solution U(t) of (2.6.2) is nonsingular on J. More precisely, 


t 
det U(t) = exp | tr A(s) ds, te J, 
to 


where tr A(t) = Df, a;,(t). 
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Proof. The proof depends on the following two facts: 


(i) d(det U(t))/dt = sum of the determinants formed by replacing 
the elements of one row of det U(¢) by their derivatives. 


(ii) The columns of U(é) are the solutions of (2.6.1). 
Simplifying the determinants obtained in (i) by the use of (ii), we get 
d 
< det U(t) = tr A(t) det U(t). 
The result follows, since U(t)) = unit matrix. 


THEOREM 2.6.2. Let y(t) be a solution of 
y =A(thy + Ft, y), (2.6.3) 


where Fe C[J x R”, R"], such that y(t) = y). If U(t) is the matrix 
solution of (2.6.2), then y(t) satisfies the integral equation 


y(t) = Ut) 0 + f U)UAG)F(s,9(s)) ds, tS ty. (2.6.4) 


Proof. Defining y(t) = U(t)z(t) and substituting in (2.6.3), we obtain 
U"(t)2(t) + Ult)z'(t) = A()U()a(t) + F(t, (2). 
This, because of (2.6.2), yields 


x(t) = UM) F(t, y), 


whence 
(0) =yo +f UAE, 6) de 
Multiplying this equation by U(zé) gives (2.6.4). 
CoroLiary 2.6.1. Let A(#) be a continuous ” x m matrix on J such 


that every solution x(t) of (2.6.1) is bounded for t > t) . Let U(#) be the 
fundamental matrix of (2.6.1). Then, U~1(t) is bounded if and only if 


Re [/. tr A(s) ds| 


is bounded from below. 
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We shall now consider the nonlinear differential system (2.5.1). 
The following theorem gives an analog of variation of parameters 
formula for the solutions y(t, ty , x9) of 


y =f(t,y) + F(t,y). (2.6.5) 


TueroreM 2.6.3. Let f,FeC[J x R*, R™, and let af/ax exist and 
be continuous on J x R™. If x(t, fy , x9) is the solution of (2.5.1) and 
(2.5.2) existing for t >t, any solution y(t, fy, %) of (2.6.5), with 
y(ty) = Xo , Satisfies the integral equation 


v(t, to» Xo) = x(t, to, Xq) 
t 
4 J Dt, s, v(s, to » Xp) )F(s, ¥(S, te » Xq)) as (2.6.6) 
to 


for t > t), where P(E, ty , Xp) = Ox(t, to , Xy)/OXp . 
Proof. Write y(t) = y(t, to , Xo). Then, 


dx(t,s ys) _ x(t 59), x(t 5,919) 
ds Os oy 


= &t,s, xs) y'(9) —f6, 9S) (2.6.7) 


using Theorem 2.5.3. Noting that x(t, ¢, y(t, £9, X%o)) = y(t, to , Xo) and 
y'(s) — f(s, ¥(s)) = F(s, y(s)), by integrating (2.6.7) from f, to #, the 
desired result (2.6.6) follows. 


-y(s) 


THeorEM 2.6.4. Let feC[J x R", R"], and oéf/éx exist and be 
continuous on J x R®, Assume that x(t, fy, %) and x(é, ty), Vo) are 
the solutions of (2.5.1) through (t), x9) and (f), ¥), respectively, 
existing for f > fy, such that x9, yg belong to a convex subset of R”. 
Then, for ¢ > ty, 


x(t, ty, Yo) — X(t, ty » Xo) = [{ Dt, ty , X + 5(Vo — Xo)) ds| - (Vo — Xo) 
(2.6.8) 


Proof. Since x», Yo belong to a convex subset of R", x(t, to, X%9 -+ 5( Vo — Xo) 
is defined forO <s < |. Thus, 


dx(t, ty » Xy + 5( V9 — Xo) 
ds 


= Ot, ty , X) + 5(Vo — Xo)) * (Yo — %o)s 


and hence the integration from 0 to 1 yields (2.6.8). 
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2.7. Upper and lower bounds 
Consider the differential system 
x’ = f(t, x), X(t) = X, ty > 0, (2.7.1) 
and the differential inequality 
ly’ — AiG Wl < 6), (2.7.2) 
where f, f,€ CLJ x R”, R", and Se CLJ, R,]. 
DEFINITION 2.7.1. By a 5-approximate solution of 
yy =fit,¥), Wt) =Y», % 20 (2.7.3) 
on [f) , 00), we mean a function y(t) such that y € C[J, R”], y’(z) exists 
_ i = . S' being an at-most countable subset of J, and satisfies (2.7.2) 


THEOREM 2.7.1. Let geC[J x R,,R,] and u,v,5eCLJ, R,] such 
that 


D_u(t) < —[g(t, u(t)) + 8(d)], 


(2.7.4) 
D_v(t) > g(t, o(t)) + d(¢) 


for t > ty. Let 
Q = [x,yER™:||x¥—yl] = ut) and |x —y|] = oft), t > to]. 
Assume that f, f, € CL] x R", R”], and 
F(t, *) —Alt, Wl < gt, le — yl) (2.7.5) 


for t > t) and x, ye Q. If x(t), y(t) be a solution and a 5-approximate 
solution of (2.7.1) and (2.7.3), respectively, on [f) , 00) such that 


Uu(ty) < || x9 — Yoll < rtp), 
then 
u(t) < || x(t) —y@)I| << v(t), tS ty. (2.7.6) 


Proof. If (2.7.6) is not true, the set 


z= [t 2 ty: v(t) S|] (4) — yO) < u(e)]] 
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is nonempty. Arguing as in the proof of Theorem |.2.1, we arrive at 
at, > ty such that either 


Il (4) — ¥(4)l = u(y) 
or 


{| «(t) — ¥(t,)|| = v(4)- 


In either case, it follows from the definition of Q that, at t = t,, x(t,), 
y(t) € 2, and therefore, defining m(t) = || x(t) — y(t) ||, we get 


| mi(t4)| SI x'G) — y'Adil 
SFG. *(4)) —AG » x(4))Il 
+ Ilya) — Alt: » x4) 
This, together with (2.7.2) and (2.7.5), implies 
—[g(t » m(t)) + 8(4)] < mi (4) 
< ot, , m(t)) + 8(4). 


A repetition of the rest of the proof of Theorem 1.2.1, with appropriate 
changes, proves (2.7.6). 


‘THEOREM 2.7.2. Let the assumptions of Theorem 2.7.1 hold except 
that (2.7.4) and (2.7.5) are replaced, respectively, by 


D_u(t) < —[g(t, u(t)) + 8(¢)], 


(2.7.7) 
D_v(t) = a(t, v(t) + 8(2), 


and 


If, *) — Als Wl <a lie — yl), (2.7.8) 


for t > ty, x, ye R”. Suppose further that, for each + eft, , 00) and 
te[t,, 7], g satisfies the condition 


| 8(t, M1) — g(t, us)| < G(r + ty — t, uy — Uy), uy 2 Uy, (2.7.9) 
where GEC[J x R,,R,] and 7(t) = 0 is the maximal solution of 
u’ =G(t,u), u(t) = 0. (2.7.10) 


Then, the inequality (2.7.6) remains valid. 
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Proof. By a repeated application of Theorem 1.4.3, we can prove 
(2.7.6). For this purpose, it is enough to see that g + 6 and —(g + 8) 
satisfy the condition (1.4.9), in view of (2.7.9). Also, (2.7.8) implies that 


—[ag(t, m(t)) + 8()] < mi (t) < g(t, m(t)) + 6), 
for t > ty. 


THEOREM 2.7.3. Let geC[J x R,,R,], '€ CL, R,], and r(t), p(t) 
be the maximal and the minimal solutions of 


ul = a(t, u) + a(t), u(ty) = Uy, 
(2.7.11) 
v = —[g(t,v) + @)], —o(%)) = %, 
respectively, existing on [t) , 00). Let 
Q = [x,y ER": p(t) — & <!]x —yll <p) 
and 7(t)<||x¥—yll<r)+aq,t> 6], 
where e, , «, > 0. Assume that, for t > t), x, ye Q, 
F(t, x) —Al x) < eG |e — yl) (2.7.12) 


If x(é), y(t) be a solution and a 6-approximate solution of (2.7.1) and 
(2.7.3), respectively, on [f) , ©) such that 


Vo < {|x — Voll <M, 
then 


p(t) <I|a(t) — yt) <r(t), tS ty. (2.7.13) 


Proof. Let 7 € [ty , 00). By Lemma 1.3.1, the maximal and the minimal 
solutions r(£, ¢) and p(t, «) of 


u' = g(t,u) + 8(t) +, u(t) = ty + ¢, 
v' = —[g(t,v) + 8(t) + €], (to) = % — € 
exist for sufficiently small « > 0, and 
r(t) = lim r(t, €), 
p(t) = lim p(t, ¢) 
uniformly on [f) , 7]. In view of this, there exist €, , €g > 0 such that 
r(t,e) <r(t) +a, 


p(t, <) > p(t) — € 
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for ¢ € [t) , T]. Furthermore, an application of Theorem 1.2.1 yields that, 
forte [to : 7, 


r(t) < r(t, €), p(t) > p(t, &). 
It now follows that, for ¢ € [t, , 7], 


p(t) — €2 < p(t, <) < p(t), 


(2.7.14) 
r(t) <r(t,«) <7(t) +e. 
To prove (2.7.13), it is enough to show that 
p(t, €) <I]x(t)— yO <7 6), te (to, 7]. (2.7.15) 


Assuming the contrary and arguing as in Theorem 2.7.1, we get either 


(4) — x(t) = 74,2) 
or 
(ty) -- (til = p(t» €)- 


These relations show, because of the inequalities (2.7.14), that, in either 
case, x(t,), y(t,) ¢ 2. By following the rest of the standard argument, 
it is easy to prove (2.7.15). This completes the proof. 


REMARK 2.7.1. Evidently, Theorem 2.7.3 holds when the condition 
(2.7.12) is satisfied for all x, ye R” instead of Q. Similar comment is 
valid for Theorem 2.7.1 also. The bounds obtained in the foregoing 
theorems are on a general setup. They include a number of special cases. 
For instance, if (tf) == 0, we get the estimates of the difference of 
solutions of (2.7.1) and (2.7.3), respectively; whereas if, in addition, 
F(t, x) = f(t, x), the same results yield the growth conditions between 
any two solutions of the system (2.7.1). On the other hand, if 
Ait, x) = f(t, x), error estimates between a solution and a 6-approximate 
solution of the system (2.7.3) are obtained. Furthermore, if d(¢) = 0 
and f,(t, x) = 0, these results provide the upper and lower bounds of 
solutions of the system (2.7.1). 


For future use, the following well-known result is stated as 
Coro.iary 2.7.1. Let fe CLJ x R”, R"], and, for t > Q, x, ye R*, 


f(t, x) -- f(t vl <LMOIWs — yf, 
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whereL € C[J, R,]. Then, fort >t, 
t 
lit) —yoll exp [— f 16s) ds] <i] x(¢) — (pl 
to 
t 
<I % — yall exp [ | Ls) ds| , (2.7.16) 


where x(t), y(t) are any two solutions of the system (2.7.1), through 
(to » Xo), (to » Vo)» Tespectively. 

In the foregoing results, the upper bounds obtained are increasing 
functions of ¢, since the assumptions demand that g(t, vu) > 0 and 
&(z) > 0, and therefore give very little information about the growth 
of solutions for large time. We give below a different set of assumptions 
that yield sharper bounds because the function g(t, u) need not be 
restricted to be positive. 


TuHeEorEM 2.7.4. Let geC[J x R,, R], 5¢ CJ, R,], and r(t) be the 
maximal solution of 


u’ = g(t,u) + S(t), u(t) = My, 
existing on [%, 00). Assume that, for te J, x, ye R", 
|x —y + ALS(t, x) —A HM <I * ~ yl] + g(t lx — yl) + 0(%), (2.7.17) 
for all sufficiently small A > 0. Then, 


I] % — Voll K u% 
implies 
x(t) —yxO)| <7), tS ty, (2.7.18) 


x(t), y(t) being a solution and a 6-approximate solution of (2.7.1) and 
(2.7.3), respectively, existing on [f) , 00). 


Proof. Consider the function 
m(t) = || x(t) — y(2)|| 
We have, for small h > 0, 
m(t + h) = || x(t) + hf(t, x(t)) + eh) — y(t + A) 


< | x) — y(t) + A (F(x) — AG vO 
+ |lyxt + A) — 9) — HAG YO + le) 
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where <(h)/h > 0 as h—>0Q. It therefore follows, using (2.7.2) and 
(2.7.17), that 

D'm(t) < g(t, m(t)) + 8(4), 


which, by Theorem 1.4.1, yields the estimate (2.7.18). 


2.8. Componentwise bounds 


Instead of the differential inequality (2.7.2), we shall be considering 
a system of differential inequalities given by 


ly’ ~filts ¥)1 < 8(¢), (2.8.1) 


where 5€C[J, R,”]. Here and in what follows, we mean by |x| a 
vector whose components are | x, |, | %2 |,..., | %, | for any x eR". Note 
that 8(¢) is a scalar function in (2.7.2), whereas it is a vector in (2.8.1). 
In this case, the 5-approximate solution of (2.7.3) must satisfy (2.8.1) 
in place of (2.7.2). 


THEOREM 2.8.1. Let geC[] x R,”, R,”] and possess the quasi- 
monotone nondecreasing property. Let u,v, 5¢ CJ, R,”] such that, 
for t > ty, 


D_u(t) < —[g(t, u(t)) + 8(4)], 


(2.8.2) 
Dot) > g(t, o(t)) + (0). 
Suppose that f, f, e CL x R”, R”], and, fort > t,x, yEQ,, 
I filt, x) — fit») < gt, |* —y |), (2.8.3) 


where 
Q, = [x,yER": |x; — yi | = u(t), 
Ii —yl=0dt, t> th f= 12am 


If x(¢), y(t) be a solution and a 6-approximate solution of (2.7.1) and 
(2.7.3), respectively, on [f) , 00) such that 


U(ty) < | Xy — yal < ato), 
then 


u(t) < | x(#) — y(8)| < (2), t > fy. (2.8.4) 
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Proof. ‘The proof runs parallel to that of Theorem 2.7.1. However, 
in this situation, the assumption that the set 


Z— U [t S ty: oft) < | x(t) — y(t)| < u,(t)j 


is nonempty leads to the existence of an index j, | <j <n, and a 
t, > ty) such that either 


| (1) — 9,(t,)| = 4,(4) 
or 


| xi(41) — ¥5(4y)| = 2,(4), 


which shows that x(t,), y(t,) € 2;. Consequently, as in Theorem 2.7.1, 
it is easy to show, using (2.8.3), that 


— [gilts , m(ty)) + 85(4)] S mh) < gi(tr , m(h)) + 8;(4)- 


Making use of the quasi-monotone property of g(t, u) and the arguments 
of ‘Theorem 1.5.1, we can prove (2.8.4). 

The next theorem is analogous to Theorem 2.7.2 for componentwise 
bounds, the proof of which can be deduced from Theorem 1.7.3, with 
an observation similar to that of Theorem 2.7.2. 


THEOREM 2.8.2. Assume that, in place of (2.8.2) and (2.8.3), we have 


D_u(t) < —[g(t, u(t) + d(2)], 
D_v(t) > a(t, v(t) + 8(2), 
and 
lft, x) —fi.9)1 Sei, |* —y |), 
for t > ty, x, y € R”, other assumptions being the same as in Theorem 


2.8.1. Moreover, let, for each re[t,, 0), te€[t),7] and for each 
B= Lye2 ys, 


ge tf 4, 


where GeEC[/ x R,,R,], and r(¢) = 0 is the maximal solution of 
(2.7.10). Then, the assertion of Theorem 2.8.1 remains true. 
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THEOREM 2.8.3. Let geC[J x R",,R,”"] and possess the quasi- 
monotone nondecreasing property. Assume that 7(), p(t) are the maximal 
and the minimal solutions of 


u’ = g(t,u) + A(t), U(to) = Uo , 
v = —[g(t,v) + 8(t)], (to) = %» 


I 


respectively, existing on [f, 00), where d€C[J,R,”]. Let, for 
tease Ly Dog hy 

2; = [x,y © R": p(t) — €2,, < | x(t) — y(t)! < p(t) 
and 


r{t) < | x(t) — yt)| < rt) + 2,8 > to], 
and, for each t > ty, x, yEQ,, 


fit, x) —fi.dt, ”) < gt, |* —y |). 
Then 
Vo <1 % — Ho! K Uo 
implies 
p(t) <| x) —y@| <r), tS ty, 
x(t), y(t) being a solution and a 6-approximate solution of (2.7.1) and 
(2.7.3), respectively, existing on [tj , ©). 
The proof of this theorem can be constructed by following the 


respective arguments of Theorems 2.7.3, 2.7.1, and 1.5.1 with necessary 
modifications. 


TrerorEeM 2.8.4. Let de CJ, R,"], gECLJ x R,", R", and g possess 
the mixed quasi-monotone property. Suppose that f, f, ¢e CLJ «x R”, R”], 
and, for each t >t), p = 1,2,..,k, g=k4+ 1,k4 2,..., 0, 

folt, *) —fivlts) <&ol(t, |" —Y |), Xp 2 Io» 

fault, *) —fralt ¥) = Salt, |x — yl), Xq 2 Vas 
and x(t), y(é) are any solution and a 6-approximate solution of (2.7.1) 
and (2.7.3), respectively, on [%) , 0%). 


(i) If 7r(t) is the k max(n — k) mini-solution of 


w= at, u) ag 3(é), u(to) = Uy 
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existing on [Z) , 00) such that 


| ¥o,0 — Yon] < Yon | Xo. — Vora | = Yo.a» 


then 
| X(t) — yoft)| <rp4)s | Xa(t) — walt)i S rat) tS bye 
(ii) IfveClJ, R,”], and, fort > t,, 
D_v,(t) > gp(t, v(t) + 4,4), 
D_v,{t) < ga(t, (t)) + 8,(4), 
then, for ¢ > t, , we have 
| x(t) — y(t) < vp(E); 


(2.8.5) 
| Xq(t) ia Yelt)| > v(t), 


whenever 
| ¥0,9 — Yon! <U(to), | ¥0.a — Youll > Palto)- (2.8.6) 
(iii) If ve CLJ, R,”] satisfying 
D_v,(t) > g(t, 24) + 8,(4), 
D_2t) < S(t, v(t) + 84(4); 


for ¢ > ty , then (2.8.6) implies (2.8.5) provided that, for each 7 € [tg , 20), 
té [ty , 7], and for eachz = 1, 2,..., 2, 
&lt, u) — g(t, a) = —G(r af to — ft, u; — ui;), 


u; 


V 


u; , u; = U;, ty, 


where GeC[J x R,, R,], and r(t) = 0 is the maximal solution of 
(2.7.10). 


THEOREM 2.8.5. Let geC[J x R,”,R,”] and possess the quasi- 
monotone nondecreasing property. Let r(t) be the maximal solution of 


u’ = g(t, u) + d(t), U(ty) = Uo , 
existing on [t, , 00), where 8 € C[J, R,”]. Assume that, forte J,x, ye R®, 


|x —y + Alf(t, x) —f,, 9) < |e —y | + Ag(t, | x —y|) + Of) 
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for all sufficiently small A > 0. Then, 
|X — ¥o| <u 
implies 
[x(t)— yt) <7(t), t>t, 


x(t), y(t) being a solution and a 6 approximate solution of (2.7.1) and 
(2.7.3), respectively, existing on [ty , 00). 


2.9. Asymptotic equilibrium 
We shall continue to consider the differential system (2.7.1). 


DEFINITION 2.9.1. We shall say that the differential system (2.7.1) 
has asymptotic equilibrium if every solution of the system (2.7.1) tends 
to a finite limit vector € as tf > 00 and to every constant vector & there 
is a solution x(t) of (2.7.1) on tj <t < o such that lim,,,, x(t) = €. 

The following theorem gives sufficient conditions for the system (2.7.1) 
to have asymptotic equilibrium: 


THEOREM 2.9.1. Let fe CL] x R®”, R”] and 


WA xl Selle), xe J x R, (2.9.1) 


where ge C[J x R,, R,] and monotone nondecreasing in u for each 
té J. Assume that all solutions u(t) of 


u’ = g(t,u), u(t) = uy > O (2.9.2) 
are bounded on [t, , 00). Then the system (2.7.1) has asymptotic equi- 
librium. 


Proof. Let x(t) be any solution of (2.7.1). Then, it is easy to deduce 
from Theorem 2.7.] that 


x(t)]<7r@), tt >t, (2.9.3) 


where r(t) is the maximal solution of (2.9.2) such that || x9 || = up. 
Since, by assumption, every solution of (2.9.2) is bounded on [f, , 90), 
it follows from (2.9.3) that every solution x(t) of (2.7.1) is bounded on 


[% , 0). 
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Furthermore, for any ¢ > t, > ty, we have 


Us() —s(e)l < J ACs, s(op as 
< J asiiaoa 


< j. 2(s, r(s)) ds 
= r(t) — r(t,), (2.9.4) 


using (2.9.1) and (2.9.3) and the monotonic character of g(t, u) in wu. 
Since g is nonnegative, every solution u(t) of (2.9.2) is nondecreasing 
in t, and hence the boundedness of all solutions of (2.9.2) shows that the 
maximal solution r(t) tends to a limit as t > oo. This implies that, 
given an « > 0, we can choose a t, > 0 sufficiently large so that 


0 <7r(t)— 7th) <e for all t >t,. 
It then follows, because of (2.9.4), that 

la(t)— x(t] <¢ forall t>1%,, 
which proves that 


lim x(t) = & (2.9.5) 


To prove that the system (2.7.1) has asymptotic equilibrium, it remains 
to be shown that, for every constant vector € such that |} || <u, 
there exists a solution x(t) of (2.7.1) on [t) , 00) such that (2.9.5) holds. 
For this purpose, let x,(t) be a solution of (2.7.1) such that 


Xn(to +n) =E (n =1,2,...). (2.9.6) 


If 7,(t) is the maximal solution of (2.9.2) with 7,(t) + 2) = || €ll, 
because of the nondecreasing character of every solution of (2.9.2), 
it follows that 


Ell <n +7) < r(t) + 7). 
We claim that 
r,(t) < r(t), tStyta. (2.9.7) 


It this were not true, let, for some o > ty + 7, 


7,(¢) > r(o). 
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Then, by taking the larger of 7,,(¢) and 7(¢), we can construct a solution of 
(2.9.2) through (fy, || €||) whose value at o is greater than that of the 
maximal solution r(t), which is absurd. Hence, (2.9.7) is true. As before, 
for any t, > tf, andt > t,, 


Itt) — stay) < J gloat 


Since || x,(¢) || <7,(t), ¢ = to + n, (2.9.7), together with the mono- 
tonicity of g, yields that 


I a(t) — 4(ta)II < v(t) — r(ty), 


which assures that x,(¢) tends to a limit vector x,,(00) as t > oo uniformly 
in x. Therefore, || f(t, x,(z)) || is bounded on every bounded ?-interval 
uniformly in 2. Since 


xp(t) = F(t, X,(t)), 


the family {x,,(¢)} is equicontinuous on every bounded ¢-interval. Thus, 
there is a subsequence {x, (¢)} that converges uniformly on every 
bounded t-interval as k > co. As lim,,.. x,(t) > x,(0) for each n, 
this subsequence may be chosen such that the corresponding sequence 
of limits {x,,(00)} also converges as k —> 00. Now, {x, (t)} converges 
uniformly on [f, 0%) to a continuous limit function x(¢) as k > oo, 
Evidently, x(t) is a solution of (2.7.1), and therefore 


lim x(t) = x(00). 
Also, as k > o, 
sup || x,,(4) — x(t)I| > 0, 
lym t<00 
X,,(00) —* ¥(00), 
and these two facts, together with (2.9.6), imply that x(c0) = & Now 
x(t) is the desired solution, and this completes the proof of the theorem, 


Coro.iary 2.9.1. If the function g(Z, u) in (2.9.1) is of the form 
g(t, u) = At)d(u), 


where A(t) > O is continuous for te J and 4(u) > 0 is continuous for 
u => 0, (0) = 0, d(u) > 0, wu > 0, and montonic nondecreasing in u, 
and if 


{ : Ns) ds < f : duld(u) < 00, (2.9.8) 


the conclusion of Theorem 2.9.1 holds. 
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Theorem 2.9.1 has a corollary for the case that (2.7.1) is replaced by 
x’ == A(t)x + F(t, x), (2.9.9) 


where A(t) is a continuous ” xX m matrix and FeC[J x R®, R”]. 
Let X(t) be a fundamental matrix for 


x’ = A(t)x, X(t.) = unit matrix, (2.9.10) 
so that the transformation 
x= X(t)y 
reduces (2.9.9) to 
y’ = XA) F(t, X(t)y). (2.9.11) 


Thus, an application of Theorem 2.9.1 to (2.9.11) gives 


CorOLiary 2.9.2. Let A(t) be a continuous matrix for te J and X(t) 
be a fundamental matrix for (2.9.10). Let Fe C[J x R”, R"], and, for 
(t,y)e J x R*, 

| XA(OF(t X() 9) < AMI! y |, (2.9.12) 


where A(t) > 0 is continuous for ¢ € J, and 
CO 

| A(s) ds < 00. 
to 


Furthermore, let x(t) be a solution of (2.9.9) on some t-interval to the 
right of #) . Then x(t) exists for allt >t, 


lim X-\(t)x(t) = & (2.9.13) 
and, conversely, given a constant vector ¢, there is a solution x(t) of 
(2.9.9) satisfying (2.9.13). 


An interesting special case in which the hypotheses of Corollary 2.9.1 
are satisfied is that of the linear homogeneous system (2.9.10), where 


fi A(s)l| ds < 00. 


It is enough to take A(z) = || A(#) || and d(u) = u. 


2.10. Asymptotic equivalence 


Suppose we are given the following two differential systems: 


x =f,(t,x), x(t) — %, (2.10.1) 
y = f,{t, ¥), (to) = o> (2.10.2) 
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where f,,f,¢€C[J x R”, R”]. We shall first define asymptotic equi- 


valence. 


DEFINITION 2.10.1. The differential systems (2.10.1) and (2.10.2) are 
said to be asymptotically equivalent if, for every solution y(t) of (2.10.2) 
[a(z) of (2.10.1)], there is a solution x(t) of (2.10.1) [ y(¢) of (2.10.2)] 
such that 

x(t) — y(t) > 0 as t—> ©. 


THEOREM 2.10.1 Let u(t) be a positive solution of 
u’ > g(t, u) 


for t >t, such that u(t) >0O as t-» o, where geC[J x R,, RI. 
Suppose further that 


|x —y + hf, x) — f(t, Wil < || « — y || + hg(t, lw — y ll) + 02) (2.10.3) 


for all sufficiently small 4, ¢ >t, , and || x — y|| = u(t). Then, the 
systems (2.10.1) and (2.10.2) are asymptotically equivalent. If, in addi- 
tion, one of the systems has asymptotic equilibrium, then the other 
system also has asymptotic equilibrium. 


Proof. Wet us first suppose that y(t) is a solution of (2.10.2) defined 
for t > t,. Let x(t) be a solution of (2.10.1), defined on some ¢t-interval 
to the right of t, such that 


{| #(to) — y(to)|| < u(to)- 
Clearly, such a solution exists. Define 


m(t) = || x(t) — y(@)Il. 
Then 
m(t) < u(t), 
as far as x(t) exists. If this assertion is false, let t; be the greatest lower 


bound of numbers ¢t > ty , for which m(t) < u(t) does not hold. Since 
m(t) and u(t) are continuous functions, we have, at ¢ = t, , 


m(t,) = u(t,) 
and 
mt, +h) > u(t, + A), h>0O. 


This implies the inequality 


Dim(t)) > u'(ty) > wlty  u(t)))- (2.10.4) 
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In view of the condition (2.10.3), one also gets, at# = ¢,, 
D*m(t) < g(t, , m(t,)), 
which is a contradiction to (2.10.4). Hence, 
I| x(t) — y(t) < u(t) 


is true as far as x(t) exists. Now, using Corollary 1.1.2, it follows that x(t) 
exists for all ¢ > tf, , since y(t) and u(t) are assumed to exist for t > ty. 
Moreover, as lim,,., u(t) = 0, 


lim || x(t) ~ y(2)|] = 0. (2.10.5) 


On the other hand, if x(#) is a solution of (2.10.1) existing on [Z) , ©), 
arguing as before, we can conclude that there exists a solution y(#) of 
(2.10.2) on [t), 0) such that (2.10.5) is satisfied. It therefore follows 
that the systems (2.10.1) and (2.10.2) are asymptotically equivalent. 

If one of the systems has asymptotic equilibrium, the asymptotic 
equilibrium of the other system is a consequence of (2.10.5). The proof 
is complete. 


The next theorem gives sufficient conditions for the asymptotic 
equivalence of the systems (2.9.9) and (2.9.10). 


TuHeoreM 2.10.2. Let A(t) be a continuous matrix for te J and 
FeC{J x R", R"). Suppose that 


\| F(t, x)l| < A(t)I] & |}. (2.10.6) 
where A(t) > 0 is continuous for t € J, such that 
f : As) ds < 0. 
Assume that all the solutions of (2.9.10) are bounded as t — oo and 
lim inf { : tr A(s) ds > —o. (2.10.7) 
Then, the systems (2.9.9) and (2.9.10) are asymptotically equivalent. 


Proof. Wet Y(t) be a fundamental matrix of (2.9.10). Setting 
¥(t)o(t) = x(t), 
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it is easy to verify that x(t) is a solution of (2.9.9) if and only if z(#) 
satisfies 
v’ == Y-\(2)F(t, Y(t)v). (2.10.8) 


Using (2.10.6), (2.10.7), and the assumption that all the solutions of 
(2.9.10) are bounded, we get 
| Ye) (t, ¥ (to) < | YI YCDIH e IAC) 


S 
< K}la A), 


where K is some constant. Hence, Corollary 2.9.1 implies that (2.10.8) 
has asymptotic equilibrium. Now, any solution y(t) of (2.9.10) can be 
written as 


yt) = YE, 
€ being a constant column vector. Therefore, 
x(t) — y(t) = Y([o) — ¢1, 


and the desired result follows, since Y(t) is bounded on (fy , 00). 

The asymptotic equivalence of the systems (2.10.1) and (2.10.2) can 
also be considered on the basis of the variation of parameters formula 
for nonlinear systems developed in Theorem 2.6.3. 


THEOREM 2.10.3. Assume that (i) f,, f,¢ CL] x R*, R"], 
of, ( Ta) 


ox \ ey 
exists and is continuous on J x R”; (ii) P(E, ty , X9)(Pal(t, fy , ¥o)) is the 
fundamental matrix solution of the variational system 


__ Ault 2b to so) 
Ox 


Y 
AL) 


(2.10.9) 


(2; _ Felt, y(t, to » Yo) 35 ) 
2 ay “2p 


such that D,(f, ty , %) = LT, (alto , to, Yo) = 1); (iii) for a given solution 
y(t) of (2.10.2) [x(t) of (2.10.1)], existing on [f, , ©), 


[Piles AOA. YD) — Ale HO] ds 0 ast 00, 


(| : alt, 5, x) LAs, x(6)) — f.ls, x(5))] s+ 0 ast >). 
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Then, there exists a solution x(¢) of (2.10.1) [ y(¢) of (2.10.2)] on [f , 00) 
satisfying the relation 


lim x(t) — y(t) = 0. (2.10.10) 


Proof. Let y(t) = y(t, tp, ¥o) be a given solution of (2.10.2) existing 
on [f) , 00). Define a function x(t) by the relation 


s(t) =) + FG AOA HO) — AHO] 4s. (2.10.11) 


Since the integral converges by assumption (iti), it follows that x(é) 
is well defined, and, consequently, (2.10.10) is satisfied. It therefore 
suffices to prove that x(f) is a solution of (2.10.1). For this purpose, we 
observe, as in Theorem 2.6.3, that 


ASH) — G4, 5, MLAS.) —fls A) (2:10.12) 


Here use is made of the relation (2.5.11) and the fact that 


BE AH) — 6,(,5, 969). 


The relations (2.10.11) and (2.10.12) yield 


x(0) = y(0) 4 f° SOS 7O) g, 


= y(t) + lim T dx(t, 5, ¥(s)) ds 


To t ds 


l 


| 


= lim a(t, 7,97). 
The continuity of f,(¢, x) now assures that 
lim f(t, x(t, Tr 9(T))) =flbs dim a(¢, 7, 9D) 


= f(t, x(#)). (2.10.13) 


Moreover, we have 


df(t, x(t, 8, ¥(s))) _ Ofi(t, x(t, 8, ¥(s))) , ax(t, 8, y(s)) 
ds Ox ds . 


(2.10.14) 
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Let us differentiate (2.10.11), recalling that y(t), ®,(#, ty , x9) are the 
solutions of (2.10.2) and (2.10.9), respectively, and using (2.10.12) to 
obtain 


¥() = ft WO) — Plt, 4 AOA HO) — Halt HO) 
pf PE WDE A6s, 9(8)) — Als OD] 4 


t 


= f(t, y(t) 4 i. es) eee) ae 


This reduces to, in view of (2.10.14), 


x(t) = Alt, x10) + | : att, x(t) its 


= filt, Q) + Jim | "Alt (6%) 9, 


TJ ds 
= Ait, W(t) + dim AA, a, T, A(T) — Alt xO) 


= jim fA, x(t, T, (7). 


The relation (2.10.13) implies that x(t) is a solution of (2.10.1) with 


6 = Wtf Plt 6 WML HO) — Al 29] 


On the other hand, if x(¢) is a solution of (2.10.1) existing on [é) , ©), 
we can show exactly in a similar way that there exists a solution y(é) of 
(2.10.2) on [t), 0) such that (2.10.10) holds. Thus the theorem is 
established. 


2.11. A topological principle 


This topological principle is concerned with the differential system 
x = f(t, x), x(t) = X%, ty => 0, (2.11.1) 


where fe CLE, R"], E being an open (#, x)-set in R"*1, Let Ey be an 
open subset of EF, dE, the boundary, and E, the closure of Ey . 


DeFINITION 2.11.1. A point (é , x9) é EA GE, is said to be an egress 
point of E, with respect to the system (2.11.1) if, for every solution x(é) 
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of (2.11.1), there is an « > O such that (¢, x(t)) € Fy fort) —e <t<h. 
An egress point (%), Xp») of Ey is called a strict egress point of Ey, if 
(t, x(t)) ¢ Ey for t) < t < ty + ¢, for a small « > 0. 

The set of all points of egress (strict egress) is denoted by S(S*). 
It is clear that S* C S. 


DEFINITION 2.11.2. If AC B are any two sets of a topological space 
and ~: B— A is a continuous mapping from B onto A such that 
a( p) = p for every pe A, then 7x is said to be a retraction of B onto A. 
When there exists a retraction of B onto A, A is called a retract of B. 

The following examples would suffice to illustrate the concept of 
retraction. 


Example 1. Let B = [xe R": || x || < a]and A = [xe R®: || x |] = a]. 
Then A is not a retract of B. For, if there exists a retraction 7: B —> A, 
then there exists a continuous map of B into itself, x — —7x(x), without 
fixed points. This contradicts the Brouwer’s fixed point theorem. 


Example 2. Let 
C = [(x,u)eR™™: || x || = a, uw arbitrary], 
B = [(x, up) € R™*™ : || x || < a, ug fixed], 


A=BOC = [(x, ug) ER”: || x || = a, ug fixed]. 


From example 1, it can be seen that A is not a retract of B, whereas 
it is a retract of C, because we can choose a retraction (x, u) = (x, ug). 


THEOREM 2.11.1. Let fe CLE, R"], where E is an open (t, x)-set in 
R41, Assume that, through every point of EF, there passes a unique 
solution of the system (2.11.1) and that the solutions depend continuously 
on initial values. Let Ey be an open subset of E. Suppose that all egress 
points of Ey are strict egress points, 1.e., S = S*. Let Z be a nonempty 
subset of E, U S such that Z M S is a retract of S, but is not a retract 
of Z. Then, there exists at least one point (fy) , x9) € ZN E, such that the 
solution arc (¢, x(t)) of (2.11.1) remains in E, on its maximal interval 
of existence to the right of ty . 


Proof. Suppose that the conclusion of the theorem is not true. Then, 
for every (t9 , %))¢ Z — S, there exists a t, = t,(ty, Xo), t, > ty) such 
that the solution x(t) = x(t, ty , X9) of (2.11.1) exists on [ty , t,], (£, x(t)) € Ey 
for [t), #,) and (¢, , x(t;)) € S. 
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Define a map 7: Z — S such that 

(1) (to » Xo) = > (41. ¥(41)) If (ty, %») EZ —S; 

(ii) (ty 5 Xa) © = (tos Xo) if (ty, %)EZOS. 
We shall show that zy is continuous because of the assumption S = S* 
and the continuous dependence of the solutions on the initial values. 


Let (ty) , %») € ZO Ey and (t*, «*) be sufficiently near to (tf) , x9). Then 
the solution x(t, t*, x*) exists on [t*, t, + €] for some small « > 0 and 


(i) (a(t, 0%, e)eEy, [tt — 

(ii) (t, x(t, 1*, x*)) € By, t=t+e. 
This implies that, at ¢f* == tf(t*,x*), (¢*, x(t#,t*,2*))eS and 
|¢* —t,| < ¢, which shows that (t;*, x(t, ¢*, «*)) is a continuous 


function of (t*, x*). This proves that 7» is continuous at (ty, x). A 
similar reasoning holds if (t) , x) EZ 0S. 

Let 7 be a retraction of S onto ZS. It then follows that the com- 
posite map 77): Z — ZO Sisaretraction. This contradicts the assump- 
tion that Z M S is not a retract of Z. The theorem is proved. 


‘l’o give an idea of the interplay of the conditions in Theorem 2.11.1, 
let us consider (2.11.1), where E = J x R, Ey = [(t, x): te J,Jx| <5]. 
The boundary @£, consists of the half-lines x = +b. The assumption 
that f(t, b) > 0, f(t, —b) <0 guarantees that S = S* = @kF,. The 
sect Z can be chosen as Z == [(t, x): f =f), |x| <b] and ZO S as 
the set of two points (tj , +4). Then Z A S is a retract of S but not of Z. 
Theorem 2.11.1 now shows that there exists at least one point (ty , Xp), 
|X) | <. 6, such that a solution of (2.11.1) exists and satisfies | x(¢)| < 6 
for t > ty. 

Given a differential system, the choice of the set E,, for which 
Theorem 2.11.1 can be applied successfully, may be rather difficult. 
However, in some eases, it is possible to overcome this difficulty. 

Let we CLE, R"] and x(t) be a solution of (2.11.1). The function 
u(t, x) is said to possess a trajectory derivative u’(t, x) at the point 
(t) , Xo) along the solution x(t) of (2.11.1) if u(t, x(t)) has a derivative at 
t = ty, in which case 


u'(to » ¥o) = [ult, x), - 
If w(t, x) is continuously differentiable with respect to (¢, x), the trajec- 
tory derivative u’(t, x) exists and is equal to 


Ou(t, x) 
ot 


Ou{t, x) 
a ax Itt, ¥), 
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where the centered dot denotes the usual scalar product of vectors. The 
following theorem provides a suitable choice of E, and the set of egress 
points in terms of certain functions. 


TuHeoreM 2.11.2. Let fe C[E, R"], ue CLE, R?], and ve C[E, R2. Let 
(i) Ey = [(, x): u(t, x) <0 and 
v,(t,x)<O,1<jopl<k <q); 
(ii) Ly = [(t,x):u(t,x)=0 and u,(t,x) <0, 
o,(t,*) <01<j<cplsck<q); 
(iii) Mz —=[(t,x):%(t,x) —0 and ut,x) <0, 
v,(t,x) <<O1<j7<pl<k <q]. 


Assume further that the trajectory derivatives u/(t, x), v,(t, x) exist on 
L,, M, and satisfy 


u(t,x)>0, (t,x) ELy, (2.11.2) 
o(t,x) <0,  (t,x)e My, (2.11.3) 


respectively, along all solutions through (¢, x). Then 


Proof. We shall first show that S © M, is empty. For, if (tf) , x») € M, , 
and x(t) is a solution of (2.11.1), from (2.11.3) we have 


u,(t, x(t)) > 0, [to — €, t) for small « > 0, 


which shows that (t, x(t)) € Ey because of (i). This means that (fy , x9) 
is not a point of egress. Since 


Dp qd 
ay AEC (U 1.) U (U ms) 
a=] B=1 


it follows that 
a D q 
S*C SC (0B, E)— M,C UL. — U Mp- (2.11.4) 
B=1 w=1 p-1 
On the other hand, if 


Pp qd 
(to 5 Xo) € UL, — U™,, 
B=1 


a=] 
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then, from (ii) and (i), we get uj(ty,% 9) <O and a,(tg, x) < 0, 
jel.,p, k = 1,..,g. The assumption (2.11.2) yields that there 
is an « >> 0 such that 


u,(t, x(t)) <0, (to — €, to), 
u(t, x(t) > 0, (tas to + €] 
if (ty , Xp) EL; 
u,(t, x(t)) < 0, [to — 6% + €] 
if (ty, %) ¢ Lj; and 
v,(t, x(t)) < 0, [to — €, ty + €} for all k, 


Hence, (fp , X9) € S*, and 


q 
UL. — U M,C S*. 


asl B=1 


This, together with (2.11.4), establishes the theorem. 


2.12, Applications of topological principle 


Consider the two differential systems 
x = f\(t, x), (2.12.1) 
y = felt, y), (2.12.2) 


where f,,f2¢€CLJ x R", R"). Let geC[J x R,,R] and u(t) be a 


positive solution of the differential inequality 
uw <g(t,u). (2.12.3) 


Given that y(t) is a solution of (2.12.2) for t > tj, we shall show that 
there is a solution x(t) of (2.12.1) such that 


Lx(t) —y@O< ut), t>t. (2.12.4) 
THrorem 2.12.1. Let f,,f,¢C[J x R”, R"] and geC[] x R,, RI. 


Assume that the systems (2.12.1) and (2.12.2) possess unique solutions 
through every point and that the solutions depend continuously on the 
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initial values. Let y(t) be a solution of (2.12.2) and u(t) a positive solution 
of (2.12.3), for t > ty . Suppose further that 


Ile — y(t) + hCAG, x) — falt, v2)))Ih 
= |x — y(t)ll + g(t, || x — y(Z)I)) (2.12.5) 


for all sufficiently small # and || x — y(¢){| = u(t). Then, if + > ty is 
given, there exists a solution x(f) of (2.12.1) defined for t > 7 satisfying 
(2.12.4) for ¢ > r. 


Proof. We wish to apply Theorems 2.11.1 and 2.11.2 to deduce the 
result. Defining 


Eq = [(t, x): || x — y(d)|| < u(t), t > to], 
u(t, x) = || x — y(t)l| — u(t), 
u(t, x) = ty — t, 
it follows that 
Ey = [(t, x) : u(t, x) <0, ot, x) < 0}, 
L = [(t, x): u(t, x) = 0, o(t, x) < 0], 
M = [(t, x) : u(t, x) <0, u(t, x) = 0). 


If a(t) = || x(¢) — y(2) ||, where x(Z) is a solution of (2.12.1) such that, 
for some t = t, > ty, a({t,) = u(t), the condition (2.12.5) yields 


(ty +h) = |] x(t, + A) — (ty + A)Il 
= I x(ty) + AA» (41) + (A) — (tr) — Pefoltr » (4) — eal ADll 
> (ty) + hg(ty , a(t) + €(A), 


where «,(h){h, €,(A)/h, and <(h)/h all tend to zero as h — 0. This implies 
the inequality 


o'(ty) 2 Bt » (ty)) = a(tr » u(tr))- (2.12.6) 
Using the inequalities (2.12.3) and (2.12.6), we obtain 
u'(ty , ¥,) = o'(t,) — u’(t,) 
> &(ty , u(ty)) — u’(ty) 
> 0, (t,,x,)eEL, 
where x, = x(t,). Moreover, 


v'(t,,%,) = —1, (t,,%) €™M. 
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Thus, in view of Theorem 2.[[.2, we have 
S=S*=L— M. 
Let + > ty be given. Since 
S=[(t,a)it > tos lie — Ol — a0) 
defining 


Ze [(t, x) iE Ty | x — »(2)Il < u(r)], 
one sees that 


ZOOS = [(t, x): t = 7, |] « — y(7)l| = u(r)]. 


Observing that Z is a closed ball in R” and ZO S is the boundary of the 
ball Z in R*, it is clear that Z © S is not a retract of Z. However, the 
mapping 7: S — SA Z given by 


a(t, x) =: (t*, x*), with ¢* = 17, 
w* == y(t) + (x — y(t))[u(r)/u(t)], 


is a retraction. Consequently, we conclude from Theorem 2.11.1 that 
there exists at least one point (7, xy) € Z — S such that the solution arc 
(t, x(t, T, X9)) of (2.12.1) remains in Ey on its maximal interval of existence. 
Since u(t) and y(t) exist for all ¢ > 7 > ty, it follows that the maximal 
interval of existence of x(Z) is [r, 00). Hence (2.12.4) holds, and the proof 
is complete. 


Remark 2.12.1. If, for every solution y(t) of (2.12.2) [x(t) of (2.12.1)], 
there exists a ty and g(t, w) such that (2.12.3) is satisfied by some positive 
function u(f) that tends to zero as t—» o and (2.12.5) is satisfied for 
\| x — y(t) || = u(t) (|| x(t) - || == u(t)), then the systems (2.12.1) and 
(2.12.2) are asymptotically equivalent. 


2.13. Stability criteria 
We consider the differential system 
x’ -= flt,x), x(t) = %, (2.13.1) 
where fe C[J x S,, R"], S, being the set 


S, — [xe R®: || x || < p]. 
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Assume that f(t, 0) = 0, so that (2.13.1) admits the trivial solution. 
Let x(t) = x(Z, ty , Xo) be a solution of (2.13.1) through (¢, , x9). 


DEFINITION 2.13.1. The trivial solution of (2.13.1) is said to be 
(i) stable if, for every « > 0 and ft, € J, there exists a 5 > O such that 
|| x || << 8 implies || «(2) || < ¢€, ¢ 5S to; (ii) asymptotically stable if it is 
stable and if there exists a dy > 0 such that |] xo || < 6) implies x(t) > 0 
as tf > ©. 


TueoreM 2.13.1. Let geC[J x R,, R] and g(t, 0) = 0. Assume that 
the function f(z, x) satisfies 


I] © ++ f(t, x)l| < |] ¥ || + g(t, || x {l) + 0%) (2.13.2) 


for (t, x) e J x S, and for all sufficiently small h > 0. Then, the stability 
or asymptotic stability of the trivial solution of 


u’ = g(t, u), u(ty) = Uy (2.13.3) 


implies likewise the stability or asymptotic stability of the trivial solution 
of the system (2.13.1). 


Proof. Let the solution u = 0 of (2.13.3) be stable. Then, given 
0 <¢« <p, and t,€ J, there exists a 6 > 0 with the property that 
Uy < 6 implies u(t, ty, WU) <¢€, tf > ty. It is easy to claim that, with 
these € and 54, the trivial solution of (2.13.1) is stable. If this were false, 
there would exist a solution x(t) of (2.13.1) and at, > % such that 


It l=6 ieOi<6e %M<t<h. 


For ¢ € [ty , 4], using the condition (2.13.2), it follows that 


D*m(t) < g(t, m(t)), (2.13.4) 
where m(t) = || x(¢) ||, and hence, by Theorem 1.4.1, choosing || xg || == uy, 
we obtain 

eI <r, tI xoll), te lto, 4], (2.13.5) 


where 7(t, tg, || xq |) is the maximal solution of (2.13.3). At ¢ = t,, 
we therefore arrive at the following contradiction: 


e = || x(4,)I| <r, fo, |] oll) <6, 


thus justifying our claim. 
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Suppose that the solution u == 0 is asymptotically stable. Since this 
implics, by definition, stability of uw — 0, the stability of the trivial 
solution of (2.13.1) is a consequence of the foregoing argument. This 
means that the inequality (2.13.4) holds for all ¢ > t, , and henee (2.13.5) 
is valid for tf > t,. It is now clear, by hypothesis, that, if || x || < 6, 
lim,..., x(t) = 0. The proof is complete. 


Let us demonstrate the significance and practicability of the assump- 
tions of Theorem 2.13.1 by an example. 
Let f(é, x) == Ax, where A is ann X n constant matrix. Since 


|x + AAx |] < || 2+ AA ji |, 
it follows that 


|x + hAx || — |x|] < [| 14 kA |] — 1} x]. 


Thus, defining the logarithmic norm 


(A) =: lim 


h-Ot 


eka F (2.13.6) 


We see that 
|x + hAx || < |] |I[} + Ap(A) + €(A)], 


where ¢«(h)/kh > 0 as h > 0. The function g(t, u) is therefore given by 
g(t, u) = p(A)u. 
Clearly, g(t, 0) = 0, and the general solution of (2.13.3) is 
U(L, ty » Ug) = Up exp[pe(A)(t — ty)]- 


Thus, the trivial solution u = 0 of (2.13.3) is stable if u(4) <0 and 

asymptotically stable if u(A) < 0. Hence, the stability or asymptotic 

stability of the trivial solution of (2.13.1) follows from Theorem 2.13.1. 
From the definition (2.13.6), it is easily seen that 


p(wd) =ap(A), « >O, (2.13.7) 
| H(A) < || All, (2.13.8) 
wd + B) < p(A) + p(B), (2.13.9) 


and, from (2.13.8) and (2.13.9), 


| w(A) — p(B) < || A — Bll. (2.13.10) 
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The value of (A) depends on the particular norm used for vectors and 
matrices. For example, if || x || represents the Euclidean norm, p(A) is 
the largest eigenvalue of 3.4 + A*], A* being the transpose of A, 
whereas the corresponding matrix norm || A || is the square root of the 
largest eigenvalue of A*A. On the other hand, if || «|| = S%, | x; |, 
and || A || = sup, D1 | ax |, then 
p(A) = sup [Re Oe + Yo | ain | : 
Lith 
We further remark that every eigenvalue of A has real part less than 


or equal to (A). For, if A is an eigenvalue of A, and x a corresponding 
eigenvector of norm |, then 


|Z + hA)x |] — ile) =] + AA; —1\AReA for h—>Ot. 
On the other hand, 
|Z + hA)x || — lei] <4 All —1~\ hu(A) for hk 0+. 


Therefore, Re A < p(A). 

Let us now take f(t, x) = A(t)x, where A(t) is a continuous n x n 
matrix on J. In this case, g(t, u) = p»[A(t)]u. We observe that pLA(t)] 
is continuous on J, by virtue of the inequality (2.13.10) and the continuity 
of A(t). The general solution of (2.13.3) is of the form 


t 
U(t, ty , Ug) == Uy EXP [| PLA(s)] ds}, 
to 
and, hence, the trivial solution u = 0 of (2.13.3) is stable if 
t 
lim sup | u[A(s)] ds < 00 
oa to 
and is asymptotically stable if 
t 
lim sup | pl A(s)] ds = —oo. 
tra to 


Therefore, the corresponding stability properties of the trivial solution 
of (2.13.1) follow from Theorem 2.13.1. 


THEOREM 2.13.2. Assume that (i) feC[J x S,,R"], f(t, 0) =0, 
and f,(t, x) exists and is continuous on J x S,; (ii) p[f,(t, 0)] satisfies 


. 1 ¢¢ 
lim sup —] ul f,(s, 0)] ds = « <0. (2.13.11) 
too” ft — ky to 


Then, the trivial solution of (2.13.1) is asymptotically stable. 
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Proof. Since f(t, 0) = 0, given « > 0, it is possible to find a d(e) > 0 
such that 
f(t, x) = f(t, O)x + F(t, x), (2.13.12) 


where 
NF@ a) <elel) if lle <3 (2.13.13) 


uniformly in ¢. 
Let « > 0 and t,€ J be given. By the condition (2.13.11), it follows 
that we have, for large t > t), 


[/ el fee, 0) ds < $0 4), 


and, if ¢ is small enough, 
lim exp[e(t — fy) ++ | j nL f,(s, 0)] ds] = 0. (2.13.14) 
Thus, ; 
K = max exple(t ~ to) + [ ec 0)] as] 


exists, and we choose K > 1 and 6, such that 
K8, < &(e). (2.13.15) 


Then, if |[ay|| < 6,, we claim that || x(¢)|| <6, ¢ = t),, where 
x(t) — x(t, ty, %9) is any solution of (2.13.1). If this were false, there 
exists a #, > t, with the property that 


etl =8, ba <8, ty StS. (2.13.16) 
Defining m(t) = || x(t) |], we observe that 
v(t) + f(t, x8) < IL -+ Pf(t, Ohl (OI) + Al CC, &(2))I 
for ¢ € [fy , t,], because of (2.13.2), and hence 
mt) < ph felt, O)m(t) + WFC xODYIb 
which, in view of the relations (2.13.16) and (2.13.13), yields 
m(t) < [ulf,(t, O)] |- <]m(2), ie (ty, t,]. (2.13.17) 
Theorem 1.4.1 then implies, choosing u, == m(ty), that, for ¢ € [ty , 4], 
t 
t 


m(t) < m(ta) exp [e(t — to) f wb Fels, OM as], (2.13.18) 
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and we ate led to an absurdity: 


5 = m(t,) = mito) exp [e(t, — to) + J wLfels, 0) a 
< Ké, <4, 


because of relations (2.13.15), (2.13.16), and the fact that || x, !| < 5, . 
This proves that, whenever || x || < 5,, we have || x(t) || <8, t > ty, 
and therefore the inequality (2.13.17) is true for allt > ¢, . Consequently, 
(2.13.18) holds for all t > t, . It now follows from (2.13.14) and (2.13.18) 
that lim,.,., x(t) = 0, if e is small enough, which establishes the stated 
result. 


THEOREM 2.13.3. Assume that the hypothesis of Theorem 2.13.1 holds 
except that the inequality (2.13.2) is replaced by 


x f(t, x) <I «|| eG, |] « 1), (t,x)e J x S,. (2.13.19) 
Then, the conclusion of Theorem 2.13.1 remains valid. 


Proof. We proceed as in Theorem 2.13.1 to get 


IxQl=«e Weise <tc. 
Now, using (2.13.19) and setting m(t) = || x(t) |], we obtain, for ¢ € [t, , t,], 
the inequality 
m(t)m'(t) < m(t) g(t, m(2)). (2.13.20) 
Choose || xq || = uy. We wish to prove the relation (2.13.5). For this 


purpose, it is enough to show that 
mt) < u(t, €), te[t,,t,], 
where a(é, €) is a solution of 
e=7ew see. BSH ae (2.13.21) 
« being sufficiently small positive quantity. 
Assuming the contrary and following the proof of Theorem 1.2.1, 


we arrive at at, , ty < ty < é, such that 


mts) = u(t,, €), — m'(te) > u' (ty, ©). (2.13.22) 
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By assumption on g(t, 1), we see that u(t,,¢) > 0, and therefore 
m(t,) > 0. Thus, the relations (2.13.20), (2.13.21), and (2.13.22) lead 
to the contradiction 


&(ty »U(ty,€)) be < &(ts , m(ts)), 


proving m(t) < u(t, «), t © [ty , ty], which implies (2.13.5) because of the 
fact that lim,., u(t, «) = r(t, to, || xq |]) uniformly on [fy , ¢,]. 
The rest of the proof is the same as in Theorem 2.13.1. 


2.14. Asymptotic behavior 


We shall present here several results on the asymptotic behavior of 
solutions of differential systems. 


THEOREM 2.14.1. Assume that Fe CLJ «x R”, R", and, for sufficiently 
small h > 0, 


lx —y + AP x) — FG yl <e — yl + Agile — yl) +0), (2.14.1) 
where g € C[J x R,, R]. If every solution u(t) of 
u’ = g(t,u) + ||F(, 0), u(t) = uy > 0 (2.14.2) 
tends to zero as t > 00, then every solution x(t) of 
x’ =F(t,x), x(t) = Xp (2.14.3) 


tends to zero as t > ©. 


Proof. Let x(t) be any solution of (2.14.3) such that || x9 || < uw). Define 
m(t) = || x(t) 
Then, for small h > 0, we have 
m(t + h) = || x(t) + AF(, x(t) + (A)I) 
< || w(t) + ALP, x2) — FC, ODIll 
+ AFC, ODI] + th eC) 


where e(h)/h > 0 as h—0. Now, using the condition (2.14.1) with 
y = 0, we obtain 


Dim(t) < g(t, m(t) + || FG, ODI), 
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and this gives, by Theorem 1.4.1, the estimate 
leOQl<7@), tet, (2.14.4) 


where 7(t) is the maximal solution of (2.14.2). The conclusion follows 
from the hypothesis and the relation (2.14.4). 


THEOREM 2.14.2. Assume that Fe C[J « R", R"] and (éF/éx)(t, x) 
exists and is continuous on J x R®. Let 


x + [H(t, x) + HA(t, x))w <2) xlle(t, |) ¥lD, (2.14.5) 


where Ai * is the transpose of H, which is given by 
H(t, x) = | " (OF Ox\(t, xs) ds, 
0 


and ge C[J x R,, RJ]. Then every solution x(t) of (2.14.3) tends to 
zero as t —> 00, if every solution u(t) of (2.14.2) tends to zero as t > oo. 
If, in particular, F(t,0) = 0, then, the trivial solution of (2.14.3) is 
asymptotically stable whenever the null solution of (2.14.2) is asymp- 
totically stable. 


Proof. If x(t) is any solution of (2.14.3), write 
m*(t) = || x(2)||P. 
Then 
2m(t)m'(t) = 2x(t) - F(t, x(t)). 

Since 

_ OF, xs) 

F(t, x) — F(t, 0) = | ae 
using (2.14.5), we get the inequality 
2m(t)m'(t) < 2) (HLF Oil + Zl ells |i eOl), 
which implies, arguing as in Theorem 2.13.2, that 
Hx) <7(t), tS to, 


r(t) being the maximal solution of (2.14.2) such that || xy || < uy. The 
stated result is clear from this estimate. 


THEOREM 2.14.3. Let U(é) be the fundamental matrix solution of 


x’ = A(t)x, (2.14.6) 
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A(t) being a continuous 2 < nm matrix and U(t,) = unit matrix. Let 
FecC{[] x R*, R", F(t, 0) = 0, te J, and 


| UN ORG UE) < at hy tl), (2.14.7) 
where ge C({/ x R,, R,]. Assume that the solutions u(t) = u(t, ty , Ug) 
of 

u’ = g(t,u), u(t) = Uy (2.14.8) 
are bounded for t > t,. Then, the stability properties of the linear 


differential system (2.14.6) imply the corresponding stability properties 
of the null solution of 


x’ = A(t)x -+ F(t, x), X(ty) = Xy- (2.14.9) 
Proof. The linear transformation 


x = U(t)y 

reduces (2.14.9) into 

y’ = U-\U(1)F(t, U(t)y). (2.14.10) 
Let y(t) be any solution of (2.14.10) such that (ty) = x9 and || xo || <u. 
Then, if m(t) — || y(t) ||, it is easy to obtain, in view of (2.14.7), the differ- 
ential inequality 

Dem(t) < g(t, m(t)), 

and hence, by Theorem 1.4.1, we arrive at the inequality 

In| <r), tS ty, (2.14.11) 
r(t) being the maximal solution of (2.14.8). Jf x(t) is any solution of 
(2.14.9), we deduce, from the relation (2.14.11) and the transformation 


x == U(t) y, that 
a@)|) <r@)| UM, tS t- (2.14.12) 


Since all the solutions of (2.14.8) are assumed to be bounded, it follows 
from (2.14.12) that the stability properties of the null solution of (2.14.9) 
are implied by the corresponding stability properties of (2.14.6). 


THeoreM 2.14.4. Assume that the fundamental matrix solution U(t) 
of the linear system (2.14.6) verifies 


|UOI<M | UF@)|<M, <s<t. (2.14.13) 
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Let Fe C[J x R", R"] and 


\| F(t, %)I] < AC) ¥ |, (2.14.14) 
where AE CLJ, R,] and 
[7 x6) ds <0. (2.14.15) 
to 


Then, the stability properties of the null solution of (2.14.9) depend on 
the corresponding stability properties of the linear system (2.14.6). 


Proof. By Theorem 2.6.2, any solution x(t) of (2.14.9) satisfies the 
integral equation 


x(t) = U(t)% + | U(t)U-(s)F(s, x(s)) ds. (2.14.16) 
The estimate (2.14.14) reduces (2.14.16) to the inequality 
I a <1 UCI x01 + f : | USAC} x(6)] ds], 
which, by writing m(t) = {| x(2)|i/\| U(#)|| and using (2.14.13), shows that 


t 
m{t) <1] x9) + f MN sym(s) ds, tS ty. 
By Theorem 1.9.1, we get 


m(t) <[Ixylexp[f MENS) a], 1 > ta, 


which, because of the definition of m(t) and (2.14.15), yields the estimate 
lx) < K[[xo lll] OI, te ty, 
for some constant K > 0. The conclusion is now immediate. 


THEOREM 2.14.5. Let the assumptions of Theorem 2.14.4 hold except 
that the inequalities (2.14.13) are replaced by 


| UG) <M, |] UU) < IN, ty <s<t. (2.14.17) 
Then, all solutions x(é) of (2.14.9) exist for ¢ > tf, and verify the estimate 
Ol < Kijxoll, tS ty, (2.14.18) 


for some K > 0. If, in addition, y(t) is the solution of the linear system 
(2.14.6) with y(#)) = x9 such that lim,,., y(t) = 0, then lim,,,, x(f) = 0. 
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Proof. The integral equation (2.14.16) gives, using the conditions 
(2.14.17) and (2.14.14), 


IO < Miso +f MAGixOlds, 1 > ty, 


which, by Theorem 1.9.1, leads to 
t 
Ix] < Miisy|lexp [f As) as] 
< KI) Xo I, t = to ’ 


for some constant K > 0, proving (2.14.18). 

If y(t) is the solution of (2.14.6) such that lim,.,.. y(t) = 0, given « > 0, 
there exists a T(e) such that || y(¢)|| < ¢ for all t > T(e). Hence, for 
t > T(e), we have, successively, using (2.14.17) and (2.14.14), 


t 
x(t) = 9) + [ U(t)U-(s)F(s, x(s)) ds, 
to 
t 
[xO <e + f MAs)| x6} a 
Again, applying Theorem 1.9.1, we obtain 
t 
I x(@)|| < e exp [ MX(s) ds < ke, 

to 


for some constant k > 0, which is independent of « and T. This proves 
that lim,,.. x(¢) = 0. 


THEOREM 2.14.6. Assume that (i) 4 isan x n constant matrix and the 
characteristic roots of A have negative real parts; (iil) Fe CLJ x R®, R7], 
and, given any e > 0, there exist d(e), T(<) > O such that 


I F(t, ¥)I] < el} ¥ |] 


provided || x || < 8(e) and ¢ > T(e); (iii) GEC[J x R®, R”] and there 
exists an « > O such that, if || x || < «wandée f, 


| Gt, x) < y(2), 
where y€ C[J, R,] and 


t+1 
p(t) =| 6s) ds 0 as t—> 00. 
t 
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Then, there exist Ty => 0, 5 > 0 such that, for every t) > Ty) and 
|| x || < 6, any solution x(t) = x(t, ty , x9) of the differential system 


x’ = Ax + F(t, x) + G(t, x), X(ty) = Xp (2.14.19) 
satisfies 
lim x(t) = 0. 


If, in particular, (2.14.19) possesses trivial solution, then the trivial 
solution is asymptotically stable. 


Proof. By assumption (1), it follows that there exist constants K > | and 
o > 0 such that 
le“? || < Ke’, tt > 0. (2.14.20) 


Choose € so that 0 < « < min(o/K, «). Because of assumption (ii), 
we can choose T(e) > 1 and d(e) < «. Let 7, => T(e) be so large that 
t > T, implies that 
t 
[ expl—(o — Ke)(t — IAs) ds < 8()/2K = 8. (2.14.21) 
1 


We shall prove below that such a choice is possible. Observe that 


[ Pls) ds = ip 7 (% y(u) du| ds 


Also, for 8B > 0, 
[/ oT bty(u) du| ds 
—1 s 


eFls+19(5) ds, 


whence 


t t 
est | es) ds < en) est p(s) ds, 
0 


1 


Applying L’Hospital’s rule on 


wif ere as), 
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it can be easily verified that 
t 
lim e-* | e(s) ds = 0 
te 1 
for all 8 > 0. The validity of (2.14.21) is now clear. 


Let t) = Ty and || x || < 5, . Then, as long as || x(t)/| < 6(e), we have 
t 
x(t) = exp[A(t ~ ty] vy + [ e4OfF(s, x(5) + G(s, x(5))] ds, 
to 


from which, using assumptions (ii), (ili), and the estimate (2.14.20), 
it follows that 


t 
| x(oler" < KB, exp(ot) + [Le 0) + rs) Ker as 
By Corollary 1.9.1, we obtain 
t 
|| x(t)lert < K8, exp(ot,) exp[Ke(t — ty)] + | Keys) exp[Ke(t — s)] ds, 
to 


so that 


|| < Kd, expl—(o — Kot ~ )] + K [ expl—( — Kel(t — 9) 69) ds, 


(2.14.22) 
which, using (2.14.21), yields 
t 
| a(t)|| < K3, + K [ expl—(o — Ket — 9] ls) ds 
1 
< KB, 4- §8(6) = (0). 
Thus, the inequality 
I| x(t) < 8(e) (2.14.23) 


holds on [t) , 00), which implies that (2.14.22) is true for t > ty . Hence, 


lim x(t) = 0. 


If x = 0 is the solution of (2.14.19), it is clearly asymptotically stable. 
For, we have immediately from (2.14.23) that || x(z)\| < « whenever 
|| xo {| << 8(e), since we have chosen O(c) < e. The proof is complete, 

Notice that p(t) = ‘ia y(s) ds + 0 as t — oo holds if either y(¢) + 0 


as t-> 00 or f° y(s) ds < ©. 
This observation suggests the following: 
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COROLLARY 2.14.1. The conclusion of Theorem 2.14.6 is valid for the 
system 


x’ = Ax + F(t, x) + G,(t, x) + Gt, x) 


if conditions (i) and (ii) of Theorem 2.14.6 hold and, for small || x ||, 
G,(t,x) > 0 as t— oo uniformly in x and || G,(t, x) || < A(Z)|| xl, 
where A€ C[J, Ry], and f° Xs) ds << o. 


THEOREM 2.14.7. Assume that fe C[J x S,, R"], f(t, 0) = 0, f(t, x) 
exists and is continuous on J x S,, and, for te J, 


| felt, *) — fa(t, O)|| < K || x |]. (2.14.24) 
Suppose that 


t 
lim sup (t — t)7 | ulfr(s, 0)] ds = 0) <0. (2.14.25) 
00 to 


Let y(t) be the solution of the variational system 
y = felt, ())¥, — Y(to) = 405 (2.14.26) 
where x(t) = x(t, ty , Xo) is the solution of 
x =f(t,x), (tH) — % (2.14.27) 


existing fort > ty. Then, we have the estimate 


(900 <i soexp [Kale — 4) +f uLfG ova] (2.14.28) 


for t > ty and lim,,.. y(#) = 0. 


Proof. Consider the function m(t) = |{ y(é)||. Observe that 


m(t-+ h) — m(t) _ | _ le(A)II 
i SZ Uld + Alt, x(t) — VJm(t) + 


where «(h)/h > 0 as h ~ 0. Furthermore, from the definition of »(A) 
given by (2.13.6), the inequality (2.13.10), and the assumption (2.14.24), 
we obtain 


el fe(t, x(t))] < w(f2(t, 0)] + K|! x(2)|. (2.14.29) 
Hence, it follows that 


D*m(t) < [u[F.(¢, 0)] + K}} x(2)|[]}m(2). (2.14.30) 
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As the hypotheses of Theorem 2.13.2 are satisfied, the trivial solution 
of (2.14.27) is asymptotically stable, and therefore, if || xq || is small 
enough, || x(t)|| <7, ¢ = ty). Consequently, choosing |! x, || sufficiently 
small, we have, from (2.14.30), 


Dim(t) < [ul felt, 0] + Ky ]jm(t), 


which, by Theorem 1.4.1, leads to the estimate (2.14.28). Moreover, by 
condition (2.14.25), it results that, if 7 is small, 


fim exp [Kn(t — 9) + [ul fals, 0)] ds] = 0. 


This, together with (2.14.28), implies that lim,.. y(t) = 0. 


Remark 2.14.1. The condition (2.14.25) implies that the solutions 
yo(t) of the variational system 


Yo = Salt, 0) Ho» Volto) = Xo (2.14.31) 


have the property that lim,.., yo(t) = 0. For, setting m(t) = || vo(t)ll, 
we obtain 


D'in(t) < pl felt, O)]m(2), 


and hence, by Theorem 1.4.1, 
t 
I yol <idsollexp [f mlAals, 0) as], # > ty. 


The assumption (2.14.25) assures that lim,,., yo(t) = 0. 

Thus, in essence, Theorem 2.14.7 guarantees the asymptotic behavior 
of the solutions of (2.14.26), whenever there exists a similar behavior 
for the solutions of (2.14.31). From these considerations, we infer the 
following lemma, which is interesting in itself. 


LemMMaA 2.14.1. Let A(t) be a continuous 2 x m matrix on J. If x(¢) 
is the solution of 


xv = A(t)x, X(ty) = Xp 5 


we have 


(xO <sollesp [f ula@la], 22%. 
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Coro.iary 2.14.2. Under the assumptions of Theorem 2.14.7, if 


too ~f — 


t 
ee J HL fals, x(6))] ds = o, (2.14.32) 
to J ty 
theno < 0. 


Proof. Since the trivial solution of (2.14.27) is asymptotically stable 
by Theorem 2.13.2, choosing || x9 {| small, we can make || x(2)|| < 4, 
t > t,, and hence we have 


o<o0,+ Kn 


because of (2.14.29). It therefore follows that, by choosing y sufficiently 
small, o can be made less than zero whenever oy < 0. 


THEOREM 2.14.8. Assume that fe C[J x R”, R”], and f,(t, x) exists 
and is continuous on J x R”. Suppose further that x(t) = x(t, fy , x) 
is the solution of (2.14.27) with the property 


lim x(t) = 0. (2.14.33) 
If o defined by the relation (2.14.32) is less than zero, then every solution 


x(t, ty , Wo) Of (2.14.27) such that xy , yy belong to a convex subset of R® 
satisfies 


lim x(t, ty 5 Yo) = 0. (2.14.34) 
Proof. Let x(t, ty, Xp»), x(t, t9, Wo) be the solutions of (2.14.27) such 
that x9, yy belong to a convex subset of R”. Then, by Theorem 2.6.4, 


we get 


1 
x(t, ty, Yo) = X(t, ty , Xo) + lI, P(t, ty , % + Yo — Xo) ds| [Yo — *ol, 


and hence, for tf > fy, 
t 
I 2(6, to Holl <Il C6, to a0) + Ido ~ sollexp [f aL Fels, x) ds], 
by virtue of Lemma 2.14.1. The relation (2.14.32) implies that 
t 
[elf x] ds <5 (t 4) 
for sufficiently large ¢, and therefore the assumption o < 0 yields 
t 
lim exp [ i ul f(s, x(s))} ds| — 0. 
ta ty 


This, together with (2.14.33), assures (2.14.34). 
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Corotiary 2.14.3. In addition to the hypotheses of Theorem 2.14.8, 
if we assume that f(t, 0) = 0, then the trivial solution of (2.14.27) is 
asymptotically stable. 


THEOREM 2.14.9. Let feCLJ x R", R"), f(t,0) = 0, and f,(t, x) 
exist and be continuous on J x R”. Let GeC[J x R*, R®, and, 
given any « > 0, there exists ad = 8d(€) > 0 such that 


| Gt, Yl < ell y I 


provided || y|| < d(e). Assume that the trivial solution of (2.14.27) 
is asymptotically stable and that o defined by (2.14.32) is negative. Then, 
the trivial solution of the perturbed system 


y =f(t,y) + GOy), — v(t) = Ho (2.14.35) 
is asymptotically stable. 


Proof. Let x(t) = x(t, to, Yo), V(t) = y(t, tp, Vo) be the solutions of 
(2.14.27) and (2.14.35), respectively. Then, by Theorem 2.6.3, 


t 
y(t) = x(t) + [ P(t, s, W(s))G(s, Ws)) ds, tS ty. 
Moreover, by Theorem 2.6.4, we infer that 


x(t) = [ | ; P(t, ty , 8%) ds| Vo» 


The preceding two relations, in view of Lemma 2.14.1, lead to the 
inequality 


I 98h <iiyell exp [fel Fals »(s)] as] 


t t 
+f exp [f uffals» x(i)] di] || G(s, 95) ds 
to 8 
Let « > 0 be given. By assumption on G(Z, y), it follows that 


(xl <iiyollexp [f° ul fal, s(0)] as 


+ ef exp [fut fats,» (6) aay la, 
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provided || y(t)|| < 5(e). Theorem 1.9.1 readily gives the estimate 


I HCE <I yollexp [et —t9) + J wLfals O)] ds], (2.14.36) 


for ¢ > ty, which implies that || y(2)|] remains less than 6(e) if || yo |] is 
small enough, because the condition ¢ < 0 shows that, for sufficiently 
small e > 0, 


tim exp [c(t — 4) + [ul fals, x6] 45] = 0. 


Thus, (2.14.36) is valid for t > t,, and the asymptotic stability of the 
trivial solution of (2.14.35) follows. 


THEOREM 2.14.10. Assume that (i) fe CLJ x R”, R"], f(t, 0) =0, and 
f(t, x) is continuous on J x R®; (ii) ul f(t, 0)] < —o,o > 0, te J; 
(ili) GECLJ x R®, R"], G(t, 0) = 0, and there exists an « > 0 such 
that, if || xi <a, te J, || Glt, xl < y(t), where ye CLJ, R,] and 


t+1 
p(t) =| s)ds-+0 as t=» 
t 


Then, the trivial solution of (2.14.35) is asymptotically stable. 


Proof. Lete > 0be given such thatO < « < min(a, «). Choose T, > 1 
so large that, fort > Ty), we have 
; a(c) 
[ expl—(o — )(t — hls) ds < “= 8, (2.14.37) 
1 
where O(c) < «. This choice is possible, as shown in Theorem 2.14.6. 


It is easy to show that, whenever |] xy || < 8,, || x(t)|| < 6(6), ¢ >t). 
For, otherwise, there would exist at; > ty > Ty such that 


Il (4) = Se), I e@)Il <S(e), te [fy]. 
Define m(t) = || x(t) ||. Then, for t € [t) , 4,], we obtain the differential 
inequality 
m'(t) < pl f(t, O)|m(t) + || FC, x(2))il + | G@ #@)Il 


< 
< —(6 — €)m(t) + y()- 


Here we have used assumptions (ii) and (iii) of the theorem, in addition 
to the relations (2.13.12) and (2.13.13) and the argument employed in 
Theorem 2.13.2. 
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An application of Theorem 1.4.1 gives 
Il «(£)l| < |] % || exp[—(o — «)(t — t)] 
+f : exp[—(o — e)(t — 9] fs) as (2.14.38) 


for t € [t) , ¢,]. Att = ¢, , there arises an absurdity 


Be) <8, + f expl—(o ~ (ty — SN ve) 
B54 & = AS, 


because of (2.14.37). This proves that, if || x || < 8,, || x(z)I| < 8(6), 
t > t,, which, in its turn, implies the inequality (2.14.38) for allt > ¢,. 
Since 6(e) < e, the stated result follows, as in Theorem 2.14.6. 


Corotiary 2.14.4. The function f(t, «) = Ax + F(t, x), where A is 
an mn X nm constant matrix such that »(A) < —o and F(t, x) satisfies 
assumption (ii) of Theorem 2.14.6, is admissible in Theorem 2.14.10. 


2.15. Periodic and almost periodic systems 


We shall be concerned in this section with the existence of periodic 
and almost periodic solutions of differential equations. Let us first state 
the following: 


Lemma 2.15.1. Let £ be an inductively ordered set, and let T be a 
transformation from E into E such that, for any x € E, we have T(x) > x. 
Then, there exists at least one point x € E satisfying T(x) = x. 

As an application of this lemma, we prove an existence theorem for 
periodic solutions. 


THEOREM 2.15.1. Assume that (i) ge C[/ x R,., R], g(t, u) is non- 
decreasing in u for each t € J, periodic in t with a period w, and the 
differential equation 

u’ = g(t, u) (2.15.1) 


admits a periodic solution of period w; (ii) fe CL] x R", R", f(t, x) 
is periodic in ¢ with a period w, and, for te J, x, ye R”, and sufficiently 
small h > 0, 


|x —y + ALF x) — Alt, I < ||» — yl] + Age, lx ~ yf) +O), (2.15.2) 
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where f, €C[J x R”, R]; (iii) the functions f, f,, and g are smooth 
enough to assure the existence and uniqueness of solutions, and the 
system 


y =f) (2.15.3) 
has a bounded nondecreasing solution. Then, the differential system 

x = f(t, x) (2.15.4) 
admits a periodic solution of period w. 


Proof. Let y(t) be the bounded monotonic solution of (2.15.3) such 
that y(t) = Vo, % = 0. Suppose that u(t) is the periodic solution of 
(2.15.1) of period w. It is possible to choose ¢, and uy such that 


U(ty) == Uy > 0, u(t) — uy > 0, t >t. (2.15.5) 
Define m(t) = || x(t) — y(Z)||, where x(t) is the solution of (2.15.4) with 
the property x(ty) = Vo. Clearly, m(t)) = 0. We have, using the condi- 
tion (2.15.2), the differential inequality 
D'm(t) < g(t, m(t)). 
Consider the solutions u(t, €) of 
u’ = g(t, u) + «, utp, €) =u +. 
for sufficiently small « > 0. Setting 
P(t, €) = u(t, €) — (uy + ©), 
because of the nondecreasing nature of g(t, u) we get 
P(t, €) > g(t, p(t €)). 
According to Theorem 1.2.1, we infer that 
m(t) < p(t, €), t> ty. 
But 
lim p(t, ¢) = lim [u(t, «) — (up + ©] = u(t) — ug 
uniformly in ¢, and therefore 


x(t) —y)| <ut)—uy, t >t. (2.15.6) 
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Define the point x())by py . Take the point x(t) + w) on the solution 
x(t) and denote it by p, . Let T be the transformation that takes any point 
Po to p, by the foregoing process. Since the function f(t, x) is periodic in t 
with a period w, any solution passing through the fixed point, under the 
preceding transformation, is clearly a periodic solution. Hence, it is 
enough to show the existence of a fixed point, under the transformation T 
defined previously. Since u(t) is periodic and u(t)) = uy , we have 


u(iy + nw) — uy = O, n = 0, I, 2,.... 
It therefore follows from (2.15.6) that 
x(t + nw) = y(ty + nw), n — 0,1, 2,.... 


By assumption, y() is a bounded monotonic solution of (2.15.3). Thus, 
it is evident that the points x(t) + mw) form a bounded, monotonic, 
and denumerably infinite set. If their upper bound is also included, the 
set becomes inductively ordered. Hence, the application of Lemma 2.15.1 
yields a fixed point, and the theorem is proved. 


Corotiary 2.15.1. If, in addition to the hypotheses of Theorem 2.15.1, 
Fi, ¥) is periodic in ¢ with a period w, the assertion of Theorem 2.15.1 
remains valid. In particular, f,(¢, y) == 0 is admissible. 

We remark that the monotony of g(t, w) can be dispensed with if the 
periodic solution u(t) of (2.15.1) has the property that, for some t, > 0, 
u(ty) = 0 and u(t) > 0 for t > 0. 

Another set of suffictent conditions for the existence of a periodic 
solution is given by 


THEOREM 2.15.2. Assume that (i) ge C[J x R, , RJ, and the differen- 
tial equation 


u’ = g(t, u), u(0) = u, > 0 (2.15.7) 
has unique solution u(t, 0, %)) such that 
lim u(t, 0, uy) = 0; 
(ui) fe CLJ x R", R"], and f(z, x) is periodic in ¢ with a period w and 
is smooth enough to guarantee the existence and uniqueness of solutions 


of the system (2.15.4), and, forte J, x, ye R®, 


|x —y -+ AL f(t, x) — F(t, yi] < |x — y I + Ag(é, || x — yl) + OA) (2.15.8) 
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for sufficiently small h > 0; (ili) the system (2.15.4) has a bounded 
solution existing on [0, 0). Then, the system (2.15.4) admits a periodic 
solution of period w. 


Proof. Let x(t) = x(t, 0, %9) be the bounded solution of (2.15.4) 
defined for t > 0. We shall show that, under the assumptions of the 
theorem, we have 


lim x(t + «) — x(t) = 0. (2.15.9) 
Let 2(t) = x(t + w) — x,(t). Then, 


a(t) = f(t + @, x(t + «)) — f(t, xo(t)) 
= f(t, X(t) ai 2(t)) —f(i, Xo(t)), 


because of the periodicity of f(t, x) in t. Hence, setting m(t) = || 2(Z)|\, 
we observe, for small h > 0, that 


m(t +h) < || x(t + w) — x(t) + AL S(t, x(t) + 2(4)) 
— S(t, Xo(4) II] + I] 


where e(h)/h —> 0 as h —> 0. Using condition (2.15.8), it is easy to get the 
inequality 
D'm(t) < g(t, m(t)), 


which implies, by Theorem 1.4.1, choosing uy = || xo(w) — x9 |, 
|| X(t + w) — x(t) < u(t, 0, || xo(w) — xl), 6 SO, 


u(t, 0, uo) being the unique solution of (2.15.7). Consequently, in view 
of assumption (1), the relation (2.15.9) is valid. 

Since x,(t) is bounded, the sequence {x,} = {x (nw)} is bounded. 
Hence, a subsequence {x,,} can be extracted which converges to a 
point x*. It follows from (2.15.9) that, for any , 


lim x[(m + 1)o] — xo(meo) = 0, 
and thus, 


jim Kner = x. (2.15.10) 


Observing that the functions defined by x(t, 0, x,) = xo(t + nw) are 
the solutions of (2.15.4) through (0, x,), where x, = X9(nw), in view of 
the periodicity of f(t, x) in t, we see that the fact 


1 — xy* 
pa 
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implies 

lim x(t, 0, X,,) = x(t, 0, x*), 
and hence, from (2.15.10), we obtain 


jim x(t, 0, X41) = x(t, 0 x*). 


However, because of the uniqueness of solutions, 


(0,0, Saga) = a(t, 0, welt + Deo) 
= y(t + (te + Den) 
= X(t + w + nw) 


= x(t + w, 0, x9(7;,)). 


Since 


jim x(t,0 X43) = jim x(t + , 0, x,,) 
= x(t -+ w, 0, x*), 


we have 
x(t, 0, x*) = x(t + w, 0, x*). 


This means that the solution that satisfies the initial condition «(0) = «* 
is periodic with period w. The proof is complete. 


An analogous result holds for almost periodic systems. We shall start 
with the following 


DEFINITION 2.15.1. A funetion fe C[(—o, 0) x R”, R”] is said to be 
almost periodic in t uniformly with respect to x e€S, for any compact 
subset S C R*, if, given any 7 > 0, it is possible to find a I(y) such that, 
in any interval of length 1(7), there is a 7 such that the inequality 


At + 7, x) — f(t, x) <9 


is satisfied for te (— «@, «), x ES. 


Tueorem 2.15.3. Let fe C[(—, o«) x R”, R"], and f(t, x) be almost 
periodic in ¢ uniformly with respect to x € S, for any compact set S C R®, 
and be smooth enough to ensure the existence and uniqueness of solutions 
of (2.15.4). Furthermore, suppose that, for sufficiently small k > 0, 


|x —y + Aft, x) —f( yr) < |x —y |] — oh] +0), ¢ S09, 
(2.15.11) 
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where « > 0, and that the almost periodic system (2.15.4) admits a 
bounded solution x(t, tg , x9) with a uniform bound B. Then, (2.15.4) 
admits an almost periodic solution that is uniformly asymptotically stable. 


Proof. Let x(t) be the bounded solution of (2.15.4), defined on [t, , ©) 
so that || x(z)|| < B, t >t), where B does not depend on t,. Let 7, 
be a sequence of numbers such that 7; —» 00 as k —> oo and 


f(t + %»*) — f(t, *) > 0 


uniformly for t € (— 00, 00) and x € S, any compact set in R®. 
For any f, let ky = k,(B) be the smallest value of k for which 
T,, + B > ty. We have 


|x(t-+7)l<B, t>8, k>k,(f). 


We shall now show that the sequence of functions {x(t + 7,)}, k > Ro(B) 
converges to a continuous bounded function w(t) defined on [f, 00), 
with a bound independent of 8, and that the convergence is uniform on 
all compact subsets of [f, 00). Since the boundedness of x(#) is uniform 
with respect to tg , it is sufficient to prove that the sequence {x(t +- 7,)}, 
k > k,(B) forms a Cauchy sequence on any compact subset of [f, 00). 
Let U be any compact subset of [8, 00), and let « > 0 be given. 
Choose an integer m) = m)(e, 8) > ky so large that, for k, > nm, 


(i) exp[—o(B + te, — t)] < €/4B, 


(2.15.12) 
(ii) [f(t + te, *) — F(t, x)I| < €a/8, 
for all ¢ € (— 00, 00), x € S. Consider the function 
m(t)a== || x(t + 7.,) — x(t +72), ke Sk Sm, t>t. 


Setting 4, = t 4 7%,, te = t+ 7,%,, we have 
D*m(t) < lim sup A" x(t, + 4) — x(t, + All — il x) — (4) 
+ ALF (t + 8, x(t1)) — FE + 8, (to) HI] 
+ lim sup kl] “(4:) — (2) + AP(E + 8, x(4)) 
— f(t + 9, x(t2))}l — Il x) — #(t,)Il], 


where @ is an ea/8-translation number of f(é, x) for xe S such that 
t, + 0 > 0, that is, 


F(t + 4, x) — f(t, x)|| < €a/8, (2.15.13) 
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where x € S, any compact set in R”, and te (—, «). In view of the 
condition (2.5.11), we deduce 
Dm(t) < | f(t, (4) — fF + 8 x()ll + Fe» #4) 
— f(t + 9, x(ty))|| — om(t) 
<C» e(4)) — F(A + 8, x(t) + SC + 8, (4) 
— f(t + 8, x(ty))Il + Fee» e(t2)) — f(te + 8, x(t5))I 
+f (to + 8, x(ty)) — f(t + 8, x(t2))|| — can(t), 


which, because of relations (2.15.12) and (2.15.13), yields 
Dim(t) < —am(t) + (ea/2), tt > ty. 
By Theorem 1.4.1, we get 
m(t) < m(ty — ty) exp[—a(t + Te, — fa)] + (€/2)[1 — exp{—alt + Tr, — tH 


This, along with the boundedness of x(t), for t > ty, the fact that 
B + t,, > ty, and the relation (2.15.12), implies that 


m(t) < 2B exp[—a(B + 7, — to)] + (</2) 
< (e/2) + (€/2) = «, te U, ky = ky > m- 


This proves the existence of a function w(t) defined on [f, oc) and 
bounded by B. Since f is arbitrary, w(t) is defined on (— ©, oo), and 


we have 


x(t + 7) — w(t) > 0 as k— oo, 


uniformly on all compact subsets of (— 00, 00). 

Next we show that w(t) is differentiable and that it satisfies (2.15.4). 
Observe that lim,.,,. x(t +- 7,) exists uniformly on all compact subsets 
of (— 0, 0), and, consequently, 


jim x(t 4- t,) = = im lim 5 je +7, +h) — x(t + 7,)] 


2D fy—> 


re 
= lim jim h [x(t ++ 7, -+ A) — x(t + 7,)] 


a =lim > z lett + h) — w(t), 
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which proves that w’(t) exists. Also, 
w'(t) = Jim x'(t + 74) 
= lim f(t + 7, x(¢-+ 7) 
Jim [f(t + te x(t + 74)) — F(t + Te (2) 
+ lim [f(t + re 0(¢))] 
= f(t, w(t), 
proving that z(t) is the solution of (2.15.4). 


It remains to be shown that w(t) is almost periodic. For this purpose, 
we need to show that, for any « > 0 and any 7 for which 


f(t +1, x) mee cn x)|| <e 


i 


uniformly on (— 00, 00) and all x € S, we have 
| w(t + 2) — wo(t)|| < ef. 


uniformly for té€(— 00, 00), where L is some constant independent of 
e and r. 
Suppose y is such that 


et” < €/2Ba. (2.15.14) 
Let 2(t) = w(t + 7) — w(t), so that 
2(t) = f(t + 7, w(t + 7)) — f(t, w(E)). 


Let @ be an e-translation number of f(t, x) for x € S, any compact set in 
R”, such that t — y + @ > O, that is, 


f(t + 8, x) — f(t, x)I| <<, xeS, te (—o, oo). 


If m(t) = || 2(2)||, we get, for small h > 0, 


m(t + h) < |) w(t + 7) — w(t) + AL f(t + 8, w(t + 7)) — f(t + 8, w(t))]) 
+ All f(t + 8, w(t + 7)) — f(t, w(t + 7))il 
+ hil f(t + 4, w(t)) — f(t, (2)! 
+ Ail f(t + 7, w(t + 7)) —f(é, w(t + 7) + He) 
which, as before, yields the differential inequality 


D*m(t) < —am(t) + 3e, 
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whence, by Theorem 1.4.1, we have 
I ee + 7) — w(ei] < eel ~ 7 + 2) ~ at — ple 
o =n —e]. 
The boundedness of w(t) and the relation (2.15.14) show that 
|] 2(t + 7) ~ w(t) < eb 


uniformly in f, where L = 4/a. 
The uniform asymptotic stability of w(t) can be easily verified. This 
completes the proof 


Corocvary 2.15.2. Assume that (i) A(t) is a continuous m x n matrix 
on (— ®, 00), almost periodic in ¢, and 


r[A(t)] < —a, a > 0, t>0; 
(ii) fe C[(— ~, «), R”], and f(t) is almost periodic in ¢ and is bounded. 


Then, the system 
x’ = A(t)x + f(t) (2.15.15) 


admits an almost periodic solution that is uniformly asymptotically stable. 


Proof. It is easy to check that the assumptions of Theorem 2.15.3 
are satisfied except the existence of a bounded solution. Hence, it only 
needs to be verified that (2.15.15) has a bounded solution x(Z, ty , Xo) 
with a uniform bound B for t > ¢,. In fact, under the assumptions, 
it turns out that all the solutions x(t, ty , x), fp © (— ©, ©), x) € R” are 
uniformly bounded. 

Let 


_sup Ol = Bi 


and let x(t) -= x(t, ty), %)) be any solution of (2.15.15) such that 
ty €(— ®, &) and || x» || < B,/x. Then, it can be shown that 


|| x(t) < 5By/20 = B, teh. 
If this were not true, there would exist a ft, > ft) such that 


Ql = B, Ix@<B, te lt, 4) (2.15.16) 


2.16. NOTES 129 


Let 6 be a B,/3-translation number of A(é)x + f(#) for x € S, a compact 
set in R®, such that fy + 6 > 0, that is, 


[Ae + 8) — A(t) + f+ 8) — | < 4B, (2.15.17) 
for t€(—o, oo). Defining m(t) = || x(Z)||, we have, for small h > 0, 
m(t +h) <||I + hA(t + 4)Illl x(2)]] + Aft + 9))) 
+ All[A(t + 8) — A(t) x(t) + ft + 0) — F(t) + |i e)IL, 


where ¢(h)/h > 0 as h + 0. Observing that ¢t + @ > 0, assumption (i), 
together with the relations (2.15.16) and (2.15.17), yields 


D*tm(t) < —am(t) + $B,, te [ty , t,]- 
Hence, by Theorem 1.4.1, 


m(t) < m(to) exp[—a(t — t)] 
+ A 


[1 — exp{—a(t — t,)}], te [t,t], 


which leads to an absurdity, using the fact that || x)!| < B,/a and 
(2.15.16); 


SB, | _ B, | 4B, _ 7B, 
Qa = m(t;) = || x(t] < a = 30 —— 3a . 


This proves the uniform boundedness of solutions of (2.15.15) and 
establishes the corollary. 


2.16. Notes 


The results of Sect. 2.1 are due to Stokes [1]. For a more general 
global existence theorem using Tychonoff’s fixed point theorem, see 
Corduneanu [1]. 

Theorem 2.2.1 is given by O. Perron, (see Kamke (1]). The proof of 
Corollary 2.2.1 is new. The general uniqueness theorem 2.2.2 is due to 
Kamke [1]. The proof given in the text is based on that of Olech [4]. 
For Theorem 2.2.3, see Lakshmikantham [12] and Olech [4]. Corollary 
2.2.2 is a result of Wintner [15]. Corollaries 2.2.4 and 2.2.5 are Nagumo’s 
and Osgood’s uniqueness criteria, respectively. Theorem 2.2.4 is due 
to Brauer [2]. Theorem 2.2.5 and the proof of Theorem 2.2.4 are taken 
from Walter [2]. Corollary 2.2.6 is a result of Krasnosel’skii and Krein [2]. 
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Theorem 2.13.1 is adopted from Lakshmikantham [7], whereas 
Theorem 2.13.2 is due to Brauer [10]. For Theorem 2.13.3, see Conti 
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Theorems 2.14.1 and 2.14.3 are adopted from Lakshmikantham [7]. 
For Theorem 2.14.2, see Krasovsku [4] and Zubov [1]. See Cesari [1] 
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See also Cartwright [1], Deysach and Sell [1], Massera [2], Miller [3], 
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Chapter 3 


3.0. Introduction 


As is well known, Lyapunov’s second method has its origin in three 
simple theorems that form the core of what he himself called his second 
method for dealing with questions of stability. It is widely recognized, 
today, as an indispensable tool not only in the theory of stability but 
also in studying many other qualitative properties of solutions of 
differential equations. The main characteristic of this method is the 
introduction of a function, namely the Lyapunov function, which 
defines a generalized distance from the origin of the motion space. 
As a result, the concept of Lyapunov function, together with the theory 
of differential inequalities, furnishes a very general comparison principle 
under much less restrictive assumptions. We present, in this chapter, 
a variety of qualitative problems bringing out the real significance of 
the comparison technique. 


3.1. Basic comparison theorems 


Consider the differential system 
x = f(t, x), x(to) = Xo, tye J, (3.1.1) 


where feEC[] x R", R")]. For VeC[J x R", R,], we define the 
function 


D+V(t, x) = lim sup TV he + hf(t,s) — V(x) G12) 


for (t, x)€ J x R™. Occasionally, we write D*V(t, x)(3.1.4) to denote 
that the definition of D+ V(t, x) is with respect to the system (3.1.1). 
We can now formulate the basic comparison theorems. 
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‘THEOREM 3.1.1. Let VeClJ x R", R,J| and V(t,x) be locally 
Lipschitzian in x. Assume that the function Dt V(z, x) of (3.1.2) satisfies 


D'V(t,x) < g(t, V(t,x)), (tx)e J x R%, (3.1.3) 


where ge C[J « R,, R]. Let x(t) = r(t, ty , up) be the maximal solution 
of the scalar differential equation 


u' = g(t,u), u(t) = Uy S O*, (3.1.4) 


existing to the right of ¢,. If x(t) = x(t, fy , xo) is any solution of (3.1.1) 
existing for ¢ > é) such that 


V(ty Xo) KU, (3.1.5) 
then 
V(t, x(t)) <r(t), t > ty. (3.1.6) 


Proof. Let x(t) be any solution of (3.1.1) defined for t > ty such that 
(3.1.5) holds. Define 


m(t) = V(t, x(t)), 
so that m(t)) < uy. For sufficiently small 4 > 0, we have 
m(t | h) — m(t) = V(t + h, x(t) + Af (t, x(t) + €(h)) — V(t, x(t)), 


where «(h)/h > 0 as h > 0. Since V(t, x) is locally Lipschitzian in x, 
we get, using (3.1.3), the inequality 


Dim(t) < g(t, m(t)), te J. 
Applying Theorem [.4.1, we obtain the desired result (3.1.6). 
Remark 3.1.1. Let 
S, = [we R®: || x]] <p], 


and assume that the condition (3.1.3) holds for (¢, x)e J x S,. If x(é) 
is any solution of (3.1.1) such that || x || <p, then (3.1.5) implies 
(3.1.6) as far as x(t) remains in S, to the right of fy . 


Corotiary 3.1.1. If the function g(t, u) in Theorem 3.1.1 is identically 
zero, L.e., 


D‘V(t,x) <0, (t,x)e J x R®, 
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then the function V(é, x(¢)) is nonincreasing in ¢, and 
V(t, x(t) < V(t ? Xo), t = ty . 


CoROLLary 3.1.2. Assume that the hypotheses of Theorem 3.1.1 hold 
except that the condition (3.1.3) is to be satisfied only for (¢, x) € J x Q, 
where 


Q = [xe R®:r(t) < V(t, x) <r(t) +e, t > ty], 


€) being some positive number. Then, the conclusion of Theorem 3.1.1 
is true. 


Proof. We choose uy = V(t, x9) and proceed as in the proof of 
Theorem 3.1.1 to obtain 


D*tm(t) < g(t, m(2)), teZ, 
Z being the set 


Z= [te]: r(t) < mt) < 7r(t)+ &]- 
Theorem 1.4.2 now assures the stated result. 


Sometimes, the following variants of Theorem 3.1.1 are more useful 
in applications. 


THEOREM 3.1.2. Assume that the hypotheses of Theorem 3.1.1 hold 
except that the inequality (3.1.3) is replaced by 


A(t)D*V(t, x) + V(t, x)D*tA(t) < g(t, V(t, x)A(d), (3.1.7) 


for (t, x)€ J x R”, where the function A(t) > 0 is continuous for 
te J, and 


D+A(t) = lim sup t [A(t + h)— A(t)). 


Then 
V (ty » X»)A(to) < up (3.1.8) 
implies 
V(t, x(t))A(t) <7(t), tS ty. (3.1.9) 
Proof. Defining 
V(t, x) = V(t, x)A(0), 


it is easy to show that V(t, x) satisfies the assumptions of Theorem 3.1.1. 
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For, if # > 0 is sufficiently small, 
V(t + h, x + Af(t, x)) — Vy(t, x) 
= V(t +h, x + Af(t, x) A(t + hk) — A(t) 
+ A(t)[V(t + h, x + hf(t, x)) — Vit, x), 
and therefore, using the assumption (3.1.7), we get 
D' V(t, x) < g(t, Vi(t, x)). 


The estimate (3.1.9) follows immediately from Theorem 3.1.1. 


TuHeEoREM 3.1.3. Let the hypotheses of Theorem 3.1.1 hold except 
that, instead of the inequality (3.1.3), we now assume 


D+V(t, x) + A(x ll) <e(t, V(t,x)), (4x)e J x R, (3.1.10) 


where ¢(u) > 0 is continuous for u > 0, d(0) = 0, and ¢(z) is strictly 
increasing in uw. Suppose further that g(t, w) is nondecreasing in w for 
each te J. Then (3.1.5) implies that 


Hat) + J Mla as <r, > by. (3.1.11) 


Proof. Consider the function 
t 
m(t) = Vit, x(0)) + J (txts) as, 


so that V(t, x(t)) < m(t). The monotonic character of g(é,u) in u, 
together with the condition (3.1.10), now yields 


D'm(t) < g(t, m(t)), 


and the assertion (3.1.11) follows from Theorem 1.4.1. 


DerINITION 3.1.1. The function V(t, x) is said to be mildly unbounded 
if, for every T > 0, V(t, x) + c as || x || > o uniformly for t € [0, 77]. 

The mild unboundedness of V(t, x) guarantees that, whenever 
V(t, x(t)) is finite, || x(z)|| is also finite. The assumption that the solutions 
x(t) of (3.1.1) exist for all ¢ > t,, therefore, becomes superfluous, if 
V(t, x) is further assumed to be mildly unbounded in the foregoing 
theorem. From this observation stems the following global existence 
theorem. 
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TueoreM 3.1.4. Let VeEC[] x R*, R,], V(t, x) be mildly unbounded 
and locally Lipschitzian in x. Suppose that ge CL] x R,, R] and r(t) 
is the maximal solution of (3.1.4) defined for ¢ > t,. Assume that 
(3.1.3) holds. Then, every solution x(¢) of (3.1.1) exists in the future, 
ie., for all ¢ > ty , and (3.1.5) implies (3.1.6). 


Proof. Suppose that the assertion that every solution x(t) of (3.1.1) 
exists for all ¢ >, is false. Then, by Corollary {.1.2, there exists 
a t, > ft) such that x(f) cannot be extended to the closed interval 
t) <t<t,, which implies that there cannot exist an increasing 
sequence {t,}— ¢,- such that || x(z,)|| is bounded. This, in its turn, 
yields that || x(¢,)|| > 0 as t, > t,-. On the basis of Theorem 3.1.1, 
it follows that (3.1.5) implies (3.1.6) for 4) < ¢ < t, . By the assumption 
that V(t, x) is mildly unbounded, the fact that 7(#) exists for all tf > fy , 
and (3.1.6), there arises a contradiction as t, — t,- . Hence, the global 
existence of solutions x(¢) of (3.1.1) is proved, which, in turn, assures 
the estimate (3.1.6) for ¢ => t, whenever (3.1.5) holds. The proof is 
complete. 


3.2. Definitions 


Let x(t, to , x9) be any solution of the differential system 
x =f(t,x), x(h)=%, t% >, (3.2.1) 
where fe CL] x S,, R”], S, being the set 
S, = [ee R": |] xl] <p]. (3.2.2) 


Assume that f(t, 0) = 0,t¢ J, so that x = 0 is a (trivial) solution of 
(3.2.1) through (f) ,0). We now list a few definitions concerning the 
stability of the trivial solution. 
DEFINITION 3.2.1. The trivial solution x = 0 of (3.2.1) is 
(S,) equistable if, for each « > 0, t) € J, there exists a positive function 
6 = A(t), €) that is continuous in fy for each e such that the inequality 
roll <8 

implies 

il *(4, 49» Xo)Il <€, tz to; 


(S,) uniformly stable if the 6 in (8) is independent of fy ; 


136 CHAPTER 3 


(S3) quasi-equi asymptotically stable if, for each « > 0,t,€ J, there 
exist positive numbers 6) = 69(tp) and T = T(t,,«€) such that, for 
t > ty + T and || x9|| <6), 


I] x(t, ty » Xo)|| <5 


(S,)  quast uniformly asymptotically stable if the numbers 5, and T in 
(S3) are independent of fj ; 


(S;)  equt-asymptotically stable if (S,) and (S3) hold simultaneously; 
(S;) uniformly asymptotically stable if (S.) and (S,) hold together; 
(S,) quasi-equi asymptotically stable if, for each « > 0, « > 0, and 
t, € J, there exists a positive number T == T(t, , €, x} such that |{ x9 || <a 
implies 

| H(t, to , Xy)ll <e, t2>at+T; 


(S,) quasi uniformly asumptotically stable if the T in (S,) is independent 
of to ; 

(Sy) completely stable if (S,) holds and (S,) is verified for all a, 
0 <x < 0; 

(Si9) uniformly completely stable if (S,) holds and (Sx) 1s verified for 
all a, O <a << «; 

(S\,) unstable if (S,) fails to hold. 


REMARK 3.2.1. Sometimes the notion of quasi-asymptotic stability 
may be relaxed somewhat as in (S,) and (Sg). Clearly the ¢«, « given in 
the preceding definitions must be less than p of (3.2.2), and therefore 
the concepts (.$,)-(.S,) are of local nature. If, on the other hand, p = ©, 
so that S, = R", the corresponding concepts of stability would be of 
global character. These considerations lead to (Sj) and (S,,). We note 
further that the definitions (S,) and (.S,) may hold even when f(t, 0) # 0. 
In other words, the assumption about the existence of the trivial 
solution is not necessary. 

In characterizing Lyapunov functions, it is convenient to introduce 
certain classes of monotone functions. 


DeEFINITION 3.2.2. A function ¢(r) is said to belong to the class % 
if ¢ € C[[O, p), R,], 6(0) = 0, and d(r) is strictly monotone increasing 


in 7. 


DEFINITION 3.2.3. A function o(Z) is said to belong to the class # if 
o ECL], R,], o(f) is monotone decreasing in ¢, and o(t) > 0 as t > o. 
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DEFINITION 3.2.4. A function 4(t,7) is said to belong to the class 
KK ifpeCl x [0, p), R,],¢¢# for each te J, and ¢ is monotone 
increasing in ¢t for eachy > 0 and d(t, r) > co ast > oo for eachr > 0. 


DEFINITION 3.2.5. A function V(t, x) with V(t, 0) = 0 is said to be 
positive definite (negative definite) if there exists a function ¢(r) € # such 
that the relation 


V(t, x) > (lei), (<— (Ill) 


is satisfied for (¢, x)e J x S,. 


DEFINITION 3.2.6. <A function V(t, x) with V(t,0) = 0 is said to be 
strongly positive definite if there exists a function ¢(t, r) € “XH such that 


Vit,x) > (till), Gxel x S,. 


DEFINITION 3.2.7. A function V(t, x) > 0 is said to be decrescent if 
a function (7) € & exists such that 


Vit, x) <del), (GxeTXxS,. 


To use the second method of Lyapunov, which attempts to make 
statements about the stability properties directly by using suitable 
functions, we need to study the scalar differential equation 


w= g(t,u), u(t) =u >0, 4% > 0, (3.2.3) 


where ge C[J x R,,R]. We suppose that g(t, 0) = 0 so that u = 0 
is a solution of (3.2.3) through () , 0). Furthermore, this assumption 
also implies that the solutions u(t) = u(t, ty, uy) of (3.2.3) are non- 
negative for t > ty so as to assure that g(t, u(t)) is defined. 

Corresponding to the stability definitions (S,)-(S,), we designate by 
(Si*)-(S#) the concepts concerning the stability of the solution u = 0 
of (3.2.3). 


DEFINITION 3.2.8. The trivial solution u = 0 of (3.2.3) is said to be 
(S}) equistable if, for each « > 0, t, € J, there exists a positive function 
6 = d(t, , «) that is continuous in fy for each « such that 
u(t, ty , Up) <€, t>h, 
provided 
Uy <6. 
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The definitions (S{)-(S¥) may be formulated similarly. Notice as 
before that, for the concepts (S*) and (S;) to hold, the assumption 
g(t, 0) = 0 is not necessary. 


3.3. Stability 


We begin with the following stability criteria, recalling the definition 
of the function Dt V(t, x) given in (3.1.2). 


THEOREM 3.3.1. Assume that there exist functions V(t, x) and g(t, u) 
satisfying the following conditions: 
(i) geCl] x R,, Rj and git, 0) = 0. 
gi) Vect] x S,, R,], Va, 0) = 0, and V(#, x) is positive definite 
and locally Lipschitzian in x. 
(ii) for (t,x)e J x S,, 
D+V(t, x) < g(t, VE, x)). 


Then, the equistability of the trivial solution of (3.2.3) implies the 
equistability of the trivial solution of the system (3.2.1). 


Proof. By assumption, a function &(r) of class % exists such that 
V(t,x) > iel), (xeT x S. (3.3.1) 


Let 0 < « < pand ft, € J be given. Since the solution u = 0 is equistable, 
given b(e) > 0, zt, € J, there exists a positive function 5 = 8(t,, «) that 
is continuous in fy for each e, such that wu, < 6 implies 


u(t, ty , Up) < b(e), bigs (3.3.2) 
Choose uy = V(ty, X9). Since V(t, x) is continuous and V(#, 0) = 0, 


it is possible to find a positive function 6, = 8,(t, , e) that is continuous 
in ty) for each e, satisfying the inequalities 


xl] <8,  V(ty,%) <8 (3.3.3) 
simultaneously. We claim that, if |] x, || < 6,, 
I x(t, to ’ Xq)il < €, t = ty . 


Suppose that this is not true. Then, there would exist a solution x(t) = 
x(t, ty » Xo) with || x9 {| <6, and at, > ¢ such that 


Ix(il=«e Wa@li<e te [t,t], 
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so that 
V(t, , x(t,)) > Ble) (3.3.4) 


because of (3.3.1). This means that || x(2)|| < p for ¢ € [Z) , t,], and hence 
the choice ug = V(ty , x9) and condition (iii) give, as a consequence of 
Theorem 3.1.1, the estimate 


V(t, x(t)) < r(t, ty , Up), te[t,, t,], (3.3.5) 


where 7(t, ty , Uy) is the maximal solution of (3.2.3). The relations (3.3.2), 
(3.3.4), and (3.3.5) lead to the contradiction 


Be) < V(t, (4) < 1(t s fo, Mo) < Ble); 
proving (S,). The proof of the theorem is complete. 
Corotiary 3.3.1. The function g(t, uv) = A(t) ¢(u), where X(t) is 


continuous on J, 6(u) > 0 is continuous for u > 0, d(u) > 0 for u > 0, 
is admissible in Theorem 3.3.1 provided 


uy ds 
—| -~<] As)d< 3.3.6 
Fe S68 < rae oor 
for some uy > 0, every tf) > 0 and tj <t < ©. 


Proof. All that we have to verify is that the solution u = 0 of (3.2.3) 
is equistable. Define 


u ds 
i ae if | ae < 


otherwise, J(u) = is ds/d(s), for sufficiently small « > 0. If i; ds/p(s) = 
R < ©, then J(u) is a monotone function mapping the interval [0, co) 
homeomorphically onto the interval [0,R). The solution u(t, ty , ug) 
of (3.2.3) is given by 


J(u(t, tos Uo)) = J(4o) + f A(s) ds (3.3.7) 
as long as 
0< J(u) +f AG)ds <R, 


or 


ua ds 


oak sas < J" 30 For 
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Thus, from (3.3.7) and the fact that J is a homeomorphism, it is easy 
to see that « = 0 of (3.2.3) is equistable when (3.3.6) holds. This proves 
the corollary. 


THEOREM 3.3.2. Under the assumptions of Theorem 3.3.1, the 
uniform stability of the solution u = 0 of (3.2.3) also implies the 
equistability of the trivial solution of (3.2.1). 


Proof. The proof follows from the proof of Theorem 3.3.1. In this case, 
although 6 is independent of ft) , the relation (3.3.3) shows that 6, is not 
independent of t,. Consequently, one gets only the equistability of 
the trivial solution of (3.2.1). 


CoroLiary 3.3.2. Assume that there exists a function V(t, x) verifying 
the following conditions: 


(i) Vec[] x S,, R&,], V@, 0) = 0, V(t, x) is positive definite and 
locally Lipschitzian in x. 


(Gi) DIV, x) <0,(4,x)e J] x S,. 


Then, the trivial solution of (3.2.1) is equistable. 
It is important to note that, when (ii) holds, the scalar differential 
equation (3.2.3) reduces to 


u’ — 0, u(ty) = Uy > 0, ty > 0, 


and as a result (S}) is satisfied. Thus, Corollary 3.3.2 follows from 
Theorem 3.3.2. 


THEOREM 3.3.3. In addition to the hypotheses of Theorem 3.3.1, 
assume that V(#, x) is decrescent. Then, the equistability of the null 
solution of (3.2.3) assures the equistability of the solution x = 0 of 
(3.2.1). 


Proof. Since V(t, x) is decrescent, there exists a function a(r)« # 
such that 


V(t,x) <a(||xll), (Zx)eJ x S,. 


We follow the proof of Theorem 3.3.1 except that we choose 
Uy = a(|| Xo ||). By assumption, (Sj) holds, and therefore § = (ty, €) 
depends on f,. As a(r) ¢ #, the existence of a positive function 5, = 
5,(ty , €) satisfying the inequalities 


oll <8, afl xoll) <8 (3.3.8) 


simultaneously is clear. The rest of the proof is very much the same. 
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Corotiary 3.3.3. The function g(t, uv) = A(f)u, where A(z) is con- 
tinuous on J and 


[rG) as < © 
to 
for every tg > 0, is admissible in Theorem 3.3.3. 


THEOREM 3.3.4. Let the hypotheses of Theorem 3.3.1 hold. Assume 
further that V(¢, x) is decrescent. Then, the uniform stability of the 
solution z = O of (3.2.3) guarantees the uniform stability of the trivial 
solution of (3.2.1). 


Proof. Following the proof of Theorem 3.3.3, it is easy to see that 6, 
does not depend on t,. For, by assymption of the uniform stability of 
the null solution of (3.2.3), 5 is independent of ¢, , and (3.3.8) shows that 
6, is also independent of Zp . 


Corotiary 3.3.4. The function g(t, u) = X(t) ¢(u) defined in 
Corollary 3.3.1 is admissible in Theorem 3.3.4 if (3. 3.6) holds and if 
either Su, ds/b(s) < o or (i) fe. ds/$(s) = oo and (ii) fi, X(s) ds is bounded 
above for every t, tj <¢ < o uniformly in @. 


Coro.iary 3.3.5. Assume that there exists a function V(é, x) fulfilling 
the following assumptions: 


(ai) VecCct x S,,R,], V(t, x) is positive definite and decrescent, 
and V(t, x) is locally Lipschitzian in x. 
(ii) DtV(t, x) <0, (t,x)e J x S,. 


Then, the trivial solution of (3.2.1) is uniformly stable. 

The definition of uniform stability of the solution x = 0 given in 
(S,) can also be formulated by means of a monotone function, as can 
be seen by the following 


TuHeoreM 3.3.5. The trivial solution of (3.2.1) is uniformly stable if 
and only if there exists a function a(r) € % verifying the estimate 


Il x(t, fo %o)ll < all xoll), 2 S bo, (3.3.9) 
for || x9 || < p. 


Proof. The sufficiency of the condition is immediately clear. To prove 
the necessity, consider, for a given « > 0, the least upper bound of 7 
positive functions d(e), and designate it by 6 = S(e). Then || x || < 
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implies || x(t, t9 , Xo)l| < ¢ for t > ty, and, if 6, > 5, there exists at least 
one x, such that, for || x9 |! < 6,, || x(¢, fg, x)|| exceeds the value e at 
some time ¢. Clearly, the function d(c) is positive for « > 0; it is non- 
decreasing and tends to zero as « — 0; and it may be discontinuous. We 
now choose a continuous, monotonically increasing function 6*(e) 
satisfying 6*(e) < d(e). Then, the inverse function a(r) = 6*-1(r) 
satisfies (3.3.9). The proof is complete. 

We shall now prove a result that gives sufficient conditions for 
unstability of the solution x = 0 of (3.2.1). 


THEOREM 3.3.6. Let there exist functions V(t, x) and g(t, u) satisfying 
the following properties: 

(i) VeC[G, R,]}, V(t, x) is locally Lipschitzian in x on G, V(t, x) = 0 
for all (t, x) eG — G, and V(t, x) is positive and bounded on G, where 
GC J x S, is some open set such that G has at least one boundary 
point (7,0), T > 0. 

(ii) geC[J x R,, R,], and 

D*V(t, x) > a(t, V(t, x)) > 9, (t, x)EG. 

(iii) For tj > T, the solutions u(t, ty , ug) of (3.2.3), for arbitrarily 
small vy > 0, are either unbounded or indeterminate, for ¢ > f, . 
Then the trivial solution of (3.2.1) is unstable. 

Proof. There exists a point (t),%»)€G, x) 40, in the vicinity of 


(T,0). Let x(t) = x(t, ty, % 9) be any solution of (3.2.1). Then, the 
Lipschitzian nature of V(t, x) and condition (ii) yield 


V(t, x(t)) = V(ty , %) = uy > 9, (3.3.10) 


for all ¢ 20, for which (Z, x(t))¢G. Since V(t, x) = 0 for all 
(t, x) eG — G, it follows from (3.3.10) that (¢, x(t))€G for ¢>4,. 
Moreover, we also have 


D*V(t, x(t)) > g(t, V(t, x(t)), 
which, in view of Remark 1|.4.J, implies that 
V(t, x(t)) = p(t, to » Uo), tt, (3.3.11) 


where p(t, fy, %) is the minimal solution of (3.2.3). Since V(t, x) is 
bounded by assumption, the estimate (3.3.11) leads to an absurdity, 
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if we assume the trivial solution of (3.2.1) is stable. This proves the 
theorem. 


THEOREM 3.3.7. Let fe C[(—o, «) x S,, R”] and f(t, x) be periodic 
in ¢ with a period w. Then, under the hypotheses of Theorem 3.3.1, 
the trivial solution of (3.2.1) is equistable for t) € (— 0, ©). 


Proof. Let 0 <« <p and t)€(—©, o) be given. It is possible to 
choose an integer k such that t, +- kw > 0. Since the solution u = 0 
of (3.2.3) is equistable, given b(c) > 0, t) + kw SO, there exists 
a positive function 6 = 8&(f) , «) such that uw) < 6 implies 


u(t + kw, ty + kw, uy) < b(e), t>t, (3.3.12) 
u(t + Re, ty + Rw, uy) being any solution of 
a’ = p(t + kw,u), ult) + ko) = uy. (3.3.13) 
We choose uy = V(ty + Rw, x9) and obtain 6, = 4,(t), €) satisfying 
l*oll <8,  V(to + Rw, x) <8 


simultaneously, as in the proof of Theorem 3.3.1. With this 6,, the 
equistability of the trivial solution of (3.2.1) follows. Supposing this 
were false, there would exist a ¢, > t) such that 


le(Qi=«6 [aOMl<« te[t,4) (3.3.14) 


for some solution x(t) of (3.2.1) such that || x» || < 6,. Consider the 
function 
m(t) = V(t + kw, x(t)), 
and, for small h > 0, 
m(t + h) — m(t) < Lhl| f(t, x(t)) — f(t + ke, x(t) || 
+ LI €(h)| + (V(t + Reo + h, x(t) + hf (t + Re», x(t))) 
— V(t + ko, x(t))], 


where L is the Lipschitz constant and «(h)/h-—>0O as h—0O. The 
periodicity of f(t, x) and condition (ii) of Theorem 3.3.1 give the ine- 
quality 

D*m(t) < g(t + kw, m(t)), te [ty,t,], 


which implies the estimate, by Theorem 1.4.1, 


V(t + kev, x(t) <r(t + hw, ty + hw, um), té[ty,t], (3.3.15) 
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r(t + kw, ty + kw, uy) being the maximal solution of (3.3.13). Thus, 
be) < V(ty + ke, *(t,)) <r(t, + ke, ty + kw, uy) < ble), 


using relations (3.3.1), (3.3.12), (3.3.14), and (3.3.15). This contradiction 
proves the assertion of the theorem. 


If, in particular, the function f(t, x) of system (3.2.1) is known to be 
periodic in ¢ or autonomous and is smooth enough to assure uniqueness 
of solutions, it is possible to infer more information about the stability 
of the null solution of (3.2.1). To this effect, we have 


THEOREM 3.3.8. Let fe C[(—o, 0) x S,, R"], f(t, x) be periodic in 
t with a period w, and the system (3.2.1) admit unique solutions. Then, 
the stability of the trivial solution of (3.2.1) is necessarily uniform. 


Proof. By the periodicity of f(t, x) in ¢, it follows that, if x(¢, ty , x9) 
is a solution of (3.2.1), then x(t +- w, ty , Xo) is also a solution. Further- 
more, the uniqueness of solutions shows that, for any interger &, 
x(t - Re, ty + kw, X%) = x(t, ty , Xo)- 

For each fixed ty , fy €(— ©, o), let 


B(to) — sup B(ty 5 €) 
O<e<p 

Since (fy , €) is continuous in ¢, for each e, if we let 6, = infy<4,<a S(to); 
it is clear that 6, > 0. For ¢ < 6 < 6,, we define 

€(8) = sup || x(t) + o, tf 5 Xo). 

730 
Notice that «(6) is a monotone increasing function of 6, and hence, if 
d(e) is the inverse function of «(5), we have 
il ¥(t, to 5 Xo) <<, t 2 ty, 


for every t) €[0, w], provided || x9 || < 6(e). Let t) be arbitrary. Then 
we can choose an integer k such that 
ko Sty < (kG I)w or —(k + lw < ty < —kho. 
Hence, either 0 < tf) — kw KC wor0 <t4+ (Rk + lw <w. 
Consequently, if || xy || < 8(e), either 


LX, £9 » X)|| = |] a(t — Rew, ty — Rw, X9)i| < € 


IX to» ol] = et + (R + New, ty + (Rk + Iw, xo)ll <<, 


for t > ¢t,, and the uniformity of the stability is evident. 
0 y y 
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3.4. Asymptotic stability 


We present, in this section, a number of results concerning the 
asymptotic stability of the solution x = 0 of the system (3.2.1). 


THEOREM 3.4.1. Let there exist functions V(t, x) and g(t, u) fulfilling 
the following assumptions: 


@) geCl] x R,, Rand git, 0) =0. 
(ii) VeCl x S,,R,], Vit, 0) = 0, and V(t, x) is positive definite 
and locally Lipschitzian in x. 
(iii) D*tV(t, x) < g(t, Vit, x)), (t,x) e J x S,. 


Then, the equi-asymptotic stability of the solution u = 0 of (3.2.3) 
assures the equi-asymptotic stability of the trivial solution of (3.2.1). 


Proof. Let (SX) hold. Then, by definition, (.S;*) and (S$) are satisfied, 
and therefore only quasi-equi asymptotic stability needs to be proved, 
since Theorem 3.3.1 guarantees (Sj). 

To prove (S,), let « > 0, t) € J be given. It then follows from (Sf) 
that, given b(c) > 0, z, € J, there exist positive numbers 5, = 4)(¢)) and 
T = T(t), €) such that 


u(t, ty , %) < B(e), t>a47, (3.4.1) 


whenever uy < 5). Choose uy = V(ty , x9). Since V(t, x) is continuous 
and V(t, 0) = 0, we can find, as in the proof of Theorem 3.3.1, a positive 
number 5) = 49(¢)) satisfying the inequalities 


|] Xi] < 5p > V(tq , Xp) < 8 (3.4.2) 


together. We have also, in view of (S,), the inequality (3.3.5) holding 
for t > t, . Suppose, now, that there is a sequence {f,}, t, = t, + T and 
t, > 00 as k-—» oo such that || x(t, , ty), %o)|| = «, where x(t, ty , Xp) 
is some solution of (3.2.1) starting in || x» {| <6. This leads to the 
contradiction 


Ble) < V(t, , H(t » fy» Xo) < 1th, fo» Mo) < Ale), 


because of (3.3.1), (3.3.5), and (3.4.1). Thus, (S;) is proved, which 
implies the equi-asymptotic stability of the solution x = 0 of (3.2.1). 


Remark 3.4.1. It is possible that §, obtained in (3.4.2) may be such 
that §, > 5 where 5% = S(t), p), in which case the inequality (3.3.5) 
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need not hold for all f > ft, whenever || x, || < 5, . To avoid this situation, 
it is necessary to redefine §, = min[8, , 5¢] in the foregoing proof. 


Coro.ziary 3.4.1. The function g(t, uv) = A(t) ¢(u), where A(z) is 
continuous on J, ¢(u) > 0 is continuous for u > 0,¢(u) > 0 for 
u > 0, is admissible in Theorem 3.4.1 provided that there exists 
aT, t, <T < o, verifying the relation 


T Uo ds 
ES eee eae 
| 0S 6G) 
TueoreM 3.4.2. Under the assumptions of Theorem 3.4.1, the uniform 
asymptotic stability of the trivial solution of (3.2.3) also implies the 
equi-asymptotic stability of the solution x = 0 of (3.2.1). 


Proof. The proof runs parallel to the proof of Theorem 3.4.1. First 
of all, following the proof of Theorem 3.3.2, we note that 6, is not 
independent of t, although 8 is. Similarly, 5, occuring in (3.4.2) is also 
not independent of tf) , even though 4, is. 


COROLLARY 3.4.2. The conclusion of Theorem 3.4.2 remains true if 
the function g(f, u) == ~-¢(u), where ¢(u) € %. 


Proof. We shall show that (S¢) holds. Consider the scalar differential 
equation (3.2.3), which now takes the form 


w= —$(u), (ho) = Hy > 0, ty > 0, 


whose solutions are easily seen to be 


u(t, to, Uo) = JJM) — (t — to), t2ty, (3.4.3) 
where 
Iu) — Ju) =f # 
° up AS)? 


and j~1 is the inverse function of J. Given any « > 0, we first observe 
that (S,) holds with 6(e) = e«. Furthermore, we can also conclude from 
(3.4.3) that (.Sj‘) is satisfied with 6) = p and T(e) = J(p) — J(e), for 
anye < p. Thus, it follows that the solution wu = 0 of (3.2.3) is uniformly 
asymptotically stable. 


THEOREM 3.4.3. Let the hypotheses of Theorem 3.4.1 hold. Suppose 
further that V(t, x) is decrescent. Then, if the solution u = 0 of (3.2.3) 
is equi-asymptotically stable, the trivial solution of (3.2.1) is equi- 
asymptotically stable. 
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Proof. The equistability of the solution x = 0 is immediate from 
Theorem 3.3.3. To prove (53), we follow the proof of Theorem 3.4.1 
and choose uy = a(|| Xo ||). Then, instead of (3.4.2), we have the ine- 
qualities 


| % I] < do , a(|| Xo |) < 8p (3.4.4) 


holding simultaneously. he rest of the proof runs almost similar. The 
fact that §, and T are not independent of t, shows that (S;) holds. This 
proves (.S;), and the proof is complete. 


Corotuary 3.4.3. The function g(t, uv) = A(t)u, where X(t) is con- 
tinuous on J and 


| Ogee 
to 
for every ty > 0, is admissible in Theorem 3.4.3. 


THEOREM 3.4.4. Let the hypotheses of Theorem 3.4.1 hold, and let 
V(t, x) be decrescent. Then, uniform asymptotic stability of the solution 
u = 0 of (3.2.3) guarantees likewise the uniform asymptotic stability 
of the null solution of (3.2.1). 


Proof. Since uniform stability of the solution x = 0 follows from 
Theorem 3.3.4, it remains to be shown that (.S,) holds. To do this, 
we follow the proof of Theorem 3.4.3 and observe that, in view of 
(3.4.4), 59 is independent of t,. That the number 7(c) depends only 
on ¢ follows from the condition (Sf). Hence, (S,) is satisfied, which, 
in its turn, proves (.S,). 


THEOREM 3.4.5. Assume that there exist functions V(t, x) and g(¢, u) 
obeying the following conditions: 
(i) geClJ x R,,R] and g(t, 0) = 0, te J. 


(i) VecCl] x S,, R,], V(t, 0) = 0,t¢ J, and V(z, x) is strongly 
positive definite and locally Lipschitzian in «x. 


(iii) D*+V(t, x) < g(t, V(t, x)), (t,x)e J x S,. 


Then, if the solution u = 0 of (3.2.3) is equistable, the trivial solution 
of (3.2.1) is equi-asymptotically stable. 


Proof. By assumption (ii), V(¢, x) is strongly positive definite, which 
implies that there exists a function b(t, u) € # XH such that 


V(t, x) > b(t, ||xl), (xe T x S,. (3.4.5) 
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Define 4,(u) = 4(0, u). Then 
V(t,x) > (xl), (bxeTxS,- (3.4.6) 
Let 0 << 9 < p be given and ¢, € J. Since (S#) holds, given 6,(y) > 0, 


t, € J, there exists a positive function 6 = 8&(ty , 7), which is continuous 
in ¢) for cach y such that wy < 6 implies 


u(t, ty , Up) < b(n), b> ty. (3.4.7) 


Choosing uy = V(t , x»), we can find a positive function 6, = 8,(ty , 7) 
as in the proof of ‘Theorem 3.3.1, such that the inequalities 


b i 


ol] <8,, Vtg, %) <8 (3.4.8) 


hold together. Furthermore, by Theorem 3.3.1, we see that the solution 
x = 0 of (3.2.1) is equistable, using (3.4.6). Let » be fixed, and let 5, 
denote the number 4,(t), 7). ‘To prove (Ss), let 0 <« <7, t)€ J be 
given, and let || x9 || < 55 . Since S(t, u) © HH, there existsa T = T(t, €) 
satisfying the relation 


b(t,«) > sup V(ty, x9), t>t,4+T. (3.4.9) 


lx gll << Sq 


If {t,} is a sequence such that ¢, >t) + T,t,-—> o as k > o, such 
that || x(t; , t9 , Xo)|| = ¢ whenever || xg || < 5,, it would follow from 
(3.4.5), (3.4.7), (3.4.9), and Theorem 3.].] that 


b(t. , €) < V(ty , (te , tos Xo) K (ty, to» Uo) < (7m). (3.4.10) 


This is a contradiction, since b(t, , €) —» 00 as t, — oo. Thus, (S,) and 
(S;) hold simultaneously, and the theorem is proved. 


‘THEOREM 3.4.6. Under the assumptions of Theorem 3.4.5, the uniform 
stability of the solution u = 0 of (3.2.3) also implies the equi-asymptotic 
stability of the solution x = 0 of (3.2.1). 


Proof. By assumption, 6 is independent of tf, in the foregoing proof. 
However, 5) = 6, is not independent of ty because of (3.4.8). Moreover, 
T also depends on fy , in view of (3.4.9), and thus (.S;) holds. 


Corotiary 3.4.4. The function g(t,u) =0 is admissible in 
Theorem 3.4.6. 
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THEOREM 3.4.7. Assume that there exist functions V(t, x), g(t, u), and 
A(t) satisfying the following properties: 

(i) A(t) > O is continuous for te J and A(t) > «0 ast — o. 

(ii) geCl] x R,, R] and g(t, 0) = 0, te J. 

(iii) Vecty x S,,R,], V(t, 0) = 0, te J, and V(t, x) is positive 
definite and locally Lipschitzian in x. 

(iv) A(A)D*V(, x)+V(t, x)\Dt At) < g(t, V(t, x) A(d), (t, x) € JX S,. 
Then, if the null solution of (3.2.3) is equistable, the solution x = 0 of 
(3.2.1) 1s equi-asymptotically stable. 


Proof. Let 0O<7 <p,tje J be given, and let o = min,., A(t). 
By assumption (i), o > 0. Define 7* == ob(y), where b(u)e % is the 
same function as in (3.3.1), obtained because of the positive definiteness 
of V(t, x). Assume that (Sj) holds. Then, given »* > 0, t, € J, there 
exists a 6 == 8(ty , 7) that is continuous in f, for each 7 such that 


u(t, ty , Uy) < y*, t> ty, (3.4.11) 


if uy <5. Choose uy = A(ty) V(ty , xg). Arguing, as in Theorem 3.3.1, 
we conclude the existence of a positive function § = 8(¢g , 7) such that 


oll <8, — A(ta) (ty, %) <8 (3.4.12) 
hold jointly. With this 8, condition (S,) holds. For otherwise we are led 
to a contradiction, as in the proof of Theorem 3.3.1, 


ob(n) < A(t)V (ty , (ty to» %0)) K (ts to» Mo) < y*, 


because of the definition of »* = ob(y) and the application of 
Theorem 3.1.2. 


For a fixed » < p, designate by 5) = 8 (tg) the number &(¢, , 7). Let 
now 0 <« < 9, t,¢ J be given, and let || x9 || < 5). Since A(t) + «© 
as t —> oo, there exists a number T == T(t, , €) such that 

We)A() >n*, tt +T. (3.4.13) 

The choice uy = A(ty) V(ty, x), the positive definiteness of V(t, x), 
and Theorem 3.1.2 give 

A(t)b(|| x(E, fo 5 Xp)il) < ADV (E, X(E, to, %)) K<r(t, to, %) (3.4.14) 


for t > ty, where x(t, tf), xg) is any solution of (3.2.1) such that 
|| x9 || << 39. If there exists a sequence {i,}, t,, > t) + T, t,— 00 as 
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k—» «© such that || x(t;,, t),%o)l| = ¢ for some solution satisfying 

| xg || << 89, we obtain from (3.4.11) and (3.4.14) the inequality 
A(t,)b(e) < 9%, 

which contradicts (3.4.13). This proves that (S;) holds, and consequently 


the solution x = 0 is equi-asymptotically stable. The theorem is proved. 


TuHeorem 3.4.8. Under the hypotheses of Theorem 3.4.7, the uniform 
stability of the solution w — 0 of (3.2.3) also implies the equi-asymptotic 
stability of the trivial solution of (3.2.1). 


Proof. As in the proof of Theorem 3.4.6, it is easy to see that 5, and T 
depend on tf, , and consequently (S;) holds. 

THEOREM 3.4.9. Assume that there exists a function V(¢, x) enjoying 
the following properties: 


(i) Vec[] x S,, R,], and V(z, x) is positive definite, decrescent, 
and locally Lipschitzian in x. 


(ii) D+ V(t, x) < —4( #1), (x) € J x S,, where EH. 
Then, the trivial solution of (3.2.1) is uniformly asymptotically stable. 
Proof. Let Q < « < p, ty € J be given. Since V(t, x) is positive definite 
and decrescent, there exist functions a,be€# such that 
(|x|) < M(x) <a(xi), (Axe Tx S,- (3.4.15) 
By Corollary 3.3.3, it follows that (S,) holds. Hence, condition (ii) and 
Theorem 3.1.3 with g(t, uv) = 0 give the inequality 


(ta) + J Bllis() ds < Py) (3.4.16) 


for t > t,. Designate by 5, the number O(p), and choose T(e) = 
a(5,)/¢(8(e)), where 8(c) corresponds to « in (S,). Suppose that |} x» || < 85 
and that we would have || x(¢, ty , %9)|| = d(e) for 4, <t <t) + Tie). 
Then, for t€ [t,t + 7(6)], we get, from (3.4.16), 
V(t, x(t) < V(to » %) — $0) \t — to) 
< a(5o) — H(S(e))(t — to), 
which, for ¢ = t, + Te), reduces to 
0 < b(S(e)) < F(t + Tle), *%o + T(e))) < a(8o) — $((€))T (©) 
= 0. 
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This contradiction proves that there exists a t, € [ty , ty + T(e)}] such 
that || x(t, , to , Xp)|| < d(e). Thus, in any case, we have 


l| x(t, to , Xp)il < €, t = to =h T(e), 


whenever || x || <6), proving the uniform asymptotic stability of 
the solution x = 0 of (3.2.1). 
Notice that condition (ii), together with (3.4.15), yields that 


D‘Vit, x) < —$la(V(t, »)] = -$*(V( »)), 


where ¢* € #, and therefore the conclusion of Theorem 3.4.9 follows 
right away from Corollary 3.4.2. However, the proof given previously 
is of interest in other situations. 


TuHeorEM 3.4.10. Assume that there exist functions V(t, x), g(t, u) 
satisfying the following properties: 


(i) Vec[] x S,,R,], and V(t, x) is positive definite, decrescent, 
and locally Lipschitzian in x. 


(ii) geéC[J x R,, R], and, for every pair of numbers a, 8 such 
that O<« <B <p, there exist 6 = (a,8) >0, k = R(a, B) > 0 
satisfying 


g(t, vu) < —k, acu<f, t > 06, 


(iii) D*V(t, x) < g(t, Vit, x), (have ] x S,. 
(iv) For any function A\€ C[J, Ry], 


IF, 2) SAM xl, Gxel x S,. (3.4.17) 
Then, the trivial solution of (3.2.1) is uniformly asymptotically stable. 


Proof. Let x(t) = x(t, t),% ) be any solution of (3.2.1). Defining 
m(t) = || x(t)\], we obtain, from (3.4.17), 


mi(t) < || x'(t)ii 


SFE, H())I] < AC) n(2). 


By Theorem 1.4.1, it follows that 


| xl] <I lexpL A(s) a], 
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as far as || x(é)|| <2 p. Consider the interval [é,, 7] for some + > fy for 
which || a(f)\| < p. Then, since 


6 sds < iF A(s) ds, 
we obtain 
Il (2)I| <I xolle*7, [ty 7], (3.4.18) 


where N = N(r) = supp -7 A(t). Since V(t, x) is positive definite and 
descrescent, (3.4.15) holds. Let 0 <« < p,t,e J be given. Choose 
5, ~ 5,(e) such that 

a(8;) < b(€). 


It is clear that 6, < «. Let 6 = @[a(d,), b(<)], & = Rfa(5,), b(e)], and 
S(e) = bye7%*, 

We choose || x, || <5 so that (3.4.18) assures that || x(z)\| < 6,, 
to <t < 0, which snplies that 


V(t, x(0)) < alll x(0)) < a3), ty <<. 
We now claim that 
F(t, x(t) << b(e), tS 
If this were not true, there exist £, , ft, such that t, > t, > 6, satisfying 
V(t, , x(t1)) = a(81), 
V(ty 1 (ty) => Ale), 


and 
ad) < V(t, x(t) < &(€), te[t,, ty. (3.4.19) 


Hence, at ¢ -— ¢,, there results 
Di V(t, , x(t,)) > 0. (3.4.20) 


On the other hand, as t, > 6 and (3.4.19) holds, we obtain, from 
conditions (ii) and (iii) and the fact that V(¢, x) is locally Lipschitzian 
in x, the inequality 
D! aC > x(t;)) & &ty ’ Vy , x(t,))) 
< —k <0, 


which contradicts (3.4.20), thus proving that V(t, x(t)) < (ec) for ¢ > 9. 
It therefore follows that, if || xy || < 6, V(t, x(2)) < d(e), t Sty, and 
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consequently, in view of (3.4.15), the uniform stability of the trivial 
solution of (3.2.1) is proved. 

Let us denote by 5, the number 6(p) obtained by setting « = p, and 
let 0 < « <p. Let 5 = (ec) be the same function as before. Assume 
{| Xq || << 59 . Choose 


T aor T(e) —— a(5y) + ah + k,O, ‘ 
1 
where 
a= max | g(t, u)I, 


O< t< Oy 
0(5) <u<a(p) 


9, = 4,[5(6), a(p)], 
ky = k,[4(8), a(e)]. 
To prove uniform asymptotic stability, it is enough to show that there 
exists a t, €[t), tf) + J] satisfying || x(t,)|| < 6(€); since it would then 
follow that || x(t)|| < «,t > t)-+ JT in any case. Suppose there is no 
such ¢, ; then, 
d(e) < || «(4)|| < p, te [t,t + 7), 
which, because of (3.4.15), shows that 
(3) < V(x) <alp), FE [los ty + TI: 
Using assumptions (i) and (111), we get 
5(3) < V(ty + T, x(t) + T)) < V(tq, %o) 
6, tot T 
+ J ‘les, Vs a(oyl ds +f #(s, VO, x(9))) as 
0 1 


<< a(dy) + 9, — Aylty + T — A] 
< a(S) + 46, + 2,0, —&,T = 0. 


This absurdity proves that || x()I| < d(e) <«, t >t) -+ T, whenever 
|| x9 || < 59, and the theorem is completely proved. 


We have seen in Theorem 3.3.5 that the uniform stability of the 
trivial solution of (3.2.1) can be formulated by means of monotone 
functions. We may likewise state the following theorem with respect 
to uniform asymptotic stability. 
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TxeoreM 3.4.11. The trivial solution of (3.2.1) is uniformly asymp- 
totically stable if and only if there exist functions a € #, o € # such that 


I] x(t, to» Xo)l| < all] xo lot — to), tS bys (3.4.21) 
for |} x9 || ~< p. 


Proof. Tf (3.4.21) is satisfied, it is easy to verify that (.S,) holds, and 
hence sufficiency of the condition is evident. 

Assume now that the trivial solution of (3.2.1) is uniformly asymp- 
totically stable, so that (S,) holds. Let {e,} be a positive, monotonic 
sequence, converging to zero as nm —» oo. Let 


T,(e) = inf T(en44) for &@4,<e<e,. 
Then, 
I] Xo || <8, t>t)+ Tye) 
assures that 


i x(t, to > Xolli < En+1 < €. 


Define T*(e) linear in [en.., €nJ, T*(Enaa) = Trlenya), and T*(e,) = 
T,(€,,,). Note that 


Ty(Enia) = Tien), tim T(€) = ©. 


The equality 7,(¢,.;) = T,(e,) may occur on finite parts of the sequence 
which can be eliminated. The function T*(e) is continuous, monotone 
decreasing, and lim... T*(e) == «©. Moreover, t > t, + T*(e) implies 


t > ty + T*(e,) = to + Tilens)- 
Hence, if «,,, <« <«,, we have 
Il e(, fo Xo)li <enu Ke, tty + T*(e). 

This shows that the function 7(«) occurring in (S,) can be chosen 
continuous and monotonic. Let 7(T) be the inverse function of T(e). 
Then, it follows that 

|| x(2, to » Xo)ll < H(t — ty), tel, 
if || xo || <6, . Also, by Theorem 3.3.5, we obtain that 


| x(Z, to, Xo)ll < €(|| Xo li), t2h, 
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where «(5) is the inverse function of (ec). Thus, 


I| x(4, fo » Xp)? < €(I] Xo ln(E — ft), t2h, 


whenever || Xp || < 59, which proves that uniform asymptotic stability 
is equivalent to (3.4.21). 


3.5. Stability of perturbed systems 


We shall consider the perturbed system 
x = f(x) + REX), X(t) = %, bo 2 O, (3.5.1) 
where f, RE C[J x S,, R*]. 
THEOREM 3.5.1. Let there exist a function V(t,x) satisfying the 
following conditions: 


(Gi) Vect x S,,R,], VG, x) possesses continuous partial deriv- 
atives with respect to ¢ and the components of x, and 


= 


|Past, aS. 
(ii) 


Vi(t,x) = oV(t, x) 


ot 


oV(t, x) 
Ox 


=f : f(t, x) x —Cij 2 ae m > 1, 


for (t, x)e J x S,. 
(iii) All xl? < V(t, x) < B\|| «|, A, B being positive constants. 
(iv) weCL[J x R,,R,], w(t, 0) = 0, w(t, uv) is monotone non- 
decreasing in wu for each t, and 
| R(t, x)|| < w(t, I} |"). 
Then, the stability properties of the trivial solution of (3.2.3), with 


C re 


L 
a(t, wu) = — Pr um +. Te z(t, u™), (3.5.2) 


imply the corresponding stability properties of the solution x = 0 of 
(3.5.1). 


Proof. Consider the function 


u(t, x) = [G2] 
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In view of the assumptions of the theorem, if we define 


dU(t, x) 


Ut, x) = ax i [f(s x) Tr R(t, x)], 


u(t, x) 
oe 


we obtain, after some computations, that 
a < U(t, x) — BY || x, (t, xye J x Sos 
Ut, x) < g(t, Ul x), (t,x)e] x S,, 


where g(t, uw) is the same function given by (3.5.2). The conclusion of 
the theorem is then a direct conseqeunce of Theorems 3.3.3, 3.3.4, 


3.4.3, and 3.4.4. 


Corotrary 3.5.1. Let the assumptions of Theorem 3.5.1 hold with 
a = 2,m = I, and w(t, u) = A(t)u, where A(t) > 0 is continuous on J 
such that 

! 
7 


lim sup 
ton 


| "Xs) ds| < CA/BL. 
fo 
Then, the solution x = 0 of (3.5.1) is asymptotically stable. 


THeorEeM 3.5.2. Let there exist functions V(t, x), g,(t, u), and w(t, 2) 
fulfilling the following conditions: 


(ii) Vec{J x S,,R,], V(t, x) is Lipschitzian in x for a function 
A(t) => 0 continuous on J, and 


A(\| ||) < V(t,x) <a(jxl), txeJxS,, (3.5.3) 
where a, be &. 
(ii) &i& Cl * R, ’ R), &ilt, 0) = 0, and 
D* VE, G20 < gilt, V(t, x)), (t, x) € J x S, 3 


(iii) weC[J x R., R,], w(t, 0) = 0, w(t, uv) is nondecreasing in u 
for each t, and 


PRE x)| <w(llel) Geet x S,. 
Then, the stability properties of the solution w = 0 of (3.2.3) with 
a(t, u) — g(t, u) + R(}eo(t, b\w), (3.5.4) 


where b-'(u) is the inverse function of b(u), imply the same kind of 
stability properties of the trivial solution of (3.5.1). 
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Proof. Let us define the function D+V(t, x) with respect to the per- 
turbed differential system (3.5.1) as follows: 


D'V(t,9)e.s.) = lim sup 5 VE + A, + ALS (2) + RO, wD) 
— V(t, x). 


Then, since V(t, x) is Lipschitzian in x for a function k(t), we have, 
for (t,x)e J x S,, 
D*V(t, X)a.say < D'V(t, ¥)g.0. + A(t)! RE, »)!| 


< 
< gy(t, V(t, x) + R(t) w(t, |! ¥ |)), 


using assumptions (ii) and (iii). This, together with (3.5.3) and the 
monotonicity of w(t, w) in u, leads to the differential inequality 


D'V(t, esa Sat, V(x), (ret xS,, 


where g(t, vu) is given by (3.5.4). Now, it only remains to apply 
Theorems 3.3.3, 3.3.4, 3.4.3, and 3.4.4 to get the desired result. 


Corotuary 3.5.2. The functions d(u) = u, g,(t, vu) = —au, « > 0, 
and w(t, uv) = A(£)u, A(t) > 0 being continuous on J and satisfying 


lim sup [- a 7 { mo ds| < afk, 


are admissible in Theorem 3.5.2, to guarantee the uniform asymptotic 


stability of the solution x = 0 of (3.5.1) provided k is the Lipschitz 
constant for V(Z, x). 


Coro.iary 3.5.3. The functions w(t, u) = A(t) d(u), gi(t, u) = 0, 
where A€ C[J, R,],6¢-%, are admissible in Theorem 3.5.2 to yield 
the uniform stability of the trivial solution of (3.5.1), provided that k is 
the Lipschitz constant for V(t, «) and i Ns) ds < co. 


Corouuary 3.5.4. The functions w(t, wz) = A(t) d(u), g,(t, wu) = —C(u), 
where AC C{J, R,],¢,C €-#, are admissible in Theorem 3.5.2 to 
assure that the trivial solution of (3.5.1) is uniformly asymptotically 
stable, provided that k is the Lipschitz constant for TAs x), kb(b-(u)) < 
aC(u), for some « > 0, and lim,,,.[—t + « fer A(s) ds] = —oo for 
all t) > 0. 
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3.6. Converse theorems 


This section will be devoted to a variety of results concerning the 
construction of Lyapunov functions. Let us first define the notion of 
generalized exponential asymptotic stability. 


DEFINITION 3.6.1. The trivial solution of (3.2.1) is said to be (.S,,) 
generalized exponentially asymptotically stable if 


lm(t, to %a)ll < K(to)ll xoll expL P(t) — PW, 6 >t, 3.6.1) 


where K(¢) > 0 is continuous for te J, pe % for te J, and p(t) > 
as tf > ©. 

In particular, if A(z) = K > 0, p(t) = at,« > 0. We have the 
exponential asymptotic stability of the trivial solution of (3.2.1) 


THEOREM 3.6.1. Assume that the solution x = 0 of (3.2.1) is generalized 
exponentially asymptotically stable and that f(t, x) is linear in x. Suppose 
further that p’(t) exists and is continuous on J. Then there exists a 
function V(t, x) satisfying the following properties: 


(i) VecC[J x S,,R,], and V(t, x) is Lipschitzian in x for the 
function K(Z). 


(i) Ix < Vx) CK xl, GxeJ x S,. 
(iii) D*V(t,x) < —p'(t) Vit, x), (tx) e J < S,- 


Proof. Define 


M(t,x) = sup || x(t ++ a, t, x)|| exp[ p(t -F «) — p(t)]- (3.6.2) 


Then, from (3.6.1), it follows that (ii) is satisfied. 
Let x, ye S,. Then, 


PERG A) oF 9) Se) SUI sie, fe) Peep AG spe) ate) 


"sup | x(t + o, t, y)|| exp[ p(t + ¢) — p(t) 


< me [|| x(t + 0, t, x) — x(t + 0, t, y)|| exp( p(t + ¢) — p(t))] 
== Sup | x(t +- 9, t, « — y)| expf p(t + o) — p(t)] 


< K()ilx — yl. 
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To arrive at this estimate, we have used the facts that f(¢, «) is linear in x 
and that the solutions x(t, fy , %) obey the inequality (3.6.1). 
We shall now prove that V(t, x) is continuous. Let 6 > 0; then 
[V(t +8, x*) — V(t, x) <| V(t +8, x*) — V(t +8, ¥) 
4 | V(t +8, x) — V(t +, x(t +8, x(t + 8,1, »)) 
+ | V(t + 8, x(t + 8, t, x)) — V(t, x). 


Since V(t, x) is Lipschitzian in x and x(t + 4, t, x) is continuous in 4, 
the first two terms on the right-hand side of the preceding inequality 
are small when || x — x* || and 6 are small. Let us consider the third 
term. Observe that 
a(t +6 + 0,t4+ 6, x(t + 6,t,x)) = x(f +8 + 0,t, x). 
Hence we have 
| V(t + 6, x(t + 4, t, x)) — V(t, x)| 
=| sup [a(t + 6 + o,t + 4, x(t + 4, t, x))|| exp[ p(t + o) — p(t)] 
= sup || x(t + o, t, x)|| exp[ p(t + o) — p(t)]} 
cael Gabe «ll exp[ p(t + o) — p(t + 9)] 
AUB | ACE Tee ERB PE oO) NIL 
Setting 
B(O) SUP | Er ee PEL ) eek 8) 


we notice that a(S) is nondecreasing and tends to a(0) as 5 — 0, since 
|| x(é + 9, ¢, x)|| exp[ p(¢ + o) — p(t)] is a bounded continuous function 
for all o > 0. Thus, 


| V(t + 6, x(t + 4, t, x)) — V(t, x)| = | (8) — a(0)| 


implies that the third term tends to zero as 6 — 0. Thus we have verified 
the continuity of V(z, x). 
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Furthermore, using the uniqueness of solutions and the definition 


(3.6.2), 


D+ V(t, x(t)) = lim sup i [V(t -+ h, x(t 4- h, t, x)) — V(t, x)] 


hor 
= lim sup t [sup || x(t -- A + 0, t + A, x(t + A, t, x))|| 
nor A o>0 


x exp[p(t + h + 0) — p(t + h)] — sup il x(t + a, t, x)|| 


x exp[p(t + ¢) — p(¢)]] 

= lim sup ! Sup lato 4 Sl exp pe 8) — Pe) 
— sup |] x(t + o,f, x) exp(p(t + 2) — a(4)] 

< lim sup 5 [sup | s(¢ + a, 4x9) exp(p(t + @) — pCO) 


x fexp( p(t) — p(t + A) — BJ 
< —p(OF (42). 


Since, for small A > 0, 


V(t + hw + Af(t, x) — V(t, x) < K(t)\| x(t + A, t, x) — « — Af (t, x)Il 
+- V(t +h, x(t + h, t, x)) — V(t, x), 
it easily follows that 
D'V(t, x) < — p'()V(t, 2), 


proving (iii). The theorem is completely proved. 


A similar result is true even when f(¢, x) is nonlinear in x provided 
it is assumed to satisfy a Lipschitz condition in x for a constant L. The 
next theorem substantiates this remark. 


THEOREM 3.6.2. [Tet the trivial solution of (3.2.1) be generalized 
exponentially asymptotically stable and f(t, x) satisfy a Lipschitz 
condition in x for a constant L = L(p) > 0. Assume that p’(¢) exists 
and is continuous for t¢ J. Suppose further that K(f) is bounded 
and, for some g,0 <q < 1, there exists a number 7T' > 0 such that 


K(t) exp[—q(p(t -- T) — p(t))] <1, te J. (3.6.3) 
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Then, there exists a function V(¢, x) fulfilling the following conditions: 


(i) VeClJ x S,, R,j,0 < po <p, and V(t, x) obeys 
| Ve) — Vig) Sent sup expl(l — galt 2) — pe )illle— yl 
(ii) [|x|] < V(t,x) < Kt) || xl, @x)e J x S,. 
(ili) DtV(t, x) < —C — 9) p'() VG, 4), (4 x)E J S,,- 
Proof. Let q, T be given so that the relation (3.6.3) holds. Define 


V(t, x) = sup || x(t +o, t, x)| exp[(L — g){p(t + 0) — pd}. (3.6.4) 


Since K(t) is assumed to be bounded and p(t) € #, the function V(z, x) 
is defined for (t, x)€ J x S,,, where py = p/M, M = sup,., K(t). To 
prove that V(t, x) satisfies the Lipschitz condition, we first observe that 
|| x(t + a, t, x) exp — galt + 2) ~ p(t)}] 
< K(t) exp[—q(alt + ¢) — pI 


and, since (3.6.3) holds, we have 
UAE ye sup ET ae 2 a ERDLD Qe or a) Pte) 
Accordingly, by Corollary 2.7.1, we get 
MGs) = GS sup [ae + at.) ~ a(t + 05 t.9)h 


x exp{(l — 9)(p(¢ + o) — pd} 
a eh? ‘sup | fexp(l — g){p(t + ¢) — p(t} ix — yl. 


The relations (ii) and (iii) can be verified as in the proof of Theorem 3.6.1. 
The proof is complete. 


Coro.iary 3.6.1. If the trivial solution x = 0 of (3.2.1) is exponen- 
tially asymptotically stable, that is, p(t) = at,a > 0, K(t)= K > 0, 
then T = log K/gx, and M = K*#+(-%«/4, where M is the Lipschitz 
constant for V(¢, x), are admissible in Theorem 3.6.2. 

It is possible to prove the previous theorems, under milder assump- 
tions, in a different way. 
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THEOREM 3.6.3. Assume that 
(i) fect] x S,, R"], f(t, 0) == 0, and F(Z, x) satisfies 
f(t x) —f(t,y)! —— Lit) i x —y ll, (i, x), (t, y) E J x S, ’ (3.6.5) 


L(t) > 0 being continuous on J; 
(ii) There exists a pe for te J, p(t) © as t-> ow, p(t) 


exists, and 


|| x(t, 0, X)I| < Kl xollexp[—p@)], t2%,K >0, (3.6.6) 


where x(t, 0, x») is the solution of (3.2.1) through (Q, xp). 
Then, there exists a function V(t, x) enjoying the following properties: 
(1) Vec[] x S,,R,], and V(t, x) is Lipschitzian in x for a 
continuous function K(t) > 0. 
(2) ell <V@&x) <K@| ei, Gees x S,. 
(3) DtV(t, x) < —p’(d) VG, x), (t, x) e J x S,. 
Proof. Let us denote x = x(t, 0, x9) so that x» = x(0, t, x), because of 
the uniqueness of solutions of (3.2.1), which is assured by condition (i). 


We now define 
V(t, x) = Ke-> || x(0, t, x). (3.6.7) 


It is then evident that Ve C[J x S,, R,], V(é, 0) = 0, and, because 
of (3.6.6), we have 
| x || < VO, x). 


Since the solutions of (3.2.1) are unique, it follows that 
V(t +A, x(t + A, t, x)) = Ke-?” || x(0, t + h, x(t + A, t, x))|| 
= Ker || x(0, t, x) |, 
and hence we obtain 


D+¥V(t, x(t)) = lim sup } [VE + h, x(t + h, t, x)) — V(t, x)] 
mts (3.6.8) 
= —p (t)V(t, x). 


If x(t, 0, x9), x(t, 0, yg) are the two solutions of (3.2.1) through (0, x9), 
(0, yp), respectively, the condition (3.6.5) yields 


et 
I % ~ voll exp [—[L6) ds] <I1a(4,0,%9) — x00) 2 0, 


3.6. CONVERSE THEOREMS 163 


by virtue of Corollary 2.7.1. Letting x = x(t, 0, x9), y = x(t, 0, yo), we 
get, from the preceding estimate, the inequality 


10,4.) — 9,49) <a —yllexp[f Lea], 1 >0. 
Consequently, 
| VG, x) — Vit, y)| = Ke? || x(0, t, x) — x(0, t, y)I| 
t 
<Kexp[—e) + f Ls) as] lv — | 


if we define K(t) = K exp[—p(t) + (; L(s) ds]. This proves that 
V(t, x) satisfies a Lipschitz condition in x for a function K(t) > 0. 
The upper estimate in (2) follows from the Lipschitz condition by 
setting y = 0 and observing that V(t,0) = 0. As in the proof of 
Theorem 3.6.1, one can deduce (3) from (3.6.8). The theorem is proved. 


Coro_Liary 3.6.2. If in Theorem 3.6.3, the functions L(¢) and p(t) 
are such that li L(s) ds < p(t), and V(t, x) satisfies the Lipschitz 
condition in x for a constant K > 0. 

We have already seen that the concepts of stability and asymptotic 
stability can be defined by means of simple inequalities involving certain 
monotone functions. We give below some converse theorems in terms 
of differential inequalities. As will be seen, the approach depends upon 
the differentiable properties of solutions with respect to the initial 
values and yields, in a unified way, a method of constructing Lyapunov 
functions. 


THEOREM 3.6.4. Suppose that 
(i) the function feC{[J x S,, R"], f(t,0) =0, and af(t, x)/éx 


exists and is continuous for (¢, x)e J x S,; 


(it) there exist functions £; , Bg € # such that 
By(I| ¥o !1) <I] #@, O, Xo)! < Bal roll, = tJ, (3.6.9) 


where x(t, 0, x9) is the solution of (3.2.1) through (0, x9); 


(iit) the function geC[J x R,, Rl, e(t,0) =0, and ag(t, u)/eu 
exists and is continuous for (¢, u)e J x R, ; 
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(iv) the solution u(Z, 0, uy) of (3.2.3) fulfills the estimate 
Valo) < u(t, 0, uo) <yolu), tel, (3.6.10) 
where y,,y,€ %. 
Then, there exists a function V(t, x) with the following properties: 


(1) Vec[/ x S,,R,], and V(t, x) possesses continuous partial 
derivatives with respect to t and the components of x. 


(2) A(x |) < Vit, x) <a(l xl), xe J x S,,a,b6 #. 


3) . 
V'(t, x) = a x) as on, x) “f(t, x) 


= g(t, Vit, x)), (t,x) J x S,. 


Proof. In view of hypothesis (i), the existence and uniqueness of 
solutions of (3.2.1), as well as their continuous dependence on the 
initial values, is assured. Also, the solutions x(Z, to , X9), (tg, %) EJ X S, 
are differentiable functions with respect to the initial values, and x = 0 
is the trivial solution. Furthermore, on the basis of Theorem 2.5.3, 
we have 


ON(ty » to» Xp) 
aly = —f (to, %) 
and 
Ox(t, ty » Xo) 


ity 


P(t, ty, X)f (to. %), tS ty, (3.6.11) 


where @(t, tg , Xo) = Ox(t, to , Xo)/Oxg is the fundamental matrix solution 
of the variational system 
ftent. F(t, x(t, ty » Xo) 
a | Ox |» 


such that P(t, , fy , x9) is the unit matrix. Similar conclusions hold for 
the solutions of (3.2.3) as (ili) is satisfied. 

Let now x(t, 0, x9), u(t, 0, zw) be the solutions of (3.2.1), (3.2.3) 
through (0, x9), (0, uo), satisfying the inequalities (3.6.9) and (3.6.10), 
respectively. Denote x(f, 0, x9) by x so that xy = x(0, t, x). This is clear 
by virtue of the uniqueness of solutions of (3.2.1). 

Choose any continuous function p(x) possessing continuous partial 
derivatives dp(x)/0x for x € S, such that 


ay(\| ll) <n) < allel), ay, eH (3.6.12) 


Define the function 
V(t, x) = ult, 0, p(x(0, t, x))]. 
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Because of the continuity of «(0, t, x), n(x), and u(t, 0, u) with respect 
to their arguments and the fact that wu = 0 is the trivial solution of (3.2.3), 
it follows that VeC[J x S,,R,]. Since the functions (0, ¢, x), 
u(t, 0, uy) are differentiable with respect to the initial values and é(x)/ox 
is assumed to exist, we see that 


aV(t,x) , eV (t,x) | 
Bee gg a) 


V(t,x) = 


= u'[t, 0, p(x(0, t, x))] 


ou Op [ Ox(0, t, x) Ox(0, t, x) 
OuUy Ox | Oly Ox A *)| 


= g{t, ult, 0, u(x(0, t, x))}) 
= a(t, V(t, x)), 


because, by relation (3.6.11), we have 


dx(0, t, x) 
ote 


Ox(0, t,x) = 
ot OX I(t x) — 0. 


Thus, (1) and (3) hold. 
Since x = x(t, 0, x») and xy = x(0, #, x), it follows from the inequality 


(3.6.9) that 
BS # ll) < |} x0, £, x)i| < Bl eI), (3.6.13) 


where f;', 83! are inverse functions of B, , 8, and hence belong to #. 
Using the inequalities (3.6.10), (3.6.12), and (3.6.13) successively, the 
definition of V(t, x) gives 


V(t, x) = ult, 0, u(x(0, t, x))] 
= ri(u(x(0, t, x))) 
= vi(a4(|! xO, 4, ¥)II)) 
= valor(B2" ((l * (I) 
= O(|| x|l) 


and 

V(t, x) < yalie(x(O, t, x))) 
< ya(ae(|| «(0, ¢, x)||)) 
< 


Yaloe(By “(li * II) 
= a(|| x |). 
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Obviously, the functions a, b € #, since the functions y, , «, , Bz", yz, % 
and £7" all belong to class %. 
This proves (2), and the proof is complete. 


COROLLARY 3.6.3. Assume that fe Cl] x S,, R"], f(t, 0) = 0, and 
of(t, x)/@x exists and is continuous for (t,x) ¢ J x S,. Suppose also 
that, for any solution x(Z, 0, x)) through the point (0, x9) of (3.2.1), 


i x(t, 0, %9)|| < Boll xo |), § 20, Bree H. 


Then, there exists a function V(¢, x) such that: 


(1) VecC{Jx S,,R,], V(t,0) = 0, and V(t, x) possesses con- 
tinuous partial derivatives with respect to ¢ and the components of x; 


(2) (xl) < VG, x), (tx)e J x S,,b€ 4; 
(3) 
V(t, x) 


_ OV(t,x) | OV(t, x) | 
a ae 


=0, (t,x)e]xS,. 


The following variant of Theorem 3.6.4 is of interest in some situa- 
tions. 


‘THEOREM 3.6.5. Let 
(i) fecl x S,, R"], f(t, 0) = 0, and f(t, x) satisfies 
F(t, x) — f(t») <Ly(4) |i x — yl 


for (t, x), (t, v)e J x S,, where L,(t) > 0 is continuous on J; 
(ii) there exists a function B, ¢ % such that 


I] x(,0, xo)il < Ba(iixoil), = § 2 9, 


x(t, 0, x9) being the solution of (3.2.1); 
(iii) geC[] x R,, R], g(t, 0) = 0, and g(t, u) verifies 


| g(t, u) — g(t, v)| <L,{t) | u— v | 


forte J, u,v > 0, L,(t) > 0 being continuous on J; 
(iv) the solution u(t, 0, uo) of (3.2.3) fulfill the estimate 


¥i(%) < u(t, 0, Ug), t z 0, YE H. 
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Then, there exists a function V(t, x) with the following properties: 


(1) Vec{J x S,, R.j, and V(t, x) is positive definite and satisfies 
a Lipschitz condition for a continuous function K(t) > 0. 


(2) D*V(t, x) < g(t, Vit, x)), (t,x) e J x S,. 


Proof. Since the uniqueness of solutions, as well as their continuous 
dependence on initial values, is guaranteed by (i) on the basis of Corol- 
lary 2.5.1, if we let x = x(t, 0, x9), it follows that x) = x(0, t,x) as 
previously. We define 


V(t, x) = u(t, 0, || x(0, ¢, ~)l)), 


where u(t, 0, uo) is the solution of (3.2.3) through (0, uo). Note that, by 
assumption (iii), « = 0 is the trivial solution of (3.2.3) and that the 
solutions u(t, fy , %) are unique. Furthermore, we infer from uniqueness 
of solutions of (3.2.1) that 


V(t + A, x(t + h, t, x)) = u(t + h, 0, || x(0, t + h, x(t + A, t, x))/)) 


= u(t + h, 0, || x(0, t, x)I)), 
and therefore 


D+V(t, x(t)) = lim sup i [V(t + fh, x(t + h, t, x)) — V(t, x)] 
hoot 
a u'(t, 0, | x(0, t, x)|]) 
= a(t, V(t, x)). (3.6.14) 


According to Corollary 2.7.1, if we let x = x(t, 0, x), vy = x(#, 0, yo), 
condition (i) implies, as in Theorem 3.6.3, the inequality 


I 2(0,4, =) — 20,499 <ile—yllexp[f Lea], 2 >0. 
Moreover, assumption (iii) also implies that 
| u(t, 0, uo) — u(t, 0, v%)! < | My — Vo | exp [[ 209) ds|, t>0. 
U 
Thus, for (#, x), (t, y) € J x S,, we have 
| V(t, x) — V(t, y)| = | u(é, 0, || 2(0, 2, x)il) — uf, , |] x(0, 4 y)IDI 
< | *(0, t,x) — (0, 4, »lexp [f La(s) a5] 
0 
t 
< ||» —yliexp [f (Zils) + La(s)) ds] 
0 


= K(t)||x —y|}, 
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if K(t) = exp[J. (L,(s) + L,(s)) ds]. This, together with (3.6.14), 
enables us to deduce, as in Theorem 3.6.1, that 


D+ V(t, x) < a(t, Ve, x)), 
proving (2). 
To show that V(t, x) is positive definite, we use the estimates given 
in (i) and (iv) and obtain 
V(t, x) = u(t, 0, || x(0, t, x)||) 
= yi(\| #0, t, *)|l) 
= ni(Be "(I * 1!) 
= B(x ||), 
where be & since y, , By’ € -%. 
Corouiary 3.6.4. The function g(t, uv) =O is admissible in 
Theorem 3.6.5. 
The next theorem deals with the converse problem for asymptotic 


stability. 


THEOREM 3.6.6. Let assumptions (i) and (iv) of Theorem 3.6.4 hold. 
Suppose that the solution x(t, 0, x9) of (3.2.1) satisfies 


I *(2, 0, xy)ll < Ball Xo Io), = t 2 O, (3.6.15) 
where 8, €¢ #,o06 #. Assume that there exist functions ye #, 66 # 
such that 

yu) >k>0, 31) Shalt), ky > 0, 
and 
y(up)S(t) < u(t, 0, uy), t>0. (3.6.16) 


Then, there exists a function V(t, x) satisfying 


(1) V € Cl x S, ’ R,], V(t, 0) 5 0, 
V(t, x) is positive definite and possesses continuous partial derivatives 
with respect to ¢ and the components of x; 


(2) V(t, x) = g(t, V(t, x)), (t,x)eJ x S,. 


Proof. Let x(t, 0, Xo), u(t, 0, %) be the solutions of (3.2.1), (3.2.3) 
obeying the estimates (3.6.15), (3.6.16), respectively. Choose any 
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continuous function p(x) having continuous partial derivatives du(x)/ax 
for x € S, such that p(0) = 0 and 


Bal\l ¥ Il) < (x). (3.6.17) 
Defining 


V(t, x) = ult, 0, u(x(0, t, »))], 
it can be readily shown as in ‘Theorem 3.6.4 that Ve C[J x S,, R,] 
and satisfies (2). Moreover, V(t, 0) = 0 follows from x(0, t, 0) = 0, 


(0) = 0, and u(t, 0,0) = 0. From the assumption y’(u) > k > 0, 
there results 


y(uyug) 2 Ruyuy. (3.6.18) 


Furthermore, by virtue of the fact that x = x(¢, 0, x9) and xy = «x(0, #, x), 
the inequality (3.6.15) yields 


| Ly ] <i, 4, =I. (3.6.19) 


Thus, using the relations (3.6.16), (3.6.17), (3.6.18), and (3.6.19), we have 


V(t, x) = uft, 0, H(x(0, t, x))] 
> ylr(x(0, ¢, x))]8(2) 
> Y(Bo{|| «(0, t, x)||))8(2) 


> > [bot (LL) a 


o(t) 
|| % || 
bees d [ o(t) | of) 
eal 
>k a(t) &(t), 


which implies, on account of the assumption 6(t) > k,o(t), that V(t, x) 
is positive definite. The proof is complete. 


CoroLLary 3.6.5. If oe ¥ is a differentiable function for ¢¢ J, then 
the function g(t, u) = [o'(t)/o(t)]u is a candidate in Theorem 3.6.6. 


REMARK 3.6.1. Notice that, in Theorems 3.6.5 and 3.6.6, we have 
not assumed that the trivial solution of (3.2.3) is stable and asymp- 
totically stable, respectively, since we do not need, in the proof, such 


170 CHAPTER 3 


a specific assumption. However, these hypotheses are required to prove 
direct theorems. Nevertheless, the lower estimates of the solutions 
u(t, 0, ug) of (3.2.3) are compatible with the corresponding stability 
requirements. It can be seen from the proof of Theorem 3.6.4 that the 
lower estimate on x(t, 0, x9) and the upper estimate on u(t, 0, uy) are 
useful only to prove the decrescent nature of V(t, x). Observe also that 
we need only the stability information of solutions starting at t, = 0, 
and this is a definite advantage. 

Under the rather general assumptions of Theorem 3.6.6, it is not 
possible to show that: V(t, x) is decrescent. This can, however, be 
achieved in the following: 


THEOREM 3.6.7. Let assumptions (i) and (iv) of Theorem 3.6.4 hold. 
Suppose that, in place of (3.6.15), we have 


Bil] Xp to(t) < || x(Z, 0, x9)I| < Ball Xo ||" o(t), t>0, 


where a, 8; , By > O are constants, and o € &. Let the solution u(z, 0, up) 
of (3.2.3) allow the estimate 


Ayuyd(t) < u(t, O, Uy) <K Aguyd(Z), t>0, 


where A, , A, > O are constants, and 6 € Y such that, for some constant 
B > 9, 
de(t) = oF(t). 


Then, there exists a function V(t, x) that is decrescent and that obeys (1), 
(2) of Theorem 3.6.6. 


Proof. By choosing a continuous function p(x) so as to satisfy 
Rill x? < w(x) <i il, Ry he, B > 0; 


and following the proof of Theorem 3.6.6 with necessary modifications, 
we can easily construct the proof of this theorem. 


THEOREM 3.6.8. Let assumption (i) of Theorem 3.6.4 hold, and let 
there exist functions o,,¢,€Y£ such that 


Bill Xo lloy(é — t) <I] #(4, fo Xo)ll < Ball Xo lloo(t — to), tt, (3.6.20) 


with £,, 8, > 0 being constants and x(t, tf, , x9) being the solution of 
(3.2.1). Then, there exists a function V(t, x) satisfying the following 
properties: 
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(1) Vecl] x S,, R,], and V(t, x) is positive definite, decrescent, 
and possesses continuous partial derivatives with respect to ¢ and the 
components of x. 


(2) V'(t,*) < —oV(t, x),a > 0, (t,x)eJ x S,. 


Proof. Define the function, for some fixed T > 0 that we choose later, 


t+T 
Vita) = J ims, w)IP 


Because of assumption (i), one can argue, as before, to show that 
VeC{[J x S,, R,] and V(t, x) is continuously differentiable. Further- 
more, from the upper estimate of (3.6.20), we have 


I| «(s, 2, x)I| < Bgl] x ||o,(0), s2t, 
and hence 


t+T 
V(t,x) <{ (Bal lox(O)P ds 
= B(T)| x |, (3.6.21) 


where B(T) = B,?c,7(0)T. Moreover, using the lower estimate of (3.6.20), 
it follows that 


t+ 
V(t,x) > f [Bslllieu(s — 2) ds 
T 9 
= By? || x |? | o,"(u) du 
0 
= a(T)||» [P. 
Thus, we have shown that (1) is verified. ‘To prove (2), observe that 
V'(é, x) = [le + 7, t, xP — Ile? + [3 SLs, #, =F] ds. 


On the other hand, using relation (3.6.11), we see that 


F. lt as, 4, sF] = 2a(6, 49) - [FGA 4 AEA 46, 2] 


= 0. 


Consequently, 
V(t, x) = || x(t + T, t, x)? — || x |P 
= [| x(t + T, t, x)I| — |] [li x@ + T, t, x) + I ell] 
< [Ball ¥ lloo(T) — |] * IIL x(@ + T, #, x)I| + |] x ||]. 
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We now fix T by choosing it so large that 


1 
o,(T) ae 7 18 28° 


This is possible, since o,¢ #. Evidently, from this choice results the 
inequality 
V(t, x) < — olla lP, 


which, in view of (3.6.21), leads to 


di V(t, x) 


l 
2p(T) 
= — a(t, »), 
setting « = 1/[28(T)]. The theorem is proved. 


Coro_iary 3.6.6. Instead of the lower estimate in (3.6.20), the 
condition 


f(t, ¥)|| <L(p)ix |, (x)e lx S, 


is admissible in Theorem 3.6.8. 


THEOREM 3.6.9. Let the trivial solution of the system (3.2.1) be 
uniformly asymptotically stable. Suppose that 


A(t, 41) —f(t, xl < L(t)\| x, — x2 | 


for (t, x1), (t, x2) € J x S,, where L(t) > 0 is continuous on J, and 


< K[0j. 


Ie L(s) ds 


Then, there exists a function V(t, x) with the following properties: 


(1) Vec{J x S,,R,], and V(t, x) is positive definite, decrescent, 
and satisfies 
| V(t, x1) -- V(t, %2)| < M|| x, — x, || 
for (t, x), (t, ¥2) © J X Say) - 
(2) D*V(t,x) < —C(V@, x), (Z4x)e Jf x S,,CEeX, 
Proof. Let us choose a function G(r) such that G(0) = 0, G’(0) = 0, 
G(r) > 0, G(r) > 0, and let « > 1. Since 


G(r) = f° du |G") de 
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and 
r 7 / oO uu z 
G(=} 2 f, du {.¢ (v) dv, 
we have, setting u = w/a, 


e(2) = ' deo [ ™ G"(v) do 


] r w vA _ ] 
<- i te { OMe) do = 5 CO). (3.6.22) 
Define 
Hi seus Glee era 
pa] oO . 
ae TE: 
Then, for o = 0, we obtain 
Gil I) < V(t, »). (3.6.23) 


If €(8) is the inverse function of 5(e), we have 


l| x(@ + 6, t, x)l| < e({] «|I), 
and therefore 
G((| x(t + 9, t, x)l|) < G(e(|| «])). 


Consequently, observing that (1 + ao)/(1 + 0) < a, it follows that 
V(t, x) < aG(¢(|| x |!)). 
Since « > T(e) implies || x(t + o, t, x)| < , we get 
\| x(t + 4, t, x)} < |] x [Ifo 
if ¢ > T(\\ x ||/x). Thus, 
G(|| x(t + 9, t, xl) < G(l| ¥ |l/x), 


which, in turn, leads to 


GU att +0, 4, 2) FE <a (EL) < eqixin 


1 a 
< V(t, x), 
because of relations (3.6.22) and (3.6.23). This shows that 


V(t,x) = sup G(IIxt-4+ os) LE 


O<a< Tilla]/«) bene 
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The continuity of the function V(é, x) implies that there exists a o, 
such that 


1+ ao, 


Il+o, 


V(t, x) = G(i| x(t + ,, t, x)])) 
If we let x = x(t, ty , Xp), x* = x(t + A, t, x), the uniqueness of solutions 
of (3.2.1) shows that 
1 + ao* 
V(t + hy x*) = Gilat + ht ott + b,x) FO 


1 + ac* 


= Gllla(t +h + 0%, 4, x)ll) Fe 


Denote o* + hk = o. Then 
}+ac* (1 + a0*)(1 + 0) 1 + o* + a0 + acct — oh +h 


1 + o* (1 + o*)(1 + 2) (1 + «*\(1 4+ a) 
(1 + ac) ah —h 
lio (1 + o)0 + o*) 
= Fee (a — \)h ] 
lito (1 + o*)(1 + ao) ; 
It therefore follows that 
1 * 
VE hy x) = GU a(t + 2, 6, 99) <A 
7 14+ ao (a — I)h 
= G(|j x(t + 9, t, x)i) i<fe [! (I + o*)(1 + a0) 
(a — 1)h 
< V(t,x) [I eo ale 
and hence 
V(t + A, x*) — V(t, x) o (a — 1)V(, x) 
h = (1 + o*)(1 + ac)’ 
Since 


O<eF < T(x I/0), O<o < T(|x*II/x) + 4, 


using (3.6.23), it is easy to obtain 


D*V(t, x(t)) = lim sup : [V(t +h, x(t + A, t, x)) — V(t, x)] 
hot 


& (2 — NEU 
SEF Tsay + aPC ep} 


~C*(lxl), Cred, (3.6.24) 
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because of the fact that lim, 9+ || «* || = || x || and that T(e) is a decreasing 
function. 
We have seen previously that 


1 + ao, 
l+o,’ 
where 0 <o, < T(||x||/x). Let x,, x, be such that || x, || < 8(p), 


|| xy || < 8(p), so that the solutions x(t, ty , x1), x(t, ty , x.) remain in S, . 
Let 


V(t, x) = Gill x(t + 9, t, x)I)) 


7, = || x(t + 01, ¢, x,))l, Ty = || X(t + 01, t, x2) 


i 
If r, >7,, we have G(r.) > G(r,), and hence 


I + ao, 
I+ o 


I + ao, 
l+o 


Vit, Xp) z GCI x(t + 91, t, X»)||) 


> Gil x(t + 01,4, ml) 
= V(t, x). 


On the other hand, if 7, <7, 
0 < G4) — Gm) = GE — 72) 
> G(r, — 7)- (3.6.25) 


Since f(t, x) satisfies the Lipschitz condition, by Corollary 2.7.1, we 
obtain 


Nam(t + o,f, 4) — a(t + 0, 4 %9)ll < exp [KT (tat) ll 2 — x9 | 
Furthermore, choosing 
G(r) < A exp [-KT (POV) 5 
the relation (3.6.25) leads to 
5 a 
0 < G(7,) — G(r,) < A exp |- —KT (6) exp [AT (tat) || 4) — Xg |]. 
As || x(t + 01, ¢, oe = 7, implies || x, || > 8(7,), we have 
< Gn) — Gry) < All % — %I), 
using the monotonic decreasing character of T(«). It follows from these 
relations that 


< V(t, %) — Gli) x(t + 04 5 f, %9)l) = — Bet 


<aAllx, — x, ||, (3.6.26) 
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and thus that 


1 + ao, 
l+ ao, 


> V(t, x) — «All x, — xq ||. 


V(t, x2) > G(|| x(t + 61, t, x9)ll) 


These considerations show that, in all cases, 
V(t, x.) — V(t, x1) 2 — «All x — XI. 
By interchanging the roles of x, , x, , we obtain 


V(t, x1) — V(t, %) > —eAll x, — xl 


and therefore there results 


| Vt, =) — V(t, x») < aAll x) — xsl (3.6.27) 


provided x,,x, 40. If x, = 0, (3.6.26) yields 


0 < V(t, 4) < «All| x |), 


and hence (3.6.27) is true even when x, = 0. If x, = x, = 0, the 
relation (3.6.27) is trivially satisfied. 

As previously, it is now easy to obtain (2) from relations (3.6.24) and 
(3.6.27) and the descrescent character of V(#, x). 

Finally, it remains to prove that we can choose G(r) satisfying the 
required conditions. For this purpose, we may take 


G(r) == A if exp [-«r(©)] dr. 


One can easily verify that 
G0) =0, G(r) = Aexp[—KT(()/x) > 0, G0) = 0, 


since 5(0) = 0, T(0) = «©, G(r) is monotone increasing, and thus 
G"(r) exists almost everywhere and is positive. The proof is complete. 


Although we have used Theorem 3.6.9 only to consider stability 
properties of perturbed systems, we give below a result that makes 
such a treatment easier. 


Tueorem 3.6.10. Under the assumptions of Theorem 3.6.9, there 
exists a function w(t, x) satisfying (1) and Dtw(t, x) < —w(t, x). 
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Proof. By Theorem 3.6.9, there exists a function V(t, x) such that (1) 

and (2) hold. Without loss of generality, we may assume that C(w) is 

differentiable, C’(0) = 0, and if ds/C(s) = oo. If C(u) does not have 

these properties, we can choose such a function C\(u) satisfying 
C\(u) < C(u). Consider the function 


wh 


Aw) = exp | aol for O<uc<p. 


It is clear from the properties of C(u) that A(0) = 0 and A’(u) exists and is 
continuous on 0 <u <p, so that | A’(w)| < K. We now define the 
desired function w(t, x) by 


w(t, x) = V(t, x)). 


It is easy to check that this function verifies the required properties. 
The proof is therefore complete. 


3.7. Stability by the first approximation 


Let x,(¢) be a solution of (3.2.1). Set y = x — x,(#), and obtain the 
equation 


y = x' — x(t) = f(t, x) — f(t, x(t) 
= f(t,y + x(t) — f(t, xo(t)) 
_ & (t,x) 
Ox 


y + 0(i| y |). 


A natural question is whether we can legitimately neglect the terms of 
the form O(|| y ||). In the theory of stability by the first approximation, 
this procedure is justified. The following theorem is to that effect. 


THEOREM 3.7.1. Suppose that the trivial solution x = 0 of (3.2.1) is 
exponentially asymptotically stable and f(t, x) in (3.2.1) is linear in x. 
Assume further that the function R(z, x) in (3.5.1) satisfies the relation 


i| RZ, x)I| < Cl] || (3.7.1) 


for || x || <p, C being a sufficiently small constant. Then, the trivial 
solution x = 0 of (3.5.1) is exponentially asymptotically stable. 


Proof. By Theorem 3.6.1, there exists a function V(t, x) having the 
following properties: 

Gi) Vect[ x S,,R,], and V(t,x) is Lipschitzian in x for a 
constant K > 0. 
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(Gi) jx] < V(t,x) < Kijx|,@x)eJ x S,. 
Qi) D*V(t, X)g 24 < —aV(t, x), « > 0, (t,x)e J x S,. 
Hence, for || x || << p, we have 
D*V(t, X)e.s. <D'V(b x2 + KI RE,» (3.7.2) 


using the fact that V(¢, _ is Lipschitzian with a constant K. Define 


ap/K. Because of (it), Begever | xg l| < IoiK. we have m(tg) < 4p. 
We claim that m(t) < p for t >t). If this is not true, there exist 
numbers ¢, and ¢, such that 


mts) = 3p, mt) = p, 
and 
m(t) > = dp, te [te , t,]. 


Thus, Dim(t,) = 0. On the other hand, since m(t) < p fort, <t <t,, 
we have, by (ii), that 
|e) Sp, ty Stcn. 
Hencc, using condition (iii), together with (3.7.1) and (3.7.2), leads to 
Di m(t,) < —om(t,) + KC|{ x(t2)!| 
= m(t,)[—« + KC], 

because || x || < V(t, x). Since C is sufficiently small, there exists a 
y > 0 such that C < (a — y)/K. This implies that Dtm(t,) < 0, and 


this contradiction proves that m(t) <p for ¢ >t). Consequently, 
|| x(2)|| < p for t > t,. Thus, whenever || xy || < 4p/K, we have 


D*V(t, x(t)) < —yV(t, x(t)), 
and therefore, by Theorem 1.4.1, 
V(t, x(t) < V(to . Xo) exp[—y(t — to)], t > ty. 
It is easy to obtain from this inequality a further inequality 
Ilx(t, tel <pexpl—we — tJ, 1 > toy 
which proves the stated result. The proof of the theorem is complete. 


The linearity of f(¢, x) in x can be dropped, if f(z, x) satisfies a Lipschitz 
condition in x for a constant L = L(p) > 0. The next theorem is there- 
fore a generalization of Theorem 3.7.1. 
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THEOREM 3.7.2. Assume that the trivial solution x = 0 of (3.2.1) 
is exponentially asymptotically stable and f(t, x) satisfies a Lipschitz 
condition for a constant L = L(p) > 0. Let 


| RG, x)| < Nilxi| for |x| <p, 
where N = N(p) is sufficiently small. Then, the trivial solution of 
(3.5.1) is exponentially asymptotically stable. 


Proof. By Theorem 3.6.2, there exists a function V(t, x) with the 
following properties: 


(i) VecCL] x S,,R,], and V(t, x) satisfies a Lipschitz condition 
with M = KIL+0-@)]/a, Q<q< il. 


(ii) |[x |] < V@,x) < Kix, (4 x)eJ x S,. 
(iii) D*V(t, x) < —qoV(t, x). 


Now, following the proof of Theorem 3.7.1, one can prove the stated 
result. Here we have to choose y > 0 such that N < (aq — y)/M. 


THEOREM 3.7.3. Assume that the trivial solution of (3.2.1) is exponent- 


ially asymptotically stable and that f(t, x) is linear in x. Suppose further 
that 


(i) FeCl] x S,, R”), and, given any « > 0, there exist d(e), T(e) 
such that 


FG *)l<ell xl, ell < oe), ¢ > Te); 


(ii) ReCL[J x S,, R"], R(¢, 0) = 0, and there exists an 7 > 0 
such that, if || x || < », 


|REx*MI<y@), t20, 
where y € C[J, R,] and 
ttt 
| y(s) ds > 0 as t—> oo, 
t 
Then, there exists a T, > 0 such that, for ty > T,, the trivial solution of 
x = f(t, x) + FG, x) + Ri, x) (3.7.3) 


is asymptotically stable. 
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Proof. Since the solution x = 0 of (3.2.1) is assumed to be exponentially 
asymptotically stable, there exists, by Theorem 3.6.1, a function V(¢, x) 
satisfying 


(a) VeC{] x S,, R,], and V(¢, x) is Lipschitzian in x for a constant 
K>0; 
(b) lx] < V(x) < Kix, @GxeJ x S,; 
(c) D'V(t, x)g21) < —eVEE, x), « > 0, @ xe J x S,. 
Let « be given such that 0 < « < min(a/K, 7). Choose Ty > 1 so 
large that, for t > T,, we have 
t 
K | exp[—(a — Ke)(t — s)]y(s) ds < 38(c) = 8,, (3.7.4) 
1 
where (ce) <«. As shown in Theorem 2.14.6, this choice is possible. 
If || «|| << p, it is easy to obtain 
DV(t, *)o...9 S D'V(t, x)eeu + AMEE xl + RG xi. G.7-5) 


Consider the function m(t) = V(t, x(t)), x(t) = x(t, tp , x9) being any 
solution of (3.7.3). We maintain that, whenever || xy || < 5,/K, we have 
|| x(z)|| << d(e), t > ty . If this were false, there would exist at, > t) > Ty 
such that 


I| x(t.) = 86), I] x@Il < de), te [to, ty]. 


In view of conditions (i) and (ii) and (3.7.5), there results the differential 
inequality 


Dtm(t) < —(« — Ke)m(t) + Ky(t),  t€ [ty , ty]. 


Here, we have used that | x(2)|| < V(t, x(t)) and D'tV(t, x)ig04) < 
—aV(t, x). According to Theorem 1.4.1, we can deduce 


m(t) < m(to) exp[—(« — Ke)(t — fp)] 
t 
+K { _v(s) exp. (a ~ Ke(t = s)] ds 
for t € [tj , t,], which, in turn, gives, for ¢ € [ty , f,], 
i| w(2)I| < Kl| % || exp[—(a — Ke)(t — t)] 


ate | y(s) exp[—(a — Ke)(t — s)] ds, (3.7.6) 
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using relation (b). At ¢ = t,, we shall then have a contradiction 
d(e) = || #(4)I| < 6, + 8, = d(e). 


Thus, || x9 || < 5,/K implies |] x(2)|| < 6(e), t > t) > Ty . Consequently, 
(3.7.6) is valid for all ¢ > t), and the asymptotic stability of the trivial 
solution of (3.7.3) follows, as in Theorem 2.14.4. 


THEOREM 3.7.4. Assume that fe C[LJ x S,, R°], f(t, 0) = 0, of(t, x)/ 0x 
exists and is continuous for (¢, x) € J x S,, and that the trivial solution 
of the variational system 


x’ = f,(t, O)x (3.7.7) 


is exponentially asymptotically stable. Suppose that assumption (ii) of 
Theorem 3.7.3 holds. Then, there exists a 7, => 0 such that, for t, > Ty, 
the trivial solution of (3.5.1) is asymptotically stable. 


Proof. Since f(t, 0) = 0 and @f(t, x)/@x exists and is continuous, we 
have 


f(t, *) = fi(t, O)x + F(t, x), 
where F(t, x) satisfies assumption (i) of Theorem 3.7.3. Hence, the 
differential system (3.5.1) takes the form 
x’ = f(t, O)x + F(t, x) + R(t, x). 


It is therefore clear that the stated result follows by Theorem 3.7.3. 


THEOREM 3.7.5. Let us suppose that the trivial solution of (3.2.1) is 
generalized exponentially asymptotically stable and that f(t, x) is linear 
in x. Suppose further that the perturbation R(t, x) verifies the estimate 


| R(t, x)| < w(t, ||* |), xyes x S,, 


where wEC[J x R,, R,], w(t, 0) = 0, and w(t, u) is nondecreasing in 
u for t¢ J. Then, the stability or asymptotic stability of the trivial 
solution of 


uo = —p'(thu + K(t)w(t, x), u(ty) = uy = 0, 


implies the equistability or equi-asymptotic stability of the trivial solution 
of the perturbed system (3.5.1). 


Proof. On the basis of Theorem 3.6.1, there exists a function V{(z, x) 
fulfilling the following conditions: 
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(i) Vec{] x S,,R,], and V(t, x) is Lipschitzian in x for a 
function A(t) > 0. 

(ii) Ile] < V(t,*%) < K@MIlal, GxeJ x S,. 

(iii) D'V(t, ean < —P'O Via) (Bx ET x S,. 
Thus, whenever || x || < p, it can be readily verified that 

D'V(t, Xess) < DV(t, *)een + KOI RG I. 
which yields a further inequality 
D'V(t, x).sa < —P (V(t, x) + K(t)w(t, VE, x)) 


because of (ii), (iii), and the monotonic character of w(f, uv) in u. We can 
now apply Theorems 3.3.1, 3.3.2, 3.4.1, and 3.4.2 to obtain the desired 
result. 


THEOREM 3.7.6. Let fe CLS,, R"], f(0) = 0, flax) = a®f(x), m > 1, 


and the trivial solution of 


x’ = f(x) (3.7.8) 
be asymptotically stable. Then, the trivial solution of the system 
dy/ds = F(y), (3.7.9) 
where 
f(y) 
BE ee 5 0 
Fy) = \ Toi? Wh 
0, yl = 9, 


is exponentially asymptotically stable. 
Proof. Let (5, Sg , %) be a solution of (3.7.9) and 


5 du 
‘O= | 5e5 ort 


s(t) being the inverse function of #(s). Set x(f) = y(s(Z), 59 , %o). Then, 


dx(t) att) 


das © (a(t), 5a» Xq)) 


= Fly(st), So > Xq)] ( dt(s) ) 
\| (s(t), So» xi ds 


= f(x). 
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Furthermore, x(f)) = *%), where ty = t(sy). Since the solution « = 0 
of (3.7.8) is assumed to be asymptotically stable, the function f(x) being 
autonomous, we have 


{| x(2)I| < a(|] x9 ||o(t — to), t2>t, 
where ace &,ae€ &. It therefore follows that 


il v(5, 50» Xo)ll < a(|| Xo Il)oLe(s) — t(50)] 
8 du 
<a) pa or] 


< a(|j % ||o[B(s — 59)] 
= a(| % |Jor(s — 50), (3.7.10) 


where o, € Y, using the fact that y(u, sy , Xo) is bounded, and so 
1 
—__________ > B > 0. 
Ines sor ~ P 


From the evaluation (3.7.J0), the uniform asymptotic stability of the 
solution y = 0 of (3.7.9) is evident. 

Clearly, F(y) is homogeneous in y of first degree. Hence, because of 
uniqueness of solutions, it results that 


VS, Sq » HXq) = AVS, $0 5 Xp). 


Moreover, using (3.7.10), we derive that 


| 
| 


(6,505 mob = |» (5.50, G28 = 8) 


<!! 


5. l a(5q)oy(5 — 59) 


= a*(\| xX» |Jor(s — 5), 


which implies that a*(u) is linear in uw. 

One can now conclude, on the basis of Corollary 3.6.6 and the facts 
that a*(u) is linear in u and F(y) is homogeneous in y of first degree, 
that the trivial solution of (3.7.9) is exponentially asymptotically stable. 


TuHeorem 3.7.7. Let fe C[S,, R"], f(0) = 0, o®f(x) = flax), m > I, 
and the trivial solution of (3.7.8) be asymptotically stable. Assume that 
ReC{[J x S,, R”] and 


| Re )| < Cixi", Gaxye]Tx,, (3.7.11) 
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C being a sufficiently small constant. Then, the trivial solution of the 
system 


x’ = f(x) + R(t, x) (3.7.12) 
is uniformly asymptotically stable. 


Proof. Vet x(t, ty , Xo) be a solution of (3.7.12). Define 
t 
s(t) = | xz, ty , xg) de, 
0 


and let #(s) be the inverse function of s(t). Setting y(t) = x(t(s), ty , Xo), 
it is easy to check that 


dy(s)_ f(x) 
ds ~ jx)" 


Rs), ¥(5)) 
yer? 


+ 


verifying that +(s) satisfies the system 
dy/ds = F(y) + R*(s, y), 
where, in view of (3.7.11), 


Es 
<Cily |. 


The conditions of Theorem 3.7.1 being fulfilled, it follows that 


Il y(S) S All xo fl exp[—als — 59)} (So = S(40)), 
whence 
I] x(t(s), f  ¥q)I| < K]j xq |i exp[—a(s — 59)], 
and therefore 
| x(4, to » ¥o)ll < Al] xo li exp[—e(s(Z) — s(éq))] 
t 
<Kiixqllexp [—a [lx ty, xy)? du]. (3.7.13) 

fy 

Since the solution y(s) is defined for all s > sy, lim,,.. s(t) = 00. This 

shows that the integral in (3.7.13) is divergent, proving the exponential 


asymptotic stability of the trivial solution of (3.7.12). The theorem is 
proved. 
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The next theorem is of less general character, which may prove 
effective in certain concrete cases. The importance of the theorem, 
however, is that a judicious selection of V(t, x), reflecting more closely 
particular properties of the given system, frequently leads to much 
more precise results rather than yielding to the temptation of choosing 
V(é, x) as simple as possible, such as V(t, x) = || x |). 


THEOREM 3.7.8. Let the following assymptions hold: 


(i) There exists a continuously differentiable matrix G(é), which 
is self-adjoint and positive, that is, the Hermitian form (Gx, x) is positive 
definite, and A, ,A, > 0 are the smallest and the largest eigenvalues 
of Gt). 

(ii) The function ge C[J, R] is the largest eigenvalue of the matrix 
G-\(t) O(t), where 
_ AG) 
O(t) ad dt 


+ GW)At) + A*@)G(t), 
A(t) being a continuous matrix on J and A*(t) its transpose. 
(iii) ReCL[J x S,, R"), and 
| R(t, x) <A) x i O<a<l, 
where Be C[J, R,]. 
Then, the stability properties of the trivial solution of 
ul = g(t)u + 2B(t)AAys Purr? (3.7.14) 
imply the corresponding stability properties of the trivial solution of 
x’ = A(t)x + R(t, x). (3.7.15) 
In particular, if « = |] and 
Fas) + 20.2)!760)] ds = —c0, (3.7.16) 
to 
then the trivial solution of (3.7.15) is asymptotically stable. 


Proof. Let us consider the Lyapunov function defined by 


V(t, x) = (G(t)x, x). 
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We then have 


V(t, x) = ont, Dig ort, Y La(iye + R»)] 


= (G'x, x) -|- (GAx, x) + (Gx, Ax) 4- (GR, x) + (Gx, R) 
= (G’x, x) + (GAx, x) + (A*Gx, x) + (GR, x) + (Gx, R) 
= (O(t)x, x) + (GR, x) + (Gx, R). 
In view of the definition of Q(t), we also obtain 
G-\(t)O(t) = Go “a 4+ A+ G14*G, 


and hence 
(Ox, x) < g(t)(Gx, x) = g(t)V(t, x). 


Furthermore, it is easy to infer that 


(Gx, R) -+ (GR, x) < 2[(Gx, x)\(GR, RY}. 


Since 
A(x, x) < (Gx, x) < A,(x, x), 


it follows, on account of (iii), that 
(GR, R) <A(R, R) < AB()(x, x) 
= AAP BAA, x)? 
< AABN 2)F. 
‘Taking into account all of these inequalities, we arrive at 
V(t, x) S qt)V(t, x) + BOAAAY PVE, xo? 


We can now use Theorems 3.3.3, 3.3.4, 3.4.3, and 3.4.4 to get the 
stated result. 

If « = 1 and (3.7.16) holds, it is clear that the trivial solution of 
(3.7.14) is asymptotically stable, and consequently the asymptotic 
stability of the trivial solution of (3.7.15) follows. 


3.8. Total stability 


The theorems in this section emphasize the importance of uniform 
asymptotic stability in that, if the trivial solution is uniformly asymp- 
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totically stable, it also has certain stability properties under different 
classes of perturbations. 


DEFINITION 3.8.1. The trivial solution « = 0 of (3.2.1) is said to be 
T,-totally stable (stable with respect to permanent perturbations) if, 
for every « > 0, t, € J, there exist two positive numbers 6, = 6,(e) and 
5, = 6,(e) such that for every solution x(t, tg, x9) of the perturbed 
differential equation (3.5.1) the inequality 


{| x(t, ty 3 Xp) || < €, t = ty 


holds, provided that 
Il ¥ol] < 8 


and 
|| R(t, x)|| < 8, for |{x||<e,te J. (3.8.1) 


THEOREM 3.8.1. If the trivial solution x = 0 of (3.2.1) is uniformly 
asymptotically stable and 


Kf (t, x) — f(t, 9) <LI x — y fh 
for (t, x), (t, y)e J x S, and 


| f ” L(s) ds 


< Kl ul, 


then the trivial solution x = 0 of (3.2.1) is also 7,-totally stable. 


Proof. According to Theorem 3.6.9, it follows from the uniform 
asymptotic stability of the trivial solution of (3.2.1) that there exists 
a function V(t, x) satisfying the following conditions: 

(a) A(x ll) < Vie, x) < a(x |),4 bE #. 

(b) | V(t,x) — Vy) <M |x — yl, (4%) (9) € J X Soe), where 

d(e) and 5) appear in (.S¢). 
(c) DtV(t, x) < —C[V@, x)], Ce X&. 
Let 0 < « < 6(5,) be given. Choose 5, = 6,(e) such that 
Ble) > a(8,)- (3.8.2) 


Define m(t) = V(#, x(t)), where x(t) = x(t, fy, Xo) is any solution of 
(3.5.1) such that || xy || < 6, . This, because of (a), implies m(t,) < a(6,). 
We claim that 


m(t) < Be), tS ty. (3.8.3) 
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If this is false, there exist two numbers t, > t, > ty such that 


m(t) = a(S,), m(t,) = b(e) 
and 
m(t) = a(8,), t<t<h. 
Thus, we would have 
Dtm(t,) = 0. (3.8.4) 
On the other hand, observe that, for tj < t < tf, , we have 
B(!| x(#)Il) < V(t, w(t) = m(t) < b€), 
which implies that 
Il x(2)I| < € < 8(8p), te [t,t]. 
Thus, we can use conditions (b) and (c) to arrive at 
D*m(t,) < —C[a(d,)] + M|| Re, x(42))l- (3.8.5) 
Now choose 


8, = 8,(6.) = LA) 


The fact that || «(¢,)|| <¢, together with relations (3.8.1) and (3.8.5), 
leads to 


D*m(t,) < —Cfa(s,)] + M6, = 0, 


which contradicts (3.8.4) and proves (3.8.3). From this follows that the 
trivial solution x = 0 of (3.2.1) is T,-totally stable. The theorem is 
proved. 


A variant of the notion of total stability with respect to perturbations 
may be defined if, instead of (3.8.1), we only require that the perturba- 
tions be bounded in the mean. 


DEFINITION 3.8.2. The trivial solution x = 0 of (3.2.1) is said to be 
T>,-totally stable (stable under permanent perturbations bounded in 
the mean) if, for every « > 0, t) € J, and T > 0, there exist two positive 
numbers 6, = 6,(e) and 6, = 4,(e) such that, for every solution x(Z, fo, Xo) 
of the perturbed differential system (3.5.1), the inequality 


|| #(2, fy, Xp)I| <<, t > ty 
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holds, provided that 


lol < 6, [RG x)] <A@) for |x|] <e (3.8.6) 
and 


[x ds <8. (3.8.7) 


THEOREM 3.8.2. Under the assumptions of Theorem 3.8.1, the trivial 
solution x = 0 of (3.2.1) is T,-totally stable. 


Proof. We proceed as in the proof of Theorem 3.8.1 and choose 
8, = 5,(e) by relation (3.8.2). Let || x || <6, and m(t) = V(t, x(t)), 
where x(t) = x(t, to, x9) is any solution of (3.5.1). As before, m(t)) < a(8,), 
and the claim (3.8.3) is true. If it is not the case, there exists a t, > fy 
such that m(t) < d(e) for tj <t < t,, which implies that 


\} x(2)I] Ke < 88), &<t<h. 
Denote #, — ty = T, and choose 


5, = 8,(e) < b(e) — J*(J(a(,))/M, (3.8.8) 
where 


ud 
Iu) — oo) = fay 
and J~! is the inverse function of J. From relations (b) and (c), we 
obtain, for ¢ € [ft , 4], 
D*V(t, x(t)) < —C[V(t, x(2))] + MI) R(t, x(2)h 


If we now define 
a(t) = V(t, x(t) — o(8), 
where 
t 
ot) = MJ IRs, xs) ds, 
we obtain the inequality 
Dt2a(t) < —C[z(d)], 


using the monotonic character of C(u) and the fact that 2(t) > V(#, x(#)), 
which implies, in view of Theorem 1.4.1, that 


x(t) < IJV (to. %0)] — (¢~ bo)], te [tos 1) 
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Note that the maximal solution of uw’ = —C(u), u(t) = V(ty, x9) is 
just the right-hand side of the foregoing inequality. Thus, it follows that 
V(t, x(t) < JAI (tos %0)] — (t — bo) + 0), HE [hy 1) 


From this, we derive a further inequality, using the facts that || x(£)|| < e 
for tf) <t <t) + T, V(t), x) < a(5,) and relations (3.8.6), (3.8.7), 
and (3.8.8), 


Be) < Vtg + Ty x(to + T)) < J* Ulex] — T] + Md, < b¢). 
This contradiction assures that m(t) < b(e), t > t), which, in its turn, 


implies 7.,-total stability of the solution x = 0 of (3.2.1). This completes 
the proof. 


In the case of certain perturbations that approach zero as t > o, 
uniform asymptotic stability implies total asymptotic stability defined 
below. 


DEFINITION 3.8.3. The trivial solution x = O of (3.2.1) is said to be 
totally untformly asymptotically stable if, for solutions x(t, ty , x9) of the 
perturbed differential system (3.5.1), the definition (S,) holds, provided 
that R(t, 0) = 0 and 


| R(t, *)| <o(t), EY, (3.8.9) 
uniformly for {| x || < p. 
THEOREM 3.8.3. Under the assumptions of Theorem 3.8.1, the trivial 


solution x = 0 of (3.2.1) is totally uniformly asymptotically stable, 
provided R(t, x) also satisfies a Lipschitz condition in x. 


Proof. Consider the same function V(t, x) as in Theorem 3.8.1. If 
|| x || < 8(89) = py, we would have 


D'V(t, *)e5a) < —CLV(E, «)] + M]| RU, *)|| 
< —C[V(t, x)] + Mo(t) 
= a(t, V(t, x)). 


Let 0 <a <8 < py be given, and let K(a, 8) = $C(«). Since ce &, 
there exists a @(«, 8) = 0 such that o(t) < 4C(«)/M, t > 4(a, 8). Thus, 
ifa <u <P, t > Ha, B), we have 


g(t, u) = —C(u) + Mo(t) 
< —C(a) + 3C(a) == —K(a f). 
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The conditions of Theorem 3.4.10 being verified, it is easy to see that 
Theorem 3.8.3 is proved. 


3.9. Integral stability 


We shall continue to study the system (3.2.1) and its perturbed 
system (3.5.1). However, for the purposes of this section, it becomes 
necessary to assume that p = oo so that functions f, R occurring therein 


are such that f, RE C[J x R®, R”). 


DeFINITION 3.9.1. The trivial solution x = 0 of (3.2.1) is said to be 


(1,) Equi-integrally stable if, for every « > 0 and t, € J, there exists 
a positive function B = B(t,, «), which is continuous in f, for each « 
and Be & for each ¢,, such that, for every solution x(Z, fy , x9) of the 
perturbed differential system (3.5.1), the inequality 


I x(t, to, Xo)ll < B, t >t, 


holds, provided that 
I Xo I < a, 
and, for every T > 0, 


tot+T 
J sup || R(s x)\| ds <a. 
ty lixil<B 
(1,) Uniformly-integrally stable if the B in (J) is independent of fy . 
(,) Equi-asymptotically integrally stable if (I,) holds and, for every 
« >0,a > 0, and ¢#,¢€ J, there exist positive numbers T = T(t, «, €) 
and y = y(ty, «, «) such that, for every solution of the system (3.5.1), 
the inequality 


H x(t, ty ’ Xo)ll < €, t = ty “le T, 
holds, provided that 
| % ll < o 
and 


i sup |] R(s, x)|| ds < y. 


to IIlxIl<8 


(I,) Uniformly-asymptotically integrally stable if the T and y in (J) 
are independent of t, and (J) holds. 
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In addition to the scalar differential equation (3.2.3), let us consider 
the following perturbed equation: 


uw = a(t,u) +40), (to) = up, (3.9.1) 
where ge C[/ x R,, R] and deC{[/, R,]. 


DerIniITIon 3.9.2. The null solution u = 0 of (3.2.3) is said to be 


(If) Equi-integrally stable if, for every a, > 0, t,¢ J, there exists 
a positive function 8, = f§,(¢), «,) that is continuous in ¢, for each a, 
and 8, € % for each ty such that, whichever be the function ¢ € C[J, R,] 
with 

to+T 


[dQ <a 


for every T > 0, every solution u(t, ty), u%) of the perturbed scalar 
equation (3.9.1) satisfies the inequality 


u(t, ty, Uy) < By, tet, 
provided that 
Uy Kay. 


The definitions (J}})-(/#) may be formulated similarly. 


TuEorrM 3.9.1. Assume that there exist functions V(t, x) and g(t, w) 
satisfying the following properties: 

(i) geClJ x R,, Rh gt,0) =O. 

(ii) VEC x R", R,], V(t, x) is Lipschitzian in x for a constant 
M > 0, and there exists a function b € % such that b(u) —» oc asu —> o, 
and 

A(x ||) <V(t,x),  (t,x)e J x R" 

(iii) D' VE, Xoa <alt, Vit»), (6x) EJ x RY 
Then, the equi-integral stability of the null solution u = 0 of (3.2.3) 
implies the equi-integral stability of the trivial solution x = 0 of (3.2.1). 


Proof. Let « > OQ and ft, € J be given, and let || x || < «. Since V(Z, x) 
is Lipschitzian in x for a constant M > 0, we have 


| V(t, x) — V(t,9)| < Mix — yh (3.9.2) 


from which it follows that V(t) , x9) < Ma == a, . Let x(t) = x(t, ty , Xo) 
be any solution of (3.5.1). Then, condition (ili), together with (3.9.2), 
yields, as far as x(¢) exists to the right of f, , 


D'V(t, Xesay Sat, VE, x)) + MI RE, x). 
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Define A(t) = M || R(t, x(2))||, and choose uy = V(t) , x9). An application 
of Theorem 1.4.] shows that 


V(t, x(t)) <r(t, ty , uy), (3.9.3) 
on the common interval of existence of x(t) and r(t, fy , uy), where 
r(t, tg , Mp) is the maximal solution of 

u’ = g(t, u) + A(t), U(ty) = Uy 


Assume now that (J;*) holds. Then, given «, > 0 and t, € J, there exists 
a B, = 8,(t , «,), which is continuous in f, for each a, and B, ¢ & for 
each Z, , such that, for every solution u(Z, ty , ug) of (3.9.1), the inequality 


u(t, to, Up) < By, t > ty, 


holds, whenever uy < a, and, for every T > 0, 


fotT 


| b(s) ds < om. 


Since assumption (ii) holds, it is possible to choose a B = A(t, , «) 
satisfying the relation 


b(8) > B,, (3.9.4) 
where , is the function occurring in (J). Evidently, 8 is continuous in 


ty for each « and 8 € # for each t, . We claim that, with this £, definition 
(J,) holds. If this is not true, there would exist a 4, > t) such that 


I| (41, t9, Xl = B (3.9.5) 
and 
i x(Z, tg » Xl < B, te [ty , ty]. 
For t € [ty , 44], take 
f(t) = M| RG, x(t). 


Then we have 
[669 ds =f" MIRE, xy 4 


< Mf sup || R(s, »)I 


to (xls 


< Ma =m. 
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We extend d(t) continuously for all ¢ > ty such that 
[seas <a. 
To do this, it is enough to take ¢, > ¢,, satisfying the inequality 


4 
(a, — f *4(s) ds) 
to 
1+$(4)  ’ 
to put A(t.) = 0, and to take A(t) linear on [#,, t,] and ¢(t) = 0 for 
are 
Let 7*(t, ty , uy) be the maximal solution of the perturbed differential 


equation (3.9.1) with ¢(t) chosen as before. Because of (J;*), it would 
follow from uy < «, and 


ty hy < 


to+T 


J d(s)ds << am, 


to 


for every T > 0, that 
r*(t, ty, Uy) < By, t>t. 
But, on [tf , t,], we have 
r*(t, ty ’ Uy) = r(t, ty ? Uy); 
since A(2) and ¢(¢) are identical on this interval. Hence, r(t, , tg , Us) < fy. 
Thus, we get, from relations (3.9.5), (3.9.3), (3.9.4), and assumption (ii), 
the following absurdity: 
B(B) < V(t, , *(t3)) < r(ty , to» Mo) < By < 4(A). 


This proves the integral stability of the trivial solution of (3.2.1). 


CoroLiary 3.9.1. If the function g(t, uv) = A(t)u enjoys the property 
that Ae C[LJ, R] and 


e Xs) ds << aw, 


fo 


then it is a candidate in Theorem 3.9.1. 


THEOREM 3.9.2. Under the assumptions of Theorem 3.9.1, the uniform 
integral stability of the solution wu = 0 of (3.2.3) assures the uniform 
integral stability of the solution x = 0 of (3.2.1). 


Proof. The proof is very much the same except to observe from (3.9.4) 
that 8 is independent of t, since 8, does not depend on Z, by assumption. 
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Corotiary 3.9.2. The function g(f, uv) =0 is admissible in 
Theorem 3.9.2. 


THEOREM 3.9.3. Let the assumptions of Theorem 3.9.1 hold. Assume 
that the trivial solution of (3.2.3) is equi-asymptotically integrally stable. 
Then, the null solution of (3.2.1) is likewise equi-asymptotically 
integrally stable. 


Proof. On the basis of Theorem 3.9.1, the trivial solution of (3.2.1) is 
equi-integrally stable. Let « > 0,« > 0, and t,e€ J be given, and let 
|] %» || < «. As in Theorem 3.9.1, we define a, = Ma. Let 8 = (ty, x) 
be the same function obtained by relation (3.9.4), for which (/,) holds. 

Since (J) holds, it follows that, given b(e) > 0, a, > 0, and, € J, 
there exists a pair of numbers y, = y,(t,, «,,€) and T = T(t, , «,, €) 
such that, whichever be the function ¢ € C[J, R,] with 


fda <n, 3.9.6) 


every solution u(t, ty, %)) of the perturbed scalar differential equation 
(3.9.1) satisfies 
u(t, ty 5%) < O(c), tht, (3.9.7) 
whenever uw) < «,. We now choose a positive number y = y(t, , a, €) 
so that 
My = y, (3.9.8) 
and maintain that, with the positive numbers T and y so defined, (Js) 
is satisfied. For otherwise, let {t,} be a sequence such that t, > zt) + T, 
t, > 00 as k > oo. Suppose that there is a solution x(t) = x(t, ty , Xo) 
of the system (3.5.1) such that || x9 || < « and || x(t, , to , xo)|| = «. As 
in the proof of Theorem 3.9.1, condition (iii), in view of the fact that 
V(t, x) is Lipschitzian, gives 
D*V(t, x(t) < g(t, V(t, x(t) + Ml) RE, x(0))) (3.9.9) 


If we now define ¢(t) = M || R(t, x(t))||, we have 
[, #0) ds = f° MIRE, sep) as 
< MJ sup i Rls, xl ds 
ty Ixil< 8 


<My=y, 


using (3.9.8) and the fact that Si, SUPjzi <a || R(s, x)| ds < y. This 
implies that, for solutions u(t, ty , ug) of (3.9.1), (3.9.7) is true, because 


196 CHAPTER 3 


of (3.9.6). Moreover, by (3.9.9) and the definition of (2), it follows from 
Theorem 1.4.1 that 


V(t, x(t)) < r(t, ty , Up), Bt (3.9.10) 


where ?(t, ty, Wy) is the maximal solution of (3.9.1). Hence, relations 
(3.9.10) and (3.9.7) and assumption (ii) of Theorem 3.9.1 lead us to the 
contradiction 


Be) < V(ty , H(tu)) < (tes to » Ho) < Ale), 


which proves the equi-asymptotic integral stability of the solution 
x == 0 of (3.2.1), and the theorem is complete. 


THEOREM 3.9.4. Let the assumptions of Theorem 3.9.1 hold. Assume 
that the null solution of (3.2.3) is uniformly asymptotically integrally 
stable. Then the solution x = 0 of (3.2.1) is likewise uniformly asymp- 
totically integrally stable. 


Proof. We note that, in this case, the positive numbers T and y, are 
independent of ¢) , and therefore (3.9.8) implies that y is also independent 
of t,. The rest of the proof is just the same as that of Theorem 3.9.3. 


If the function g(t, u) is assumed to be nonincreasing in u for each 
te J, we can obtain integral stability notions from the stability notions 
of the trivial solution vu = 0 of (3.2.3). To this end, we shall prove the 
following result. 


THEOREM 3.9.5. Assume that the hypotheses of Theorem 3.9.1 hold. 
Let the function g(t, uz) be nonincreasing in u for each te J. Then, 
uniform asymptotic stability of the null solution u = 0 of (3.2.3) implies 
uniform asymptotic integral stability of the trivial solution of (3.2.1). 


Proof. We first prove the uniform integral stability of the solution 
x= 0 of (3.2.1). By Theorem 3.3.5, uniform stability of the null 
solution of (3.2.3) implies the existence of a function B, € # such that 

u(t, to , Uo) S B, (Uo), t 2 to * (3.9.1 1) 


Let now « > 0 and t,€ J be given, and let || x9 || < «. Then we have, 
from (3.9.2), V(t), %) < Ma. Let x(t) = x(t, ty, %)) be any solution 
of (3.5.1) with |] x, || < «, and let 

mt) + o(t) = V(t, x(t), (3.9.12) 


where 


A) = MP RG, x) de 
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Using condition (iii) and inequality (3.9.2), we get 
Dim(t) < D*V(t, x(t). — MI| RG x@| 

DIVE, x())es.2.0 

a(t, V(t, x(4))), 


from which it follows, because of the monotonic nonincreasing character 
of g(t, uw) in uw and the fact that m(t) > V(#, x(é)), that 


S 
— 


D'm(t) < g(t, m(t)). 
By Theorem 1.4.1, we then have, as far as x(#) exists to the right of £, , 
m(t) < r(t, ty , Up), (3.9.13) 


where r(#, ty, %) is the maximal solution of (3.2.3) with uw = m(ty). 
Let 8 be so chosen that 


b(B) > B,(Ma) + Ma. (3.9.14) 


This choice is clearly possible in view of the fact that b(u) + co as u— 00, 
It is evident that 8 = B(«) and that Be &. We claim that, with this f, 
the trivial solution x = 0 of (3.2.1) is uniformly integrally stable, 
whenever || x9 || < « and, for every T > 0, 


éot+T 
| sup |] R(s, x)I}ds < a (3.9.15) 
to lixl<8 
Assuming that this claim is false, there exists a ¢; > t) such that 
|] x(t, , 9, %o)l| = 8 and || x(t, tf, x)l| <8, te [t,t]. 


We are then led to the absurdity, because of relations (3.9.12), (3.9.14), 
(3.9.15), and assumption (ii), 


B(B) < V(t, , x(4))) < r(t) , to, %) + b(t) 


<B(Ma)-+ f MII R(, x(6)] as 


ty 
<Py(Ma) + M [sup ii R(s, x) ds 


< B,(Ma) + Ma 


< 48), 
thus proving (J,). 
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To prove (/,), we have, by uniform asymptotic stability of the solution 
u = 0 of (3.2.3) and Theorem 3.4.11, the inequality 
u(t, ty, Up) < B,(up)o(t — to), t>t, (3.9.16) 


where B,€ # and ce #. If we are now given « > 0, « > 0, and 
t,€ J, we make the following choice: || x» || <a, My < O(c), and 
y = min(y, «). Since, for any solution x(t) = x(t, fy, %9) of (3.5.1), 
(3.9.13) is true, whenever uy = V(ty , xy), relations (3.9.12) and (3.9.16), 
together with assumption (ii), given the inequality 


bill x(2)l) < V(t, x) <r(t, tos mo) + Mf Rs, x(s)ds, tS ty 


t 
<By(Ma)o(t — ty) + MJ sup I} R(s, xl ds 


< B(Mejo(t — ty) + My. 
Since o € Y, there exists a T = T(«, €) such that 
_ («) — My 
of — 4) <~ Ba)’ 
and hence, for ¢ > tf) + 7, we would have 


B(|| x(@)I|) < (e), 


t>t, + T, 


which implies that 
| x(t, ty > Xp)|l <6, t = ty -+ T, 


provided || x9 || < « and (3.9.15) is satisfied. The theorem is proved. 


CoroLiary 3.9.3. Assume that there exists a function V(#, x) satisfying 
the following properties: 

(i) Vecl] x R", RJ, Vit,0) = 0,te J, and V(t, x) is positive 
definite and Lipschitzian in x for a constant M > 0. 

(ii) DtV(t, x)3.04) < —C(|| x|)), (4, x) € J x R", where the function 
Ce Xe. 


Then, the trivial solution of (3.2.1) is uniformly asymptotically integrally 
stable. 


Proof. By relation (3.9.2), we have V(t, x) < M||x||. This fact, 
together with condition (ii), is sufficient to arrive at the differential 
inequality 

D'V(t, Xeon < st, VE, %)), 
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where g(t, V) = - C(V(t, x)/M). It is now immediate, by Corollary 3.4.2, 
that the null solution of (3.2.3) is uniformly asymptotically stable. 
Moreover, g(t, u) defined previously has all the properties required by 
Theorem 3.9.5. Hence, the corollary is a consequence of Theorem 3.9.5. 


3.10. L?-stability 


Dertntt10on 3.10.1. The trivial solution x — 0 of (3.2.1) is said to be 


(L,) equi-1” stable if (S,) holds and there exists a 5) -= do(t)) > 0 
such that the inequality || x9 || < 6) implies 


[il s(s, to» xa)? ds < 00 (3.10.1) 
to 
(L,) uniform-L” stable if (S,) holds, the 69 in (1.1) is independent of fy , 
and the integral (3.10.1) converges uniformly in éj . 


The following example shows that L? stability need not necessarily 
imply asymptotic stability, and vice versa. ‘hus, they are different 
concepts. 

Consider the linear equation 


»  & lt) 
x om 2x, 3.10.2 
sa)” oe 
whose general solution 
t 
X(t, fy» Xo) oe Ky - 


If g(t) is a continuously differentiable, bounded 1 function on J which 
does not tend to zero as t > 00, then the trivial solution of (3.10.2) 1s 
I} stable but not asymptotically stable. On the other hand, if g(t) - - 
[log(é | 2)] 1, then the trivial solution of (3.10.2) is asymptotically 
stable but not L” stable for any p > 0. 

Analogous to the notions (L,) and (£,), we require the LL} stability 
notions for the null solution of the scalar differential equation (3.2.3). 


DeFINITION 3.10.2. The null solution uw —: 0 of (3.2.3) is (Li) equi-L! 
stable if (Sf) holds and there exists a dy -- dq(to) such that uy < do 
implies 


ioe) 
J uls, to 5 wp) ds < 00. (3.10.3) 
to 


The definition of uniform L! stability is clear. 
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THEOREM 3.10.1. Assume that there exist functions V(¢, x) and g(t, u) 
satisfying the following properties: 
(i) geC[] x R,,R] and g(t, 0) = 0,te J. 
(i) Vecl] «x S,, RJ, Vit, 0) =0, te J, V(t, x) is locally 
Lipschitzian in x, and 
Alix? <V(t,x),  (t,x)6] x S,. (3.10.4) 
(iii) D'tV(t, x) < g(t, Vit, x)), (t, x)e J x S,. 


Then, the equi-Z! stability of the null solution of (3.2.3) implies the 
equi-L? stability of the null solution x = 0 of (3.2.1). 


Proof. Assume that the null solution of (3.2.3) is equi-L! stable. Then, 
it is equistable and there exists a §, = 89(f)) such that uy < 8, implies 
(3.10.3). By Theorem 3.3.1, the equistability of the null solution of 
(3.2.1) follows, and therefore, to prove (L,), it remains to show that 
there exists a dy = S(t) such that || xy || < 6) assures (3.10.1). Since 
V(t, x) is continuous and V(t,0) = 0,t¢ J, there exists a positive 
number 5) = 8o(¢9) satisfying the inequalities 


Il %o ll < 8, V(ty » Xo) < 8p 
together. As in the proof of Theorem 3.1.1, using condition (iii) and 
Theorem 3.1.1, we get, by choosing uy = V(ty , Xo), the inequality 
V(t, x(t, to, Xo) <7(t, to, Uo), t Stes 


where x(t, fy , Xo) is any solution of (3.2.1) such that || x9 || < 5, and 
r(t, fy , Mg) 1s the maximal solution of (3.2.3). From this, the desired 
result (3.10.1) follows, using assumptions (3.10.4) and (3.10.3). The 
proof is thus complete. 


THEOREM 3.10.2. Assume that there exists a function V(t, x) with 
the following properties: 


(i) Vec{/ x S,,R,], V0) = 0,t¢ J, and V(t, x) is positive 
definite and locally Lipschitzian in x. 
fii) DIV, x) = —Ci «||P: Gxes xs,,C > 0. 
Then the null solution x — 0 of (3.2.1) is equi-L” stable. 
Proof. By Corollary 3.3.2, it follows that (.S,) holds. Let te J, and 
let 5g -= 8y(tg) > 0 be such that, if || x9 || < 59, then (¢, x(t, to, %)) Ee J x S, 
for t > ty. This is possible because (.S,) is valid. Define 


m(t) = V(t, x(t, ty » %)) + C | ; || x(s, ty , X9)|l ds. 
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Then, condition (ii), in view of Theorem 3.1.3, gives the inequality 
m(t) < m(ty), t2t, 


from which there further results 
700 1 
JM (s, tos xo)? ds < — V(ty , %). 
to 
It is clear that the null solution x = 0 is equi-L” stable. 


THEOREM 3.10.3. Let the assumptions of Theorem 3.10.1 hold. 
Suppose further that 


V(t, x) < a(|\ x |), (t,x)Ee J] x S,, ack, 


Then, the uniform-L! stability of the solution uw = 0 of (3.2.3) implies 
the uniform-L?” stability of the solution x = 0 of (3.2.1). 


Proof. By the assumption, the null solution of (3.2.3) is uniformly 
stable, and there exists a 5, independent of t, such that (3.10.3) holds 
uniformly in ¢#; whenever uy < 8). Consequently, the uniform stability 
of the solution x = 0 of (3.2.1) follows from Theorem 3.3.4. To prove 
that (L.) holds, we follow the proof of Theorem 3.10.1 and we choose 
Uy = a(|| Xl), thereby deducing 5, = a—1(§,). It is evident that 8, is 
independent of ¢) and the integral (3.10.1) is uniformly convergent in fy . 
This proves the theorem. 


Corotuary 3.10.1. Assume that there exists a function V(t, x) 
verifying the following conditions: 


(i) Vect] x S,,R,], V(t, x) is locally Lipschitzian, and, for 
(t,x)eJxS,, 


Alli? <V(t,x) < Bix, A,B>O. (3.10.5) 
(ii) D*V(t, x) < —C]lx|P, C>0,(@,x)e J x S,. 
Then, the null solution of (3.2.1) is uniform-L? stable. 
Proof. Assumption (ii), in virtue of (3.10.5), reduces to 
D'V(t, x) < g(t, V(t, x)), 


where g(t, wu) = —Cu/B, and hence it is easy to check that the solution 
u = 0 of (3.2.1) is uniform-L! stable. Now, the assertion of the corollary 
is a consequence of Theorem 3.10.3. 
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Although Z” stability and asymptotic stability are different concepts, 
under certain conditions L” stability implies asymptotic stability, as 
shown in the following: 


THEorEM 3.10.4. Let the trivial solution of (3.2.1) be L” stable, and 
let there exist a constant M > 0 such that 


f(t <M, (t,x)eJ x S,. 
Then, the trivial solution « = 0 of (3.2.1) is asymptotically stable. 


Proof. Assume that there is a solution x(t, ty , %9) of (3.2.1) such that 
ll xo || < So(to) and lim,... x(t, ty , %) 4 0. Then, there exists an « > 0 
and a sequence {t,.}, f;, — 00 as k —> oo such that 


| x(t, to» Xo)l| = 2e forall &. 
By assumption, 
x(t, fo Koll = F(t X(t, to MoI <M, tS ty, 
and hence there is a number A > 0 satisfying 
| X(t, to Xl 2 te StS ty, +A 
for each k. This contradicts (3.10.1), and the theorem is proved. 


We shall next consider some converse theorems for L? stability. 


THEOREM 3.10.5. Let us assume that 
(i) the function fe C[J x S,, R"], f(t, 0) = 0, and f,(t, x) exists 
and is continuous for (t, x)<€ J x S,; 
(ii) the solution «x(t, 0, x9) of (3.2.1) satisfies 


I| x(¢, 0, %)l < Ali xol, +t 20,8 > 0, (3.10.6) 


and J Il x(s, 0, Xo)? ds <0; 

(iii) the function ge C[J x R,, R], g(t, 0) = 0, and g,(t, u) exists 
and is continuous for (t, u)e J x R,; 

(iv) the solution u(t, 0, uw) of (3.2.3) verifies the estimate 


yy < [ u(s,0,%) ds, y>O0. (3.10.7) 
“0 


3.10. L?-STABILITY 203 


Then, there exists a function V(t, x) with the following properties: 
(1) VecC{[/ x S,, R,], Vi, 0) = 0, V(t, x) is continuously differ- 
entiable, and 
All x |]? < V(t, x), (t,x)e] x S,, A > 0; 
(2) V'(t, x) = g(t, Vit, x), (t,x) Ee J x S,. 


Proof. By assumptions (i) and (iii), the continuity and differentiability 
with respect to the initial values of the solutions x(t, ty , x9), u(é, to , Uo) 
of (3.2.1), (3.2.3), respectively, follows as in Theorem 3.6.4. Moreover, 
denoting x(é, 0, x9) by x, we see that x» = x(0, t, x), because of unique- 
ness of solutions. 

We choose a continuous function p(x) such that (0) = 0, du(x)/dx 
exists and is continuous, and 


a|| x ||P < p(x), a > 0, xesS,. (3.10.8) 
We then define the function 
V(t, x) = u(t, 0, u(x(0, t, x))) + fr u(s, O, (x(0, t, x))) ds. 
0 


It is clear that Ve C[J x S,, R,] and V(t, 0) = 0, since x(0, t, 0) = 0 
and u(t, 0, 0) = 0. Furthermore, taking into account the fact that the 
solutions x(t, ty, %9) and u(t, ty, uy) are differentiable with respect to 
their arguments, we have 


V(t, x) = u'(t, 0, w(x(0, t, x))) 


Ou . Op [ Ox(0, t, x) 0x(0, t, x) . 
Ou, Ox | a, + om, 1% »)| 
© Ou Ou Ox(0, t, x) Ox(0, t,x) _ 
> aly Al Cae ance ream *)| S 
= g(t, Vit, x)), 


because of (3.6.11). 
Using the relations (3.10.6), (3.10.7), (3.10.8), and the definition of 
Vit, x), we obtain 


V(t, x) > f i u(s, 0, pe(x(O, t, x))) ds 


ye(x(0, t, x)) 


z 
= yal! x(0, t, x)||? 


(04 


= el = Aljx ||. 


The proof is complete. 
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We notice that the full force of assumption (ii), that is, L?-nature of 
solutions x(t, 0, x9), is not used in the proof of Theorem 3.10.5. However, 
the linear character of the estimate in (3.10.6) is crucial in the proof. 
We give below a different type of converse theorem. 


THEOREM 3.10.6. Let assumption (i) of Theorem 3.10.5 hold. Further- 
more, suppose that 


Ball 0 |)ACL) < | #4, to» oy] < Bill Moll, tf St, (3.10.9) 


where f, , 8, € # and Ae CLJ, R,] such that Ae L”, Then, there exists 
a function V(t, x) satisfying the following: 


(1) VecC{] x S,, R,j, V(é, x) possesses continuous partial deriva- 
tives with respect to ¢ and the components of x, and V(t, x) is positive 
definite and decrescent. 


(2) V'(t,x)= —|l*|P, (4x)e J x S,. 
Proof. We define the function 


Vea) =| ila tayirds + [lates sas. 


Then, it is evident that Ve C[J x S,, R,], on the basis of assumption (i). 
Moreover, the differentiability of the solution x(t, ty , x9) with respect 
to the initial values assures that V(¢, x) is continuously differentiable. 
Hence, 


V(t, x) = —|l x(t, t, x)|? 


“S t, x) _ 


+ J" plist, s9it-%06, ¢,») [AS 22) F(t,a)) a 


an t, x) “oe 


+f pil x(s, t, x)|/”-?x(s, t, a(S 


BN 7 x)] as 
= —| |)’, 


on account of the relation (3.6.11). 
Also, using the fact that Ae L” and the estimate (3.10.9), we have, 
successively, 


V(t, x) > I I x(s, t, «| ds 


> Bar( i) [Gd 


=H(lx|), bet, 
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and 
V(t, x) <2 | Il x(s, t, x)||P ds 
0 


< 2B) [” a%) as 
= a(ijx jl), ack. 


The proof of the theorem is complete. 


3.11. Partial stability 


Let us consider a differential system of the form 
x’ = G(t, x, y), x(to) = X%, 
y = H(t,%,y), (to) = Yo» 
where GeC[J x S, x R™, R"], HeC[J x S, x RR”, and 
G(t, 0, 0) = 0, H(t, 0, 0) = 0,2 J. Let us denote a solution of (3.11.1) 
by x(t) = x(t, to, Xo» Vo)» H(t) = W(t, to » Xo » Yo)- 


(3.11.1) 


DEFINITION 3.11.1. The trivial solution x = 0, y = 0 of (3.11.1) is 
said to be (P,) partially equistable with respect to components x if, for 
each « > 0, t) € J, there exists a positive function § = 8(t, , ©) which is 
continuous in fy for each e such that the inequality 


il oll + Il yoll <6 
implies 
Il *(t; to » Xo Yo)ll <<, t2h. 


Corresponding to the group of definitions (.S,)-(S,,), we may formulate 
(P1)-(Pro)- 
THEOREM 3.11.1. Assume that there exist functions V(t, x,y) and 
a(t, u) satisfying the following properties: 

(i) Vect] x S, x R, R,], V(t, 0, 0) = 0, and V(t, x, y) is locally 


Lipschitzian in x and y. 
jli) geCl] x R,, R], g(t, 0) = 0, and 


D*V(t, x,y) = lim sup - [V(t + h, « + hG(t, x,y), y + hH(t, x, y)) 


— Vit, x, y)} 
< a(t, V(t, x, y)), (,a,vy)eJx S x R™. 
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Then 
(1) if the solution u = 0 of (3.2.3) is equistable and 


All) <V(t,x,9), bE #, (3.11.2) 


the trivial solution of (3.11.1) is partially equistable; 
(2) if the solution u = 0 of (3.2.3) is uniformly stable and 


Axl) <Va&*%,y) <alxlit+ivl), 466%, (3.11.3) 


the trivial solution of (3.11.1) is partially uniformly stable; 


(3) if the solution uw = 0 of (3.2.3) is equi-asymptotically stable and 
(3.11.2) holds, the trivial solution of (3.11.1) is partially equi-asymp- 
totically stable; 


(4) if the solution u = 0 of (3.2.3) is uniformly asymptotically 
stable and (3.11.3) holds, the trivial solution of (3.11.1) is partially 
uniformly asymptotically stable. 


Proof. Let 0 <« <p and z,e J. Assume that the solution u = 0 of 
(3.2.3) is equistable. Then, given b(c) > 0, t) € J, there exists a positive 
function 6 = (ft), «) that is continuous in ¢t, for each e such that, 
whenever uy < 5, we have 


u(t, tg, Uy) < Oe), t>th. (3.11.4) 


Choose uy = V(ty , %9, Yo). Since V(t, 0, 0) = 0 and V(Z, x, y) is con- 
tinuous, there exists a 6, == 5)(¢) , «) that is continuous in f) for each ¢« 
such that the inequalities 


oil + Ilyoll < 4, VG: Xp Ia) SO (3.11.5) 


hold at the same time. We maintain that, with this 6, , (P,) is satisfied. 
For otherwise, suppose that there exists at, > t) for which 


il v(4)I| = «, | x(@il < «, té [t,t], 
whenever || Xo || + || ¥o |] < 5,, so that 
Ble) < V(t, (ty), 9(t4))- (3.11.6) 


This implies that |j x(¢)|| < p for te [t),¢,], and hence condition (ii), 
together with the choice uy = V(ty, xy, Yo), yields, on the basis of 
Theorem 3.1.1, 


V(E, x(t), v(t)) < r(t, to , Uo), te [ty, 4], (3.11.7) 
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where 7(é, ty , %) is the maximal solution of (3.2.3). Relations (3.11.4), 
(3.11.6), and (3.11.7) lead to the absurdity 


Be) < V(t, , x(t,), (4) < (ty, to, Mo) < Ble), 


proving the validity of (P,). This establishes (1). 

To prove the statement concerning (2), we have to choose ug = 
a(|| Xo || + || vo ||) so that 5, may be taken equal to a—(6). Evidently, 
5, is independent of ft, , aiek as a result, (P,) is satisfied. 

Let us assume (.S#), so that (S}#*) and (S#) hold. Then, given d(e) > 0, 
t,¢ J, there exist positive numbers 5) = 49(t)) and T= T(t, €) 
satisfying 

u(t, ty , Uy) < B(e), t>1,+ 7, 


provided uy < 5). As previously, choosing uy = V(t , %, Vg), We can 
find a §, = 8)(t)) obeying the inequalities 


Il “oll + lyoll <5; V(ty , % 5 ¥o) <9 


simultaneously. It is easy to see that te) is true, which implies that the 
inequality (3.11.7) is valid for all t > t). If we now suppose that there 
exists a sequence {t,}, t, > ty + T, “aid t, —-> 00 as k — oo, such that 
|| x(t,)|| = ¢ for some solution x(Z), y(t) of (3.11.1) with the property 
that || x9 || + {| vo || < 8), we are encountered with the following con- 
tradiction: 


Ble) < V(ti » (te) Wt) S (te » tos Mo) < B(€). 


Thus, (P;) is true, which in turn shows the partial equi-asymptotic 
stability of the trivial solution of (3.11.1). 

Finally, analogous to the proof of (2), it is easy to verify the assertion 
occuring in (4). This completes the proof of the theorem. 


THEOREM 3.11.2. Suppose that the trivial solution of (3.11.1) is 
partially uniformly stable with respect to components x. Then, it is 
uniformly stable if the following conditions hold: 


(i) A(t, x, y) satisfies a Lipschitz condition in x and y for a constant 
>0 
(ii) The trivial solution of 


y = HG,0,y) (3.11.8) 


is uniformly asymptotically stable. 
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Proof. Consider the system 
y' = H(t,0,») + (H(t, 9) — H(t, 0,9). (3.11.9) 

By assumption (i), we have 

|| H(t, x,y) — H(t, 0, ¥)I| < K|j «||. (3.11.10) 
Treating (3.11.9) as a perturbed system of (3.11.8), hypotheses (i) and 
(ii) assure, on the basis of Theorem 3.8.1, that the solution y = 0 of 
(3.11.8) is T,-totally stable. It therefore follows that there exist positive 
numbers 6,(e), 6,(e) such that every solution y(t) of (3.11.9) verifies the 
inequality 

M(t, to Xo» Holl << t2, 


provided that || yp || < 6,(e) and 
l A(t, x,y) — H(t, 0, y)ll < 8,(¢), ey Il <€, te]. (3.11.11) 


If 53(e) == 6,(e)/K, we infer, from (3.11.10), that relation (3.11.11) is 
valid whenever || x || < 53(e). Since (P.) is assumed to hold for the system 
(3.11.1), it follows that, given 5,(e) > 0, ft) € J, there exists a 6,(<) > 0 
such that || x9 || + || ¥» || < 5,4(e) implies 


I x(t, fo 5 Xp» ¥o)l! < 8s(€), tS 19: 


Choose d(e) = min[8,(e), 8,(e)]. Then, || x || + || vo || < 6(e) guarantees 
(3.11.11), and 


Il (4, to » Xo » Yo)ll < &(e) <e, t2b, 
so that 
il v(t, ty Xo Voll < €, tty. 


Thus, the uniform stability of the trivial solution of (3.11.1) is proved. 


THEOREM 3.11.3. If conditions (i) and (ii) of Theorem 3.11.2 hold, 
the partial uniform asymptotic stability of the trivial solution of (3.11.1) 
assures the uniform asymptotic stability of the same trivial solution. 


Proof. Since the trivial solution of (3.11.1) is partially uniformly 
asymptotically stable, we may write 


Il #(t, f 5 Xs ¥odll < A(|| xo ll + lo l)o(t — to) (3.11.12) 
fort >t,Beé%, andoe &. Let 


R(t, y) = H(t, x(t), y) — H(t, 0, 9). 
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Then, because of (3.11.10) and (3.11.12), we deduce that 


I| RG yl] < KB(Il Xo il + {I Yo [ott — t)- (3.11.13) 


Consider the perturbed system 


y’ = H(t, 0,¥) + R(t, y); (3.11.14) 


and let V(t, y) be the Lyapunov function constructed according to 
Theorem 3.6.9. If || v9 || < 5(59) =-po, it follows that 


D*V(t, ¥)gs1a < —C[V(t, y)] + MIRE y)I), (3.11.15) 


where Ce &. Let || x9 || + || 49 || < 89, where 5, is the number occuring 
in the definition of partial uniform asymptotic stability. It is easy to 
deduce, taking into account relations (3.11.13) and (3.11.15), that 


D*Vit, Vesa < elt, V(t), 
where 
a(t, u) = —C(u) + MKB(6,)o(t). 


Notice that R(t, y) satisfies a Lipschitz condition in y because of con- 
dition (i). Let 0 < «a <P < py be given, and let K,(«, 8) = 4C(«). 
The fact that o € Y shows that there exists a O(a, 8) => O such that 


a(t) < ica if t > O(a, f). 


Consequently, ifa <u <f,t > Aa, B), we have 
g(t, u) = —C(u) + MKB(6o)o(¢) 
—C(a) + 3C(x) = —Ky (a, f). 


The hypotheses of Theorem 3.4.10 being verified, the conclusion follows 
as an application of Theorem 3.8.3. 


3.12. Stability of differential inequalities 


In this section, we shall be concerned with the differential inequality 
of the form 


|x’ — f(t, x) < ai(4, |i «)), (3.12.1) 


which holds for || x || <p, where fe CL] x R”, R"], f(t, 0) = 0, and 
gic Cl] x R,, Ry]. 
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DEFINITION 3.12.1. Let x(t) be a function defined and continuous for 
t > ty = 0. Suppose that x(t) has the derivative x’(¢) and it satisfies 
(3.12.1) for t €[t), 0) — S, where S is an atmost countable set of 
[tp , ©). Then x(t) is said to be a solution of the differential inequality 
(3.12.1). 

If g,(t, u) = 0, it is understood that S is empty and x(£) is a solution 
of the differential equation 


x’ =f(t,x), x(t) = %- (3.12.2) 
We wish to consider the stability properties of the differential ine- 
quality (3.12.1) with respect to origin. 
‘THEOREM 3.12.1. Let the following conditions hold: 
(i) Vect/ x S,, R,], Vit, 0) = 0, 
bx) <V(t,x), be x, (t,x)eTxS,, (3.12.3) 


and 
| V(t, x) —V(t,y)) <Lilx—yl, (4), (49)e J x S,, (3.12.4) 


L being a constant. 
(ii) g,EC[J x R,, R,], g(t, 0) = 0, and 
DtV(t, ®)g.19.2) <go(t, V(t, x)), = (t,x)E J x Sj; (3.12.5) 
(iii) g,(t, 0) == 0, and g,(t, uv) is nondecreasing in uw for te J. 
Then, the stability properties of the trivial solution of (3.2.3) with 
a(t, u) = Lg, (t, 6-1(u)) + g(t, u) (3.12.6) 


imply the same kind of stability properties of the differential inequality 
(3.12.1) with respect to origin. 


Proof. Assume that (Sj‘) holds. We shall only prove the corresponding 
conclusion and omit the rest. 
Let x(t) be any solution of (3.12.1) such that V(t), x(to)) < uy. 
Defining m(t) = V(t, x(t)), we see, for small h > 0, that 
m(t + h) ~ m(t) <LI x(t +h) — x(0) — Af (t, x(0))l 
+ V(t + h, x(t) + hf (t, x(t))) — VE, x(t) 
because of (3.12.4). Using (3.12.1), (3.12.3), (3.12.5), (3.12.6), and the 


monotonic character of g,(t, uw) in u, we obtain the inequality 


Dim(t) < g(t, m(t)). 
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By Theorem 1.4.1, it follows that 
m(t) = V(t, x(t)) < r(t, to , up), (3.12.7) 


for those values of t > t, for which || x(2)|| < p, r(é, to , wo) being the 
maximal solution of (3.2.3). 
Let now « > 0, 4 € J be given. If || x || = «, it follows from (3.12.3) 
that 
ble) < V(t, x). (3.12.8) 


Since (Sj) holds, given b(c) > 0, ty € J, there exists a positive function 
5 = 8&(t, , «) such that uy < 6 implies 


u(t, to» Uy) < d(e), t>t. (3.12.9) 


Choose uy = L || x(t,)|| and § = &(t,, ©) = 8/L. Suppose now that 
a solution x(t) of (3.12.1) such that || x(¢,)|| < 6 has the property that 
|| x(4,)|] = € and || x(2)|| <« <p for té[fty, t,), t; >t). This would mean, 
in view of relations (3.12.7), (3.12.8), and (3.12.9), 


Ble) < V(t, , (ty)) < r(ty , ty, Uo) < d(€). 


This contradiction proves that || «(t)|| < ¢, ¢ > ty), whenever || x(t)) < §, 
and the proof is complete. 


RemarK 3.12.1. Theorem 3.12.1 includes many special cases. If 
£,(t, uw) = 0, we obtain the stability theorems for the differential system 
(3.12.2), whereas, if || R(t, x)|] < g(t, || « ||) for || « |] <p, Re CL] x R®, R™), 
we deduce the stability properties of the trivial solution of (3.12.2) with 
respect to permanent perturbations R(t, x). 


THEOREM 3.12.2. Assume that conditions (i), (ii), and (iit) of 
Theorem 3.12.1 hold. Furthermore, suppose that the solutions u(t, ty , Up) 
of (3.2.3) with g(t, u) given by (3.12.6) for 0 < uy < « have the property 
that lim,... u(t, to, %) = 0. Then, every solution x(t) of (3.12.1) 
starting in the set 


Q = [xe R*: Vit,x) <a,t > 0] 


tends to zero as ¢ —> oo. In other words, the set 2 is the domain of 
attraction. 


Proof. Let x(t) be any solution of (3.12.1) such that x(¢)) € 2. Consider 
the function m(t) = V(#, x(t)). It is easy to obtain, as before, the differen- 
tial inequality 

D*m(t) < g(t, m(t)), 
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and, consequently, the estimate 
V(t, x(t)) = m(t) < r(t, ty, ), t>t, 


where 7(¢, ty , x) is the maximal solution of (3.12.6), with uy = a. The 
assumption that 7(t, ty , x) > 0 as t > o and V(t, x) is positive definite 
now assures that 2 is the domain of attraction. 

Notice that this theorem brings out an important feature of comparison 
principle which is overlooked at times, that is, the behavior of the 
particular solution u(t, ty), up»), with V(t), x9) <u, determines for 
t > ty, not just the behavior of the particular solution of (3.12.1) with 
x(t) = X , but, indced, of all the solutions of (3.12.1) for which 
V(to Xo) K Uo - 


3.13. Boundedness and Lagrange stability 


We consider the differential system 
x =f(t,x), x(t) =%, t% >, (3.13.1) 


where fe C{J x R", R"|. We shall assume, for convenience, that f is 
smooth enough to ensure global existence of solutions of (3.13.1). We 
shall not require that f(t,0) = 0. To the different types of stability, 
there correspond different types of boundedness. Some important types 
are defined in the following: 


DEFINITION 3.13.1. The differential system (3.13.1) is said to be 


(B,) equibounded if, for each «a >0,t,¢€ J, there exists a positive 
function 8 = A(t), ~), which is continuous in ty for each a, such that 
the inequality 

|X|] S& 
implies 


I x(t, ty ’ Xo)l| < B, t = to > 


(B,) uniform bounded if the f in (B,) is independent of t); 
(Bs) quasi-equi-ultimately bounded if, for each a > O and ty € J, there 
exist positive numbers N and T = T(t), «) such that the inequality 
Il xo] So 
implies 


i x(t, to, Xo)I| < NN, tS ty a T; 
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(B,)  quast-uniform-ultimately bounded if the T in (B,) is independent 
of ty; 

(B;) equt-ultimately bounded if (B,) and (B,;) hold at the same time; 
(B,) uniform-ultimately bounded if (B,) and (B,) hold simultaneously ; 
(B,) equi-Lagrange stable if (B,) and (S,) hold simultaneously ; 

(B,) uniform-Lagrange stable if (B,) and (Sz) hold simultaneously ; 


ProposiTIon 3.13.1. If f(t,0) = 0,t¢ J, and 8 occurring in (B,) and 
(B,) has the property that 8 — 0 as « —» 0, then the definitions (B,), 
(B,) imply the definitions (S,), (S,), respectively. 

The proof of the statement is obvious. 


PROPOSITION 3.13.2. Quasi-equi-ultimate boundedness implies equi- 
boundedness if 


F(t, xl < g(2, [+ )), (3.13.2) 
where geC[J x R,, R,]. 


Proof. Consider the function m(t) = || x(t, ty , Xo)||, where x(t, ty , x9) 
is any solution of (3.13.1). Then, 


D*m(t) < || x(t, tos Xo)ll = IF (4, #(4, to » %0))I) 
< g(t, m(t)), 

using assumption (3.13.2). By Theorem 1.4.1, we have 

[| *(t, 9 Xo)Il <7(t,to,%), tS ty, (3.13.3) 
whenever || x9 || < «a, where 7(t, ty , x) is the maximal solution of 

u' = g(t,u), u(t) = (3.13.4) 

By the quasi-equi-ultimate boundedness, given « > 0 and ¢,€ J, there 
exist two positive numbers N and T = T(t , «) such that the inequality 
|| xo || < « implies 


\ x(t, ty , Xp)|| < N, t = ty + T. 


Since g(t, u) > 0, the solution 7(t, f) , x) of (3.13.4) is monotonic non- 
decreasing in ¢, and therefore we have, from (3.13.3), that 


ll (4, to, Xo)ll < 7(to + T, to, &), te [ty , ft) + T]. 
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It then follows that 
|| x(t, ty , Xq)l| < max[N, 7(ty + T, ty, x], t >t, 


and this proves (B,). 

Analogous to the group of definitions (B,)-(B,), we can define the 
concepts of boundedness and Lagrange stability with respect to the 
scalar differential equation (3.2.3) and designate them by (B*)-(Bf). 


THEOREM 3.13.1. Assume that there exist functions V(t, x) and g(t, u) 
with the following properties: 
() geClx R,, Rh. 
(ii) Vect] x R", R,], Vit, 0) = 0, Viz, x) is locally Lipschitzian 
in x, and, for (f, x)e J x R", 
V(t, x) > d(|! xl), (3.13.5) 
where be .% on the interval 0 <u < oo and b(u) > o& as 
u—> 0. 
(ui) D+V(t, x) < g(t, Vit, x)), (t,x)e J x R*. 


Then, the equiboundedness of Eq. (3.2.3) implies the equiboundedness 
of the system (3.13.1). 


Proof. Let « > 0 and tye J be given, and let || x9 || < «a. In view of 
the hypotheses on V(t, x), there exists a number a, = aj(ty , x) satisfying 
the inequalities 


ll XI] <a, V(ty 1%) < wy 


together. Assume that Eq. (3.2.3) is equibounded. Then, given a, > 0 
and t,¢ J, there exists a 8, = 8,(t),«) that is continuous in ¢, for 
each « such that 


r(t, tg, Uy) < B,, t> ty, (3.13.6) 


provided uy) < «,. Moreover, as b(u) — 00 as u —> oo, we can choose 
a L == L(t), x) verifying the relation 


A(L) > By(ty , a). (3.13.7) 


Now let uy = V(ty, x9). Then, assumption (iii) and Theorem 3.1.1 
show that 


V(t, x(t, to, %)) < r(t, ty , Up), aa Aes (3.13.8) 
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where 7(t, ty , uo) is the maximal solution of (3.2.3). Suppose, if possible, 
that there is a solution x(t, ty , x9) with || x || < « having the property 
that, for some t, > ty, 


|| #(t, , to , Xo)l| = L. 


Then, because of relations (3.13.5), (3.13.6), (3.13.7), and (3.13.8), there 
results the following absurdity: 


DL) < V(ty , (ty, ty 5 %)) <7(t , by » Uo) 
< By(ty , ~) < AL). 


The proof is complete, since this contradiction implies that (B,) holds. 


THEOREM 3.13.2. In addition to the hypotheses of Theorem 3.13.1, 
let V(t, x) verify the inequality 


V(t, x) < a(|| x/)), (3.13.9) 


where ae # on the intervalO0 <u < oo. Then, if Eq. (3.2.3) is uniform 
bounded, the system (3.13.1) is likewise uniform bounded. 


Proof. The proof runs almost parallel to the proof of Theorem 3.13.1. 
We choose a, = a(x), which is independent of t, . Since 8, = B,(a) in 
this case, it is easy to see from the choice of L that it is also independent 
of t) . Thus (B,) is verified. 


TuHeoreM 3.13.3. Under the assumptions of Theorem 3.13.1, the 
quasi-equi-ultimate boundedness of Eq. (3.2.3) implies the quasi-equi- 
ultimate boundedness of the system (3.13.1). 


Proof. If « > 0 and t, € J are given, then, as in the proof of Theorem 
3.13.1, we can choose an a, = o,(ty , x) satisfying 


Il x || <a, V(ty , Xo) < my 


at the same time. From the quasi-equi-ultimate boundedness of (3.2.3), 
given o, > Oandt,¢ J, there exist positive numbers N, and T = T(t, «) 
such that 


r(t, ty , Uy) < Ny, t>4+T (3.13.10) 
whenever uy < a, . Since b(u) —> © with y, it is possible to find a positive 
number WN verifying 

b(N) > Ny. (3.13.11) 
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We choose uy = V(t), x9) and obtain the estimate (3.13.8) as in 
Theorem 3.13.1. Now, let there exist a sequence {t,}, t, = ty + T, 
t;, > 00 as k > oo such that, for some solution x(t, ty , x9) of (3.13.1) 
satisfying || x, || < a, we have 


| x(t, , ty > Xp)ll = N. 


We are led to the following contradiction, in view of relations (3.13.5), 


(3.13.8), (3.13.10), and (3.13.11): 
BN) < V(t, x(te, to » X%)) < 7(te » to » Uo) 
< N, < O(N). 


This proves that the system (3.13.1) is quasi-equi-ultimately bounded. 


THrorEeM 3.13.4. Under the assumptions of Theorem 3.13.1, the equi- 
ultimate boundedness of Eq. (3.2.3) implies the equi-ultimate bounded- 
ness of the system (3.13.1). 

The proof of this theorem can be constructed by combining the 
proofs of Theorems 3.13.1 and 3.13.3. 


THEOREM 3.13.5. Let the hypotheses of Theorem 3.13.2 hold. Then, 
the quasi-uniform-ultimate boundedness of Eq. (3.2.3) assures the 
quasi-uniform-ultimate boundedness of the system (3.13.1). 


Proof. As in Theorem 3.13.2, one can choose a, = a(x) independent 
of t,, and, consequently, quasi-uniform boundedness of Eq. (3.2.3) 
shows that T = T(«) is also independent of t) . With these observations, 
the proof follows closely that of Theorem 3.13.3. 


THEOREM 3.13.6. Let the hypotheses of Theorem 3.13.2 hold. Then 
the uniform-ultimate boundedness of Eq. (3.2.3) assures the uniform 
ultimate boundedness of the system (3.13.1). 

The following two theorems present weakening of the conditions of 
Theorems 3.13.2 and 3.13.6. Let Z, denote the set 


Z, = [we RP: || xl] > ph. 


THEOREM 3.13.7. Assume that there exist functions V(?¢, x) and g(z, u) 
fulfilling the following conditions: 
Gi) geCl/ x R,, RI. 
(ii) VeC[] x Z,,R,], V(t, x) is locally Lipschitzian in x and 
satisfies 
Bll) < V(x) <aivl), (aye xZ,, (3.1312) 
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where a(u), b(u) > O are continuous and increasing for u > p, and 
b(u) — 00 as u—> oO; 
(iii) D*tV(t, x) < g(t, Vi, x)), @ x)e ] x Z,. 


Then, the uniform boundedness of Eq. (3.2.3) implies the uniform 
boundedness of the system (3.13.1). 


Proof. Let « > 0 (we may suppose « > p) and 4,6 / be given, and 
let || x9 || <a. Define «, = a(a). From the uniform boundedness of 
(3.2.3), it follows that 


1(t,to,M%) < Bio), tt, (3.13.13) 


provided ty < a, . Since b(u) —> 00 as u —» 0, there exists a B = (a) 
such that 
b(B) > By(a)- (3.13.14) 


Now, if we suppose that, for some solution x(t, ty , Xo) of (3.13.1) with 
|| x || < a, we have 


ll x(t, , t9 , Xo) = B at t= >t, 


then there exists at, < ¢, satisfying 


| x(ty >to, Xo)li Se 
and 


p <a <I x(t, to, Xp) < B, te[t,, 4]. (3.13.15) 
Considering the function V(t, x(t, ty , X)), it follows that 
V(ty , *(ty sty » %)) = (8). 


Choose uy = a(|| x ||), where x, = x(t, ,¢), 9). Then, condition (iii) 
and Theorem 3.1.1 show that, because of (3.13.15), 


V(t, y(t, ts, Xz) < 7(t, ty, Up); re [te ey ti), (3.13.16) 


where y(t, ft, , x2) is any solution through (¢,, x.) of (3.13.1). Thus, 
(3.13.16) is true for x(t, ty , x9) on the interval t, < ¢ < t,. We therefore 
obtain, from the foregoing considerations, using (3.13.13), (3.13.14), 
and (3.13.16), 


BIB) < V(t, (4, to» ¥0)) S(t» te Mo) < Bila) < 4(8). 


This contradiction proves (B,), and the proof of the theorem is complete. 
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Corotvary 3.13.1. The function g(t,u) =O is admissible in 
Theorem 3.13.7. 


Proof. Let « > 0 and ty¢ J be given as before, and let || x || < a. 
We choose ff =- A(x) to satisfy the relation 


B(B) > a(a). (3.13.17) 


The assumption that (B,) does not hold for some solution x(t, ty , xo) 
with || xo || < « implies, as before, the inequality (3.13.15), and con- 
sequently, from (3.13.13), we have 


V (ty, x(to, to» Xo) K a(a) 
and 
B(B) < V(t, , x(t, , tos X))- 
On the other hand, by condition (iii), it follows that 
V(ty , X(te, to» Xo)) S V(t, x(t, , tos Xo); 


since the function V(t, x(t, 4) , %o)) is nonincreasing in t. The foregoing 
inequalities lead to a contradiction, in view of (3.13.17), thus proving 
that (B,) holds. 


THEOREM 3.13.8. Under the hypotheses of ‘Theorem 3.13.7, if 
Eq. (3.2.3) is uniformly ultimately bounded, then the system (3.13.1) 
is likewise uniformly ultimately bounded. 


Proof. By Theorem 3.13.7, the system (3.13.1) is uniformly bounded. 
Hence, there is a positive number B such that, if || x» |] < p, 
I x(t, to , Xp)|| < B, t z ty : 

Let now « > p and t)€ J be given, and let p < || x9 || < a. Define 
a = a(x). From definition (Bs), it follows that, given a, > 0, ty € J, 
there exist positive numbers N, and T = T(«a) such that 


V(t, ty, Uy) < Ni, t>%4+ T, (3.13.18) 


provided uy < a,. Let N* = max(N, B), where N is chosen so as to 
satisfy the inequality 
(N) > Ny. (3.13.19) 


Clearly, N* > p, and the choice of N is possible since 6(u) — oo as 
u—» oo. We claim that, with this N* and T(x), definition (B,) holds. 
Suppose that this is false. Since the solutions x(t, ty , x9) starting in 
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| x9 || < p remain in || x || < N, it is enough to consider only those 
solutions x(f, tg ,%9) which start in p < || x9|| <a. If uy = a(|| x9 |), 
assumption (iii) yields, for such solutions, the inequality 


V(t, x(t, ty , %)) K r(t, ty , Up), t > ty. (3.13.20) 


Let there exist a sequence {¢,}, t, >t, +- T, t, > 0 as k—» «, such that 
|| x(t). , tp » X)|| == N* for some solution starting in p < || x9 || < «. Then, 
the following inequality results, using relations (3.13.18), (3.13.19), and 
(3.13.20): 


B(N*) < V(te » (te to» %0)) < 7(te » to» Mo) < Ny < B(N), 


whence we have N* < N. This is absurd in view of the definition of N*, 
since N* > N. The proof is therefore complete. 


Coro.iary 3.13.2. The function g(t,u) = —C(u),Ce#, is ad- 
missible in Theorem 3.13.8. 

With this choice of g(t, u), evidently (Bf) holds, and hence the 
corollary is a consequence of Theorem 3.13.8. 


Corotiary 3.13.3. The replacement of assumption (iii) in 
Theorem 3.13.7 by 


DV(t, x) < —a(|| x|/), (t, x) € J x Z, ’ 


where a € #, is also admissible. 
Using the right inequality of (3.13.12), it follows that 


DtV(t,x) < —ofaV(t,x)] = —C(V(t,»), Ce X, 
and hence the truth of this corollary follows from Corollary 3.13.2. 
THEOREM 3.13.9. Let the assumptions of Theorem 3.13.1 hold. Then, 


equi- Lagrange stability of Eq. (3.2.3) assures the equi-Lagrange stability 
of the system (3.13.1). 


Proof. By Theorem 3.13.1, equiboundedness of the system (3.13.1) 
follows, and hence (.S;) remains to be proved. Let « > 0, a > 0, and 
t, € J be given, and let || xy || < «. As in the proof of Theorem 3.13.1, 
there exists an a, = a(t), «) satisfying 


| ¥ | < «, V(ty,%) Sy 
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simultaneously. Since (S7¥) holds, given a, > 0, b(e) > 0, and te J, 
there exists a T = T(t), €, x) such that uy) < «a, implies 


r(t, to») < O(e), t>i,+ T. (3.13.21) 


Choose uy = V(ty, x9). Then, condition (iii) and Theorem 3.1.1 yield 
the inequality (3.13.8). If possible, let there exist a sequence {t,}, 
ty, = ty + T, t, > wo ask — ow, such that, for some solution x(Z, ty , x9) 
satisfying || x9 || < a, we have 


|| X(t » tos Xo] & € 


This implies, in view of the inequalities (3.13.5), (3.13.8), and (3.13.21), 
the following absurdity: 


be) S V(t, ’ x(t), , ty , Xq)) < r(t, , ty , Uy) < Be) 


which proves (S,). The proof is complete. 


TueorEeM 3.13.10. Let the assumptions of Theorem 3.13.2 hold. 
Then, the uniform Lagrange stability of Eq. (3.2.3) implies the uniform 
Lagrange stability of the system (3.13.1). 


Proof. Since uniform boundedness of the system (3.13.1) follows from 
Theorem 3.13.2, definition (S,) needs to be proved. Choosing «, == a(x) 
and following the proof of Theorem 3.13.9, we observe that T = Te, «) 
is independent of t) because of (Sj). This shows that (S,) holds, and the 
theorem is proved. 


Using the similar techniques as employed in Sect. 3.6, we can 
construct Lyapunov functions in the case of boundedness also. The 
following theorem is a typical result in that direction. 


THEOREM 3.13.11. Assume that: 
(i) the function fe CLJ x R”, R"), ef(t, x)/Ox exists and is con- 
tinuous for (¢, x)e J x R”, and 


Bill ¥o |) < I] (4, 0, x)I] < Boll vo ll), t> 0, (3.13.22) 


where £,(w), B,(u) > 0 are continuous and increasing for u > 0, and 
B,(u) > 1 as u—> w; 


(ii) the function ge CJ x R,, R), eg(t, u)/eu exists and is con- 
tinuous for (¢,u)e J x R,, and 


¥1(to) < ult, 0, uy) < yo(m), +t SO, (3.13.23) 
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where y,(z), y.(u) > O are continuous and increasing for u > 0 and 
y,(u) > c asu—> . 


Then, there exists a function V(t, x) and a constant p > 0 satisfying 
the following conditions: 


(1) Vect] x Z,, R,], V(t, x) possesses continuous partial deriva- 
tives with respect to t and the components of x, and 


Bil xl) < Vit,x) <a(ix|), (xe J x Z,, 


where a(u), b(u) > O are continuous and increasing for wu > 0 and 
b(u) + co asu—> o. 


aV(t,x) , aV(t, x) 


(2) Vt, x) at i Ox f(t, x)= g(t, V(t, x), (t, x) € J x Z,- 


Proof. Let x(t, 0, x9), u(t, 0, ug) be the solutions of (3.13.1), (3.2.3) 
through (0, xy), (0, wo) satisfying (3.13.22), (3.13.23), respectively. Under 
the assumptions of the theorem, the continuity and differentiability of 
the solutions x(t, ty , Xo), u(t, tg , Uy) with respect to their arguments is 
guaranteed. Define p = §,(0), and observe that the common domain 
of definition of the inverse functions Bj", Bz" is [p, 00). Hence, denoting 
x(t, O, x9) by x, so that xy = x(0, t, x), we get from (3.13.22) the inequality 


B(x ll) <1 x(0, t,x) < Bel), xeZ,. 


We choose a continuous function p(x) for x € R”, possessing continuous 
be p g 
partial derivatives du(x)/0x there and such that 


a (|| * |!) < w(x) < a(|| ¥ |), 


where a,,0,€ 4% on the interval O <u < o, and a,(u)— © as 
u— o. For xe Z,, define the function 


V(t, x) = u(t, 0, p(x(0, t, x))). 
Then, it is easy to obtain 

V(t, x) = g(t, V(t, x)), (t,x)e J x Z,. 
Furthermore, if || x || = p, we have 
= vilr(*(0, t, x))] 
> vilor(|| (0, 4, x)I)] 
> 


Vifou (Bo "(li (I) = (|| #1) 


V(t, x) 
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and 
V(t, x) < yalu(x(0, t, x))] 
SZ yaloa({i 2(0, t, ~)/I)] 
< yoforo(By"(\ * |)))) = a(l\ «|)). 
Clearly a(u), b(u) > 0 are continuous and increasing for u > p, and 
b(u) +> c as u—> o. The theorem is proved. 


3.14. Eventual stability 


We shall now consider a notion that is a generalization of Lyapunov’s 
stability. Let x(t, ty , x») be any solution of (3.2.1). 


DeFINITION 3.14.1. The set x = 0 is said to be [with respect to the 
system (3.2.1)]: 


(E,) eventually uniformly stable if, for every « > 0, there exist a 
5 = S(e) > 0 and +r = z(e) > 0 such that 


|| x(Z, fg , %)|| <<, t > ty > 7(6), 


provided || x9 || < 3; 


(E,) eventually quasi-uniformly asymptotically stable if, for every « > 0, 
there exist positive numbers 6),7,), and T = T(e) such that 


| X(Z, to» Xp)ll < €, t>u+T, ty 2 Tos 


provided || x9 || < 59 ; 
(£3) eventually uniformly asymptotically stable if (E,) and (£,) hold 


simultancously; 


(E,) eventually exponentially asymptotically stable if there exist constants 
L > 0,« > 0 such that 


Il w(4, to » Xo)ll < Ll xo llexp[—e(t ~ )], t= by, (3.14.1) 


provided 0 <r << || x9 |} <p and t, > O@(r), where 6(r) is a monotonic 
decreasing function of 7 for 0 <7 <p. 


Remark 3.14.1. Notice that, if (£,) holds and if x = 0 is a trivial 
solution of (3.2.1), then the uniform Lyapunov stability (S,) results 
from the continuity of solutions with respect to the initial values, 
provided the unicity of solutions of (3.2.1) is assured. Similarly, (F') 
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implies, in such a case, uniform asymptotic stability of the trivial 
solution of (3.2.1). 

As usual, let us denote by (Ej*)-(Ef) the corresponding notions of 
the set u = 0 with respect to the differential equation (3.2.3). 


‘THEOREM 3.14.1. Assume that there exist functions V(t, x) and g(t, u) 
verifying the following properties: 


(i) Vec[] x S,,R,], V(t, x) is locally Lipschitzian in x, and 
B(|| xl) < V(t, x) < a(|} x), 
for 0 <r < || x|| <p and ¢ > @&(r), where a,be & and Or) is con- 


tinuous and monotonic decreasing in r forO <7 <p. 


(ii) geC[ x R,,R], and the set u = 0 is eventually uniformly 
stable with respect to (3.2.3). 


(iii) feC[J x S,, RJ, and 
D*V(t, x) < g(t, Vit, x), 


for 0 <r <||x|| <p and t > @(r). 


Then, the set x = 0 is eventually uniformly stable with respect to the 
system (3.2.1). 


Proof. Let 0 <« <p. Since the set wu = 0 is eventually uniformly 
stable, given b(c) > 0, there exist a 6, = 5,(c) > 0 and 7, = 7,(e) > 0 
such that 

u(t, ty, Up) < B(e), t >t > 14(60), (3.14.2) 


if uy <5, . We define 6 = a1(6,) and 7(e) = O(d(e)). Let rt = re) = 
max[7,(e), To(e)]. Then, (£,) holds with this choice of d(e) and 7(e). If 
this were not true, there exist numbers ¢, , t, such that ¢, > t, > t) > 7, 


I x(t, ’ ty ’ Xp)il = 5, I x(ty > ty , Xp)li = €, 
and 
8 < || x(Z, ty, Xl <€, LE (ty, ty). 


Choose uy = a(\| x, ||), where x, = x(t,, tf), x). Then, condition (iii) 
and ‘Theorem 3.11.1 show that 


V(t, yt, ty ’ %,)) —< r(t, ty , Up), te [4 , te], (3.14.3) 


where y(t, ¢, , x,) is any solution of (3.2.1) through (¢, , x), r(t, t, , up) 
being the maximal solution of (3.2.3) through (¢, , uw). Thus, (3.14.3) 


224 CHAPTER 3 


is also true for x(t, fy, %)) on the interval 4; <¢ < t,. We therefore 
obtain 


ble) < F (ty, (te, ty, %)) < < H(t, ft), My) < de), 


taking into account the uniformity of the relation (3.14.2) and the fact 
t, “> t, > ty 1. This absurdity that we are led to prove (£,) is true, 
and the proof is complete. 


Corotrary 3.14.1. If, instead of the eventual uniform stability of the 
set u -— 0, it is assumed that the trivial solution uv = 0 is uniformly 
stable, the conclusion of Theorem 3.14.1 remains the same. In particular, 
g(t, u) = O is admissible. 


THEOREM 3.[4.2. Suppose that there exists a function V(t, x) such that 


Gg) Vec{[] x S,, R,], V(t, x) is Lipschitzian in x for a constant 
L > 0, and 
A(x Il) < V(t, x) < a] x1), 


for 0 -. r <||xv|] <p and t > Or), where a, si HA and Or) is con- 
tinuous sa monotonic ieereasing inr forO0 <7 <p; 

(ii) fec[J x S,,R", and D'V(t,x) < <0 a O<r<|lx|l <p 
and t = @(r). 

Then, the set x = 0 is eventually uniformly stable with respect to 
the perturbed system 


x = f(t, x) + R(t, x), (3.14.4) 


where REC[J < S,, R"], and, for every continuous function x(t) such 
that || a(2)| <p* <p, t > 0, 


| | Res xs)'ds < 00. 
“0 
Proof. Fora given e > 0,€ < p*, we choose a 5(e) > 0 so that 
2a(S) < ble), (ec) = O(8(e)). (3.14.5) 


Let d(¢) = maxy,..-y« || R(é, x). Then, since A(t) is integrable, there 
exists a7,(e) > O such that, if ty > 72(e), we have 


i “4 de oS. 


3.14. EVENTUAL STABILITY 225 


where L is the Lipschitz constant for V(#, x). Let 7(¢) = max[7,(e), 72(€)]. 
Then (£,) is true with r(e) and 6(e). For otherwise, there would exist 
at, > ty > r(e) such that 


[etyl=s— WeOl<e<p*, te[to,t], 


where x(t) = x(t, tj, X ) is some solution of (3.2.1). This implies, 
setting m(t) = V(t, x(t)), the inequality 


Dim(t) < L(t), 
and, consequently, 


m(t) < m(t)) +L ( pls) ds, t > ty. 
to 
Hence, at ¢ = ¢, , there results 
4 
Ble) < m(ty) = V(t, w(t) S V(to, %) +L I, $(s) ds 
< a(8) + a(8) = 2a(8), 


which is a contradiction in view of (3.14.5). The proof is complete. 


THEOREM 3.14.3. Suppose that there exists a function V(t, x) such that 
(i) VeC{[] x S,, R,], V(t, x) is locally Lipschitzian in x, and 
B(\| x ||) < V(t, x) < a(|| ¥])) 


for 0 <r <||x|| <p and t > @r), where a,be ¥ and Or) is con- 
tinuous and monotonic decreasing in r for 0 <7 < p; 


(ii) feCL] x S,, R”], and 
D‘V(t, x) < —C(\| xi) 
forO0 <r <||x|| <p, t > Or), andCe &. 
Then, the set x = 0 is eventually uniformly asymptotically stable. 


Proof. By Corollary 3.14.1, eventual uniform stability of the set x — 0 
follows. 

Let « > 0 be given. Designate 6) = 8(p), 7) = 7(p), and T(e) = 
r(e) + a(p)/C[3(6)}. Let ty > 7 and || x9 || < dp. 

To prove the theorem, it is sufficient to show that there exists a 
t* [ty + 7(e), tg + T(e)] such that |] x(t*, ty , x9)|| < d(e), because the 
set x = 0 is eventually uniformly stable. Assume, if possible, that 


8(e) < || a(t, t9, Xl <p, FE [Lo + r(€)s to + Te)]- 
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Using assumptions (1) and (ii), we get 
D'V(t, X(t, tos Xo)) S —C(I #4, to » Xo)l|) < —CLS(€)], 
for t€ [ty + 7(6), ty + T(©)], which, by integration, yields 
P(t + Te), #(to + Tle), to» ¥0)) 
<P(ty + 76), (ty 1 7(€)s ty %y)) — CLB(OT(©) — 7(6)]- 
It then follows, from this relation, that 
0 < b(S(e)) < V(ty -+ Te), x(ty + T(E), ty » Xo)) 
<A] x(to + r(€)s b> oll) — C1) Ay 
< a(p) — a(p) = 0. 


This contradiction implies that there exists a t* € [t) + 7(e), tf) + T(6)] 
such that || x(¢*, ty , X9)|| < d(e) and proves the theorem. 


ap) 
C[8(e)] 


The following converse theorem for eventual uniform asymptotic 
stability may be proved, in the same way as in Theorem 3.6.9. 


THEOREM 3.14.4. Assume that the set x = 0 is eventually uniformly 
asymptotically stable with respect to the system (3.2.1). Suppose that 


IF, %) —f(t I SLO — I) 
fort > 0,x, ye S,, and 


b hu 
| L(s)ds<Lu, uu > 0. 
t 


Then, there exist functions a, b, Ce #, @(u), and V(z, x) satisfying 
(1) Vec{[] x S,, R,] and 
i V(t, x) — Vit,y)| < M()Ilx — ¥ |] 


for r > 0,7 <ixll <8,7 <ilyll <8,t > 7, MU”) being 
continuous and decreasing on (0, 5)); 

(2) b(|| xv I!) < V(t, x), t 2 TO > | x i —< 3p ; 

(3) V(t, x) < a(ilx{), O<7r <|\x || <6),¢t > Hr), where Ou) is 
continuous and decreasing in uw for 0 <u < p; 

(4) D°V(t,x) < ~C(ll ll), tS tos el] < do. 
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Proof. As in the case of uniform asymptotic stability, we can find 
&(e), t(e), and T(e) such that 6€ # and 7+, Te &. Let G(r) be the same 
function as in Theorem 3.6.9. Then, we define 


1 +r ao 


Le" 


Vit, x) — hes G(|| x(t + 6, t, x)Il) 


for t >7),\||x|]| <6). Clearly, V(t, x) > G(|«|!), and therefore 
b(u) = G(u). Let e(8) be the inverse function of 6(e), and let 0(u) = 7(<(u)). 
We have 


|| x(t + 6, 2, x)| <e(i|xl), O<r<llx| <8, t> 6%). 
As a consequence, 


1+ ao 
l+o 


forO <r <||x|| < 6,,¢ > (7), and thus it results that 


G(|| x(t + o, t, x)l|) < aG(e(|] x |I)), 


V(t, x) a(x), O<r<ilx|_<%, tS Ar), 
where a(u) = aG(e(u)). The rest of the proof is similar to that of 
Theorem 3.6.9. We omit the details. 
TuHeorEeM 3.14.5. Let the assumptions of Theorem 3.14.4 hold. 
Assume that the perturbation R(z, x) obeys 
IRE x) < oft), ce, |x|] <d. (3.14.6) 


Then, the set x = 0 is eventually uniformly asymptotically stable with 
respect to the system (3.14.4). 


Proof. Let V(t, x) be the function constructed as in Theorem 3.14.4. 
ForO <r <||x|| < 6,,¢ > Or), andh > Osufficiently small, we have 


V(t +h, x + WEF (t,x) + R(t x)) — V(t, ») 
< M(r)hi| R(t, x)|| + Viet hy x + hf (t, x) — V(t»), 
and hence, by (3.14.6), 
D+V(t 2149 <D*V(t, Xan + MO) R(t 2 
—C(\! |) + M@)o(0). 
Since o € &, there exists a 6, € FY such that 


C(r) 
as 2M(r) 


< 
S 


if t > 0,(r). 
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It then follows that 
DIV (t, x) saa S —3C(il* lh), 


provided 0 <r < || x|| < 6) andt > 6,(r), where 6,(r) = max[6(r), 9,(r)]. 
The conclusion now follows from Theorem 3.14.3. 


THEOREM 3.14.6. Assume that the set x = 0 is eventually exponentially 
asymptotically stable with respect to the system (3.2.1) and that f(t, x) 
is linear in x. Then, there exists a function V(t, x) satisfying 


(1) Vec{/ x S,,R,], and V(t,x) is Lipschitzian in x for a 
constant L > 0; 

(2) jxll < V(x) <L||xl, 0 <r <|lxl| <p, t> 4”), where 
&r) is the same function defined in (£,); 


3) D*V(t, een < —aV(t,x),0 <1 <llxll <p, t > A). 


Proof. We define the function 


iy 
RQ 
Q 


V(t, x) = sup || x(t + o, t, x) 
o>0 


for 0 <2 7r <|lx|| <pandzt > @(r). Following the proof of Theorem 3.6.1, 
it is easy to prove this theorem with appropriate changes. 


TUEOREM 3.14.7. Suppose that the hypotheses of Theorem 3.14.6 hold. 
Let the perturbation R(t, x) satisfy 


I| R(t, *)\| < Bll + |] 


for 0 <r <||x|| < pandt > 6,(r), where @,(u) is continuous, decreasing 
in uw for 0 <u <p, and f is sufficiently small. Then, the set x = 0 
is eventually exponentially asymptotically stable with respect to the 
system (3.14.4). 


Proof. By hypotheses, there exists a function V(t, x) satisfying the 
properties (1), (2), and (3) of Theorem 3.14.6. For 0 <7 < |} x]| < p, 
t > 0,(r), and h > 0 sufficiently small, we deduce that 


D'V(t, x) < —aV(t, x) + LI R(t, x 


< —aV(t, x) + LB\x | 
<(—a + LB)V(t, 
< —yV(t, x), 
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where y > 0, y < a — Lf, and 6,(r) = max[@(r), 4,(r)]. This choice 
of y is possible, since f is sufficiently small. 'The stated result is evident 
from the preceding inequality, because of the properties of V(t, x). 


3.15. Asymptotic behavior 


We shall discuss a number of results dealing with the asymptotic 
behavior of solutions. Let us begin with the following. 


THEOREM 3.15.1. Let there exist functions V(t, x) and g(t, u) fulfilling 
the following conditions: 


(i) VeCct] x R*, R,), Vit, 0) = 0, Vz, x) is Lipschitzian in x for 
a continuous function K(¢) > 0, and 


B(li x ||) < V(x), 


where 6€ & such that b(u)-> co as u-> 00. 


(i) geCl] x R,, RR], and 


D*V(t, x —y) = lim sup} [V(t + hy + AFC 9) — FL 9YD 
— V(t, (@ — ¥))] 
< g(t, V(t, x — 9), 
where fe C[J x R®, R"]. 
(iii) Every solution x(t) of 
ul = p(t,u) + K(t)i f(t, 0)i, — u(to) = Uy > O,~ (3.15.1) 
tends to zero as f > oo. 
Then, every solution x(#) of the system 
x' =f(t,x), x(t) = % (3.15.2) 
tends to zero as tf -> oo. 


Proof. Let x(t) be any solution of (3.15.2) such that V(t), %) < uy. 
Consider the function 


m(t) = V(t, x(t). 
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For small h > 0, we have 
m(t + h) == V(t + h, x(t) + Af(t, x) + €(h)) 


< Kn [if oy) + 1S] 


+ V(t + h, x(t) + ALF (4 x(t) — Ff, OVD), 


where «(h)/h 0 as h-»>0. Employing assumption (11) with y = 0, 
we arrive at the differential inequality 


Dim(t) < g(t, m(t)) + K(f (4, ODI), 
and this yields, by Theorem 1.4.1, the estimate 
V(t, x(t) < r(t), t > ty, 


7(t) being the maximal solution of (3.15.1). The statement of the theorem 
is now a direct consequence in view of conditions (i) and (iii). 


THEOREM 3.15.2. Assume that there exist functions V(t, x) and g(t, z) 
enjoying the following properties: 


(i) VeCf[J x R", R,), V(t, 0) -= 0, and V(t, x) is positive definite 
and locally Rinschitvians in x. 
(ii) geC[J x R,, R], and all solutions u(t) = u(t, to, uy), 9 <u <a, 
of (3.2.3) have the property that lim,.,, u(t) = 0. 
(iii) The function D+ V(t, x) satisfies the inequality 


D+V(t, x) < g(t, V(t, x)) 
for te J and x € Z, where Z is the set defined by 
Z = (we R(t) <Vitx) <1) +, > th 


7(t) being the maximal solution of (3.2.3) and eg a certain small positive 
oumber. 
Then, the domain of attraction for the solutions of (3.15.2) is the set 


§Q x= [xe R": V(t, x) <a, te J], 


that is, all solutions «(#) of (3.15.2) such that x,¢ 2 tend to zero as 
{> ©. 


3.15. ASYMPTOTIC BEHAVIOR 231 


Proof. Tf x(é) is any solution of (3.15.2) such that x) ¢ 2, we choose 
Uy = V(to, x9) and obtain, by Corollary 3.1.2, the estimate 


V(t, x(t)) S r(t, ty , Up), i> lo * 


The positive definiteness of V(t, x) and assumption (ii) imply the stated 
result. 


THEOREM 3.15.3. Assume that 
i) fect] x S,, Rk", f(t, 0) =0, and af(t, x)/ex exists and is 


continuous on J x S, ; 
(ii) VecCl] x S,, Rj, V(t, 0) = 0, V(t, x) is Lipschitzian in x for 
a constant K, > 0, and 


Kyl] «|| < V(t, x), K, > 0, (t,x)e Tx S,3 
(iii) 
D‘V(t, ®) = lim sup ; [Vit + h, x + hf,(t, 0x) — V(t, x)] 
< a(t)V(t, x), (t,x)e] x S,, 


where « € C[J, RJ, and 


lim su 
t—00 P 


t 
| a(s) ds = 0, <0. (3.15.3) 
t—t J, 


Then, the trivial solution of (3.15.2) is asymptotically stable. 
Proof. By assumption (i), given « > 0, it is possible to find a d(e) > 0 
such that 
f(t, %) = falt, Ow + F(t, »), 
where 
FG) <ellxl] if Lx il < ae), (3.15.4) 


uniformly in ¢. It then follows by (iit) that 
D'V(t, *)o.15.) <at)V(t, x) + Kyl F(t, »)}. (3.15.5) 


Let « > 0 and ¢,€ J be given. Because of condition (3.15.3), we have, 
if « is small enough, 
2 


lim ex [4 
too P Kk, 


(t —t)) + [ a(s) ds| 10); 
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If we choose || x || <6, , where K,6,B < K a) and 


B= a(s) ds| : 


then we get |j x(d)|| < d(e), tf > t). For, otherwise, there would exist 
at, > ty with the property that 


i| x(2)|| < 8(e), te [t,t], || «(t,)I| = 8(€). 
Taking into account (3.15.4) and (3.15.5) and setting m(#) = V(#, x(#)), 
we obtain, by Theorem 1.4.1, the inequality 


m(t) <m Kon) +f a(s) ds] , (3.15.6) 


for t € [ty , 4], which, in turn, yields, at ¢ = ¢, , 


Rath = 1) + [af a(s) ds| 


< K,8,B < K,8(c). 


K,3(c) <m(h) < m(to) exp | 


This contradiction proves that, if || x» || < 6,, || x(t)|| < 8&(e),t >t), 
and so, the inequality (3.15.6) is true for all ¢ > t,. It is now easy to 
see that lim,,,. x(t) = 0, establishing the theorem. 


THEOREM 3.15.4. In addition to the assumptions of Theorem 3.15.3, 
suppose that, for a constant L > 0, 


Il fo(t, %) — f(t, O)l] < LI} x |. (3.15.7) 
If y(t) = y(t, ty , X%) 1s the solution of the variational system 
y =ft; x(t))y,  — y(to) = Xo, (3.15.8) 


where x(t) = x(t, ty , %») is the solution of (3.15.2), || x9 || being sufficiently 
small, then lim,,.. y(t) = 0. 


Proof. Let us first observe that 
D' V(t, y)a.15.8) < DtV(t, 9) + Kall felt, x(t) — fats 0)i| lly Il 


If we now set m(t) = V(t, y(t)), we readily obtain, in view of (3.15.7) 
and condition (ii), the inequality 


D*m(t) < a(t)m(t) + LKgl| x(4)|| | vl (3.15.9) 
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Since the hypotheses of Theorem 3.15.3 hold, if || xq || is small enough, 
we have |j x(£)| < «, t > t,. Consequently, choosing || x, || sufficiently 
small and using the relation K, || x || < V(t, x), it follows that 


Ke 
Ky 


Dtm(t) < [a(e) +L | m0), 


which leads to the estimate 
: LKye : 
V(t, 10) < Vlas s0) exp [= R= (et) + J as) a 


1 


for t >t). If « is small enough, the condition (3.15.3) assures that 
lim,.« y(t) = 0. 

We shall next consider a theorem on the dependence of solutions on 
the initial values, which is useful in what follows. 


THEOREM 3.15.5. Suppose that f(t, x) is continuous on an open set D 
in J x R” and that every solution of (3.15.2), (t) , x3) € D is continuable 
tot = t, > 0. Let E be the set of all the points consisting of the solution 
curves for [t),¢,] starting from (ty, x9), and let E be contained in 
a compact set in D. Then, to each « > 0, there exists a 6 > 0 such that 
every solution x*(t, tf, xf), t& € [ty , t,], of 


x = f(t, x) + (2), (3.15.10) 
where g € C[J, R] and satisfies 


t 


fas) ds < 6, (3.15.11) 
to 


passing through p* = (tf, xg) such that d(p*, E) <4, exists on 
[t¢, t] and obeys 


| x*(t, it, xq) <> x(t, ty ey X»)Il <6 


x(t, tg ,Xy) being a solution of (3.15.2) contained in EF, which may 
depend on x*(t, tg, xg). 


Proof. Suppose that, for some e > 0, there is no 5 such that it satisfies 
the condition in Theorem 3.15.5. We may assume that U(E, «) C D, 
where U(E, e) = [x: d(x, FE) < «<]. Since U(F, €) is a compact set, there 
is a function f *(t, x) that is continuous and bounded on (— 0, 0) x R® 
and is equal to f(t, x) on U(E, e). A solution of (3.15.2) remaining in 
U(E, «) is a solution of 


x’ = f*(t, x), (3.15.12) 
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and the set of all the points consisting of the solution curves for ¢ € [fy , ¢,] 
of (3.15.12) through (tp , x9) coincides with E. We may therefore assume 
that, for « > 0 and the equation 


vo = f*(t, x) + g(t), (3.15.13) 


the conclusion of the theorem is not verified. Every solution of (3.15.13) 
exists for all ¢. By hypothesis, there are a sequence of points {p;, = (t;,, x;,)} 
and a sequence of functions {g,(t)} such that d(p,, , £) tends to zero, 


fy 
[iigellde-+0 ask» eo, 


and a solution ¢,(#), t, <t <t,, of 
v= f*(ta) + alt) 


through p,. such that there is no solution curve of (3.15.12) lying in E 
with the property that the distances of all the points on the arc of the 
former to the latter are smaller than ec. Since ¢,(¢) is defined ont, <t <t,, 


bald) e+ f PMG) d+ J gals) ds 
alte) + J F*G dul) a +f guls) ds B.15.14) 


and thus {¢,(f)} is uniformly bounded and equicontinuous on [fp , £,]. 

Hence, we can select a uniformly convergent subsequence. Denote its 

index by & again, and let 4(¢) be its limit function. Because of (3.15.14), 
we have 

L 

#0) = bt) + | £5 $6) ds, 


“ bo 


and thus ¢(#) is a solution of (3.15.12). If t, is a point of accumulation 
of {z,}, then (4, , d(t.)) ¢ E. By A(t) and a solution joining (¢) , x») and 
(é, , d(t2)), we have a solution x = #*(t) of (3.15.12) through (é9 , x9). 
Therefore, 


BCE, 6%) =6), 6 >t. 


If k is sufficiently large and ¢, is sufficiently close to t,, the distance 
between ¢,(f) and 4(#) is smaller than «, because ¢,(¢) is uniformly 
convergent to 4(z). This contradicts our hypothesis. The theorem is 
thus proved. 
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Let us now consider a system of differential equations 
x =f(t,x) + R(t,x), — x(to) = Xo, (3.15.15) 

where f, RE C[] x E, R", E being an open set in R”. 
DEFINITION 3.15.1. A scalar function v(x) defined for x € E is said to 
be positive definite with respect to a set A C E if v(x) = 0 for xe A and, 


corresponding to every « > 0 and every compact set O in F, there exists 
a positive number 6 = 6(Q, e) such that 


wx) > s for xEQN S(A, €)S 
where S(A, «)© denotes the complement of the set 
S(A, €) = [x : d(x, A) < €]. 


DEFINITION 3.15.2. A solution x(t) of (3.15.15) is said to approach 
a set A as t > o0 if, for each « > 0, there is a T > O with the property 
that, for all ¢ > T, the points x(t) are contained in S(A, «). 


THEOREM 3.15.6. Assume that the functions f(t, x), R(t, x), and 
V(t, x) satisfy the following conditions for (t,x)e J x FE: 


(i) fect] x E, R"], and f(t, x) is bounded for all te J when x 
belongs to an arbitrary compact set in E. 


(ii) ReEC{[J x E, R”, and, if x(t) is continuous and bounded on 
ty <t < o, that is, x(t) CQ, QO being a compact set in E, then R(t, x) 
satisfies the inequality 


f ” | R(s, x(s))I| ds < 00. (3.15.16) 
fo 
(iii) VeCt] x E, R,], V(t, x) is locally Lipschitzian in x, and 
DtV(t, x) = lim sup ; (Vit +h, x + h[ f(t, x) + RU, x)]) — Vi, x)] 


< —C(x) + g(t, V(t, x)), (3.15.17) 


where C(x) is positive definite with respect to a closed set 2 in E&, 
geCt] x R,, R], and g(t, uw) is monotonic nondecreasing in u for each 
te J. 


Then, if all the solutions of (3.15.15) and (3.2.3) are bounded, every 
solution of (3.15.15) approaches 22 as t > oo. 
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Proof. Let x(t, ty, %») be a solution of (3.15.15). By assumption, 
A(z, ty , Xp) is bounded, which implies that there is a compact set Q in E 
such that 


X(t, ty » X%y) EQ, tthe. 


If we suppose that this solution does not approach 2 as t > oo, then, 
for some « > 0, there exists a sequence {t,}, t, > 00 as k — oo such that 


X(t; , ty » Xp) € S(Q, )E NO. 
The assumption that f(t, x) is bounded when x €O assures that 


f(t, x) <M 


for some positive constant M. We may assume f¢, is sufficiently large 
so that, on intervals 


te St < ty, -|- de/M, (3.15.18) 


we have, because of condition (3.15.16), 


ty pe/M 
[UR xl ds < de. 
Thus, one gets, on the intervals (3.15.18), that 


x(t, ty , Xp) € S(Q, )O NO. (3.15.19) 


We may assume that these intervals are disjoint, if necessary, by taking 
a subsequence of {t,}. The relation (3.15.17) and Theorem 3.1.3 give 
the inequality 


t 
V(t, x(t, ty» %)) < — | C[x(s, to » Xp)] ds 4 r(t, ty, %) (3.15.20) 
fo 
for t > ty, where w% = V(ty , X9) and r(t, ty , uo) is the maximal solution 


of (3.2.3). The positive definiteness of C(«) with respect to 2, together 
with the relation (3.15.19), shows the existence of ad = 8(e/2) such that 


€ 


Ch ty) S38 <P SH +g. (3.15.21) 


Moreover, from the boundedness of all solutions of (3.2.3), it follows that 


H(t, ty, Up) <P, tty. (3.15.22) 
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Thus, we arrive at the inequality 
V ee he Go er ein 
V (te + gags (He + apg sto %)) < 8 gag h +B, 


in view of relations (3.15.20), (3.15.21), and (3.15.22). Since V(#, x) > 0, 
the foregoing relation leads to an absurdity as k —> oo. This proves that 
every solution x(t, fy , Xo) approaches 22 as tf > oo, and the proof is 
complete. 


DEFINITION 3.15.3. A point wé R” is said to be a cluster point of 
a solution x(¢) of (3.15.15) if there exists a sequence {t,}, t, —> a0 as 
k-—» o such that x(t,) > w as k-> o. The set of cluster points is 
called the positive limiting set and is denoted by I+. 

If a solution x(t, to , Xo) of (3.15.15) is bounded for ¢ > t,, then its 
positive limiting set J+ is a nonempty, compact set, and x(t, ty , X)) > I+ 
as t-> oo. Furthermore, if x(t, t) , x9) is bounded for t > ft, and if A 
contains the positive limiting set of x(t, tj , Xo), then x(t, tg, x) > A 
ast— ©. 


LemMa 3.15.1. Let 2 be a closed set in E, that is, 2 is a closed set 
in the topology of E. Assume that a solution x(t, ty , x9) is bounded and 
x(t, ty , Xo) > Qast—> ow. Then the positive limiting set I+ of x(t, tg , Xo) 
satishes I+ C Q. 

Let f(t, x) satisfy the following hypotheses: 


(a) f(t, x) tends to a function H(x) for x € Q as t-> oo, where 2 is 
a closed set in E, and, on any compact set in 2, this convergence is 
uniform. Consequently, H(x) is a continuous function on 2. 

(b) For each « > 0 and each ye, there exist positive numbers 
8(y) and T(y) such that, if || x — y || < d(y) and t > T(y), we have 


| F'(é, x) — F(t, y)l| << 


If te J, then we can choose 6(y) so that (b) holds for all t > 0. 

The following lemma can be proved in the same way as one proves 
the uniform continuity of a continuous function on a compact set. We 
merely state 


Lemma 3.15.2. If ye 2,, where Q, is an arbitrary compact set in 2, 
the 6 and T of (b) are independent of y. 
Now consider the differential system 


x =H(x), x(t) =%, t=O, (3.15.23) 
where H € C[D, R”], D being an open subset in R”. 


238 CHAPTER 3 


DEFINITION 3.15.4. A set AC D is said to be a semi-invariant set of 
(3.15.23) if, for each point of A, there is at least one solution of (3.15.23) 
which remains in A for all future time. 

The following theorem is stated in a special form that is convenient 
for applications. However, the proof can be modified to apply to a more 
general situation. 


THEOREM 3.15.7. Assume that a solution x(t, ty, X9) of (3.15.15) is 
bounded for ¢ > ty and that it approaches a closed set 2 in E. Let f(#, x) 
satisfy hypotheses (a) and (b). Suppose that R(t, x) satisfies assumption 
(iii) of Theorem 3.15.6. Then, the positive limiting set I+ of x(t, ty , Xo) 
is a semi-invariant set, contained in 2, of Eq. (3.15.23) 


Proof. By assumption, a solution x(t) = x(t, tg, x9) of (3.15.15) is 
bounded in F, which implies that there is a compact set O such that 


X(t, ty , %) EQ, tty: 


By Lemma 3.15.1, we have 


T+CQnO=Q,. 


Since 2, is a compact set in R”, there exists a continuous, bounded 
function H*(x) on R” such that H*(x«) = H(x) on 2,. Consider the 
system 

x’ = H*(x), (3.15.24) 


Let w be a point of P+. Then w € Q,, and there is a sequence {t,,} such 
that 
X(t.) —-— X(ty , ty » Xq) > &, th, —> © as k—» oo. (3.15.25) 


Since (3.15.24) is an autonomous system, the behavior of the solutions 
of (3.15.24) through (¢,., w) is the same as that of the solutions through 
(0, w). For an arbitrary A > 0, designate the interval t, <i <t, +A 
by J, . The boundedness of H*(x«) shows that all the solutions of (3.15.24) 
exist on J,. Now consider the system 


x’ 2 H¥(x) +f(t, x(t)) — H*(x(t)) + R(t, x(2)). (3.15.26) 


Clearly, x = x(#) is a solution of (3.15.26) through (¢, , (¢,)). As x(t) 
is bounded, from condition (3.15.16), it follows that, if & is sufficiently 
large, that is, k > k, , we have, for a given 5 > 0, 


i || R(s, x(s))|| ds < 48. (3.15.27) 


‘Kk 
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Since Q, is compact, for every point x(t) there is a point y(Z) satisfying 


(x(t), 21) = || x(t) — y@)Il. 


By hypothesis (b) and Lemma 3.15.2, given 6/6, there exist 6, > 0 and 
T > 0 such that, if ye Q,, \|x — y|] < 6,, and t > T, 


If (4, x) — f(t») < 8/6A. 


On the other hand, since x(f) € 2, as t—» oo, for sufficiently large ¢, 
we have 


a(t) C S(Q, , 8,) AO. 
Hence, if ¢ is sufficiently large, that is, k > k,, it follows that 


IF (4 x(t) — f(t, x) < 8/6A on J. (3.15.28) 


Because of hypothesis (a), f(t, x) —> H(x) as t > oo for x EQ, and this 
convergence is uniform for x ¢€2,, and, for sufficiently large ¢, the 
inequality 

f(t, x) — H(x)|| < 8/6A 


holds. If & is sufficiently large, that is, k > k, , we therefore have 


F(t, x(t)) — Hy) < 8/64 on Jy. (3.15.29) 


Moreover, since H*(x) is continuous on Q, there is a 6, > 0 such that, 
if || x—y|| < 85, || H*(x)~ H*(y)|| < 6/6), and, if ye Q,, H*(y) = H(y). 
From this it follows that, if y€Q, and || x — y|| < 6,, 


\| H*(x) — H(y)|| < 8/60. 


Consequently, if k => k,, we have, on J,., 
|| A*(x(t)) — H(y(t))I| < 8/6. (3.15.30) 


Thus, if & > max[k, , ko , ky , Ry], from the relations (3.15.28), (3.15.29), 
and (3.15.30) and the inequality 
F(t, w(t)) — H*(x(2)))) < IF x(t) — F(t, xO)! 
+ (FG x) — A(x) + | Ao) — AA), 


we have 
NF (t, (t)) — H*(x(t))| << 8/2A on Ji. (3.15.31) 
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The relations (3.15.27) and (3.15.31) yield that 


tpta 


J IPG x6) ~ HM@()) + RG, al ds <5. 


On the other hand, for sufficiently large k, (3.15.25) shows that 
A(t » X(ti))> (tee » )) SB. 


Thus, by Theorem 3.15.6, there is a solution ¢,(¢) of (3.15.24) through 
(t,, ») such that, for a given e > 0, 


d(x(t), bx(t)) <¢, te jx. 
Since ¢,(¢) is a solution (3.15.24) through (¢, , w), we have 
t 
b(t) ot | Hb) ds, te <t< +A, 
& 
and, if we denote ¢,(¢ +- t,),0 <t <A, by ¢,(¢) again, we deduce 


Ae | ; H*(g,(s)) ds,  O<t <A. 


Therefore, for a sequence {e;}, ¢, > 0 as k > oo, there exist solutions 
$,(t) of (3.15.24) satisfying 


by tes He | _H*bs() ae OSES yh 


,(t) C SI, ,). 


(3.15.32) 


The sequence of functions {¢,(¢)} is uniformly bounded and equi- 
continuous, and hence we can select a subsequence that is uniformly 
convergent. Let 4(t) be its limit function. Then, it follows that 


d(t) = 0 + H*(¢(s))ds, O<t <A, 


and 
d(t) C It, 0<t<i, 


by (3.15.32) and the fact that «, 0 as k > o. Since [7 C 2,, this 
implies 
AM $(t)) = A(¢(t)), 


and therefore 


ri) eee | H(d(s))ds, Ot <d 
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This means that 4(Z) is a solution of (3.15.23) through (0, w), which 
remains in I+. Because of the arbitrary nature of A, one concludes that 
there is a solution of (3.15.23) defined for t > 0 starting from w at 
t = 0 and remaining in I+. Consequently, [+ is a semi-invariant set 
of (3.15.23), and the proof is complete. 


Corotiary 3.15.1. If, for a solution x(t) of (3.15.15) approaching 2, 
lim,.,.. x(#) = 0, then H(x9) = 0. 


The following theorem gives sufficient conditions for the asymptotic 
behavior of solutions of (3.15.15) whose proof follows by combining 
those of ‘Theorems 3.15.6 and 3.15.7. 


THEOREM 3.15.8. Let the hypotheses of Theorem 3.15.6 hold. Let 


f(t, x) satisfy hypotheses (a) and (b). ‘Then, all the solutions of (3.15.15) 
approach the largest semi-invariant set, contained in Q, of Eq. (3.15.23). 


3.16. Relative stability 


The concept of relative stability is concerned with the following two 
differential systems: 


x =f,(t,x), X(to) = %, 
y =flt,y),  yv(to) = o> 


where f, , fo€ CLJ x R®, R”). Let x(t) = x(t, ty , Xo), V(t) = v(t, to » Vo) 
be any two solutions of (3.16.1). 


(3.16.1) 


DeEFINITION 3.16.1. The two differential systems (3.{6.1) are said to be 
(R,) relatively equi-stable if, for each e > 0 and t,€ J, there exists a 
5 = d(t) , «) which is continuous in ¢, for each e such that the inequality 


lx — ll <4 
implies 
|x(t)h-yti<« tet. 


Analogous to the definitions (S,)-(S,9), we can formulate (R,)-(R,), 
following (R,). If A(t, v) = f(t, y), then the notion (R,) will be designated 
as extreme equistability of the product system (3.16.1). On the other hand, 
suppose that /,(¢t, y) = 0 and ye M, where M is a nonempty subset 
in R”. Let d(x, M) denote the distance between a point x and the set M, 
defined by 

d(x, M) = inf[||« — y ||, ve M]. 
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Since d(x, M) < || x — y ||, for all y € M, we can infer, as a special case, 
the stability with respect to a set M. If, furthermore, M = {0} and 
fi(t, 0) = 0, the definitions (R,)-(R,y) coincide with (S,)-(S9). Thus, 
the study of relative stability is important in itself. 


Tueorem 3.16.1. Suppose that the following conditions hold: 


(i) VeC[J x R® « R", R,), V(t, x, x) = 0, and V(t, x, y) is locally 
Lipschitzian in « and y. 


(ii) geClJ x R,, RI, ot, 0) = 0, and 
D*V(t, x, V)g461) < at, V(t, x, ¥)), (t,x, y)e J x R® x R* 
Then 
(1) if the trivial solution of (3.2.3) is equistable and 
blx —yl)<V(hay, be TX, (3.16.2) 


the two systems (3.16.1) are relatively equistable; 
(2) if the trivial solution of (3.2.3) is uniform stable and 


bx —y Il) <V(x,9) <a(ix —y), be, — (3.16.3) 


the two systems are relatively uniform stable; 


(3) if (3.16.2.) holds, the equi-asymptotic stability of the trivial 
solution of (3.2.3) implies the relative equi-asymptotic stability of the 
two systems (3.16.1); 


(4) if (3.16.3) holds, the uniform asymptotic stability of the trivial 
solution of (3.2.3) implies the relative uniform asymptotic stability of 
the two systems (3.16.1). 


Proof. (1) Let « > 0, t) € J be given. By the equistability of the trivial 
solution of (3.2.3), we have, given d(<) > 0,t,¢ J, that there exists 
a 6 == &(ty, €) > O such that uw) < 6 implies 


u(t, ty, Uy) < Se), t > ty. (3.16.4) 


It follows from the continuity of the function V(é, x, y) and the fact that 
V(t, x, x) -= 0 that it is possible to find 6, = 5,(ty , e) satisfying 


l% — voll <9, V(ty, %»¥0) <5 


at the same time. Defining 


m(t) = V(t, x(t), ¥(4)), 
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and using assumptions (i) and (ii), we get the inequality 
Dim(t) < g(t, m(t)). 
We choose uy = V(ty , Xo, Vo) and apply Theorem 1.4.1 to obtain 
V(E, x(£), y(t)) < r(t, ty , Uo); t>h, (3.16.5) 


where 7(t, tg, Uo) is the maximal solution of (3.2.3). From (3.16.2), 
(3.16.4), and (3.16.5), it follows that 


A(ii x(t) — y(t) < ), tS ty, 


Hence, || x) — Vo || < 6, implies || x(t) — y(t)| << «, t >t), proving (1). 
(2) We choose uy == a(|| % — ¥o|l), and then it is enough to select 


5, = a (6). The proof proceeds as before. It is clear that 5, is inde- 
pendent of t , since 5 does not depend on fy . 


(3) It follows from the hypotheses that, given b(<) > 0, t, € J, there 
exist positive numbers 6) = 4)(t)) and T = T(t, , «) such that up < 4, 
implies that 


u(t, ty , Uo) < O(€), t>t4+ T. 
We choose §, = §o(t9) such that 
I) — Yoll <8, — V(tos 0 Ho) < 8 
hold simultaneously and conclude, as before, that 
V(t, x(t), y(t)) < rt, ty , Uo), t> ty. 
Consequently, it follows that 
B(|| x(t) — pO) << Be), tt Sty + T. 
Thus, whenever || x) — yo || < 55, we have 
lat)—yO << tt Bt +T, 


proving (R,). Since, by (1), (R,) holds, equi-asymptotic stability results. 


(4) Choose uy = a(|| x9 — ¥ ||), and then select §, = a-1(5,). Clearly, 
5, and T are independent of t, . We proceed as in (3) to establish (Rg). 
The theorem is proved. 
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3.17. Stability with respect to a manifold 


Let we C[R", R*],k <n, and let the set of points x satisfying the 
relation w(x) == 0 define an (x — k) dimensional manifold. We define 


Kk 1/2 
ie =|, wac9| 
i=1 
and denote by M,,_;)(e) and M,,_;)(e) the sets [x € R” : || w(x)l| < €] 

and [xv € R® : || w(x)| < «], respectively. 


DEFINITION 3.17.1. A set A C R” is said to be (positively) self-invariant 
if x,¢A implics x(t, ty, x%)C A,t Sty), where x(t, %),%9) is any 
solution of (3.2.1). 

We shall assume that M,,_,) is a self-invariant set with respect to 
the system (3.2.1). 


DerFInirion 3.17.2. The self-invariant manifold M,,_,) is said to be 
(M,) equistable if, for each « > 0 and t)e€ J, there exists a positive 
function 6 = d(é, , ¢) that is continuous in fy for each « such that 


X9 © Mey_19(8) 


implies 


x(t, fy » X) © Min_i(€), t2ty. 


Analogously, the definitions (M,)—(M,) may be understood, parallel 
to the definitions (S,)-(S,). Obviously, if k = and w(x) = x, these 
definitions (M,)-(M,) coincide with (.S,)-(S3). 

The following theorem gives sufficient conditions for the stability 
and asymptotic stability of the invariant manifold Mj,_,) , the proof of 
which is left to the reader as an casy exercise. 


TurroreM 3.17.1. Assume that there exist functions V(t, x) and g(#, wu) 
satisfying the following conditions: 
() VEC x Mu_olp) Rib Vitex) =0 if we Mg_y, and 
V(t, x) is locally Lipschitzian in x. 
Gi) geCl/ x R,, RI, and g(t, 0) = 0. 
(iii) feCl] x My,_i(p), R"], where My,_,) is a_ self-invariant 
manifold with respect to the system (3.2.1), and 


DV (t,x) <e(t, Pay), (bE T X Ma-w(p)- 
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Then, the self-invariant manifold is 


(1) equistable if the trivial solution of (3.2.3) is equistable and 
B(|| w(x)|l) < V(t, x); bE XK, (t,x)e J X Ma_y(p); (3.17.1) 


(2) uniformly stable if the trivial solution of (3.2.3) is uniformly 
stable and 


B(|| w(x)|) < VC, x) <al\|w(x)I), (t,x) € J X Menay(p), (3.17.2) 


where, a, be %; 
(3) equi-asymptotically stable if the trivial solution of (3.2.3) is 
equi-asymptotically stable and (3.17.1) holds; 


(4) uniformly asymptotically stable if the trivial solution of (3.2.3) 
is uniformly asymptotically stable and (3.17.2) is satisfied. 


3.18. Almost periodic systems 


We shall consider, in this section, uniqueness of solutions, existence 
of almost periodic solutions, and stability results allowing the initial 
time t, the perfect freedom of taking any value in the interval (— 00, 00). 
However, the Lyapunov function that will be used is defined only for 
t > 0. In other words, we obtain results for any ty € (— 00, 0), although 
the conditions imposed in terms of Lyapunov function are only for 
t > 0. This definite advantage inherent in periodic or almost periodic 
systems is exhibited in what follows. Let us begin by a uniqueness result. 


THEOREM 3.18.1. Assume that 


(i) feC[{(—o, 0) x S,, R"], and f(t, x) is almost periodic in t 
uniformly with respect to x € S, S being any compact set in S, ; 


qi) VecC{Jx S,x S,,R,], V(t,x,x)=0, Vi(t,x,y) is 
Lipschitzian in x and y for a constant M = M(p) > 0, and 


Alle —yi) <Vx%,y), bE #; 
(iii) geClJ x R,, R], g(t, 0) = 0, and, for (t,x, y)e J x S, x S,, 
D*V(t, x, y) = lim sup , [V[é + h, x + hf (t,x), 9 + Af(t, y)) — V(t, x, y)] 


< g(t, V(t, x, y)); 


246 CHAPTER 3 


(iv) the maximal solution of (3.2.3) through the point 
(7) , 9), 7) = 0, is identically zero. 
Then, the almost periodic system 
x =F (6:%); X(to) = X%, ty €(— aw, w) (3.18.1) 
has at most one solution to the right of ¢, . 


Proof. Suppose that, for some (t), X9), tf) €(— %, ©), xe S,, there 
exist two solutions x(t) = x(t, tf), %), y(t) = y(t, to, %9). Then, at 
a certain ¢t, > ft, , we have 


il (4) — WA) =, 


where, we may assume, « < p. For tj <t < t,, there exists a constant 
B < p such that 
Ie) <B,  lyx@ll < B. 


By Lemma 1.3.1, given 36(c) and a compact set [7), 7], there exists 
ad = 6(e) > 0 such that 


r(t, 7), 0,8) < 4d(e), tel[r), 7], (3.18.2) 
where r(t, t, , 0, 5) is the maximal solution of 
u’ = g(t, u) + 4, u(7)) = 0. (3.18.3) 


Let @ be a 6(c)/2M-translation number for f(t, x) such that t, + @ > 0, 
that is, 
f(t + 8, x) —f(t, x)|| < 8(€)/2M, (3.18.4) 


provided x ea compact set SC S,. Consider the function m(t) = 
V(t + 0, x(t), y(t) for te [t,, ¢,]. For small hk > 0, we have, using 
Lipschitz condition on V(t, x, y), 


m(t -+ h) < Mh |If(t, x) —f(e + 8, x) 


+1 F490) =F + 8 yoy) + SHOE 4, LO) 


+ V[t + 6+ h, x(t) + hf(t + 8, x(t), v(t) + Af(t + 8, y(t), 


where e,()/h, €,(h)/h —> 0 as h -> 0. It then follows, because of assump- 
tion (iit) and relation (3.18.4), that 


D'm(t) < g(t + 6, m(t)) + 4, te [ty , ty]. 


3.18. ALMOST PERIODIC SYSTEMS 247 


Defining 7) = tf) + 9, we get, on the strength of Theorem 1.4.1, the 
inequality 
m(t) < r(t + 8, 7), 0, 8), te [ty, 4), (3.18.5) 


where r(t + 0, Tt) , 0, 8) is the maximal solution of (3.18.3). Att = t,, 
we obtain, using relations (3.18.2) and (3.18.5), the estimate 


m(t,) < r(t, + 8, tT) , 0, 8) < 40(6), 
which is a contradiction to the fact that 
m(t,) > b(e). 


Hence, it follows that the system (3.18.1) has at most one solution to 
the right of fy . 


Corotuary 3.18.1. The function g(t,u) = 0 is admissible in 
Theorem 3.18.1. 

As observed earlier, in the stability results that follow, we allow 
ty) €(—, 0). Then, the corresponding notions will be designated as 
perfect stability concepts to distinguish them from the previous stability 
definitions. We need the following notions with respect to the scalar 
differential equation (3.2.3). 


DEFINITION 3.18.1. The trivial solution of (3.2.3) is said to be strongly 
equistable if, given any « > 0,7) ¢€ J, and any compact interval K = [79, 4], 
there exist an 7 = 7(e) > 0 and a positive function 6 = 8(79, <) that 
is continuous in 79 for each e such that, if uy < §, 


u(t, 7),%,7) <<, te [7,4], 
where u(t, T) , Uy » 7) is any solution of 
uw’ = g(t,u)-+7, u(t) = uy > 0. (3.18.6) 
If, in addition, 6 is independent of 7, , it is strongly uniformly stable. 
DEFINITION 3.18.2. ‘The trivial solution of (3.2.3) is said to be strongly 
equi-asymptotically stable if it is strongly equistable and if, for any « > 0, 


7 € J, there exist positive numbers 6) = &(7)), 7 = 7(e), and 
T = T(r, «) such that 


U(t, 7) M57) <6 t27,+ T, 
provided 


Uy <4, 
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where u(t, 7), Us, 7) is any solution of (3.18.6). If the numbers 4, 5, , 
and 7 are independent of 7, , the trivial solution is said to be strongly 
untformly asymptotically stable. 


THEOREM 3.18.2. Assume that 
(i) Vect[] x S,, R,], V(t, x) is Lipschitzian in x for a constant 
== [{p) > 0, and V(, x) is positive definite; 
(ii) geCl] x R,, R], g(t, 0) = 0, and 


DtV(t, x) < g(t, V(t, x)), (t,x)e] x S,; 


(iii) fe C[(—o, 0) x S,, R"), f(t,0) = 0, and f(t, x) is almost 
periodic in ¢ uniformly with respect to x eS, S being any compact set 
in S,. 

Then, the strong equistability of the trivial solution of (3.2.3) implies 
that the null solution of (3.18.1) is perfectly equistable. 


Proof. Let 0 <« <p and t,€(—, ©) be given. Since V(t, x) is 
, ; p 0 - & 
positive definite, there exists a function b € % such that 


A(lx|l) < V(x), (tx)eJxS,. (3.18.7) 


Assume that the trivial solution of (3.2.3) is strongly equistable. Then, 
given b(c) > 0, t>€ J, and any compact interval K = [7), t,], there 
exist an 7 = 7(e) > 0 and a d = &(7y, €) > O such that 


u(t, T),Uy,7) < Oe), te [r), 4], (3.18.8) 


provided uy < 5, where u(t, 7) , Up , 7) is any solution of (3.18.6). Choose 
£8, = 6 and uy = L|| xq ||, L being the Lipschitz constant for V(t, x). 
This choice implies that ug < 5 and || xy || < 5, are satisfied at the same 
time. 

Suppose now that there exists a solution x(¢) = x(t, ty, x9), with 
| xq || < 6, and t) €(— «©, &) such that, for some t, > ty, we have 


| x(t)|| Se <p, bth, il *(t5)l| = . (3.18.9) 


Let @ be an 7/L-translation number for f(t, x) such that tj + 6 > 0, 
that is, 


f(t + 4, x) —f(t, x)|| < nf/L, te(—o@, 0), (3.18.10) 


if xe S, any compact set in S,. We consider the function m(t) = 
V(t + @, x(#)), t € [t) , t.]. If h > 0 is small, we obtain, using assumption 
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(ii), the Lipschitzian character of V(t, x) and the relations (3.18.9) and 
(3.18.10), 


Dtm(t) < g(t + 9, m(t)) + Lift + 4, x(t) — F(z, x(@))Il 
< g(t + 4, m(t)) + », te [ty , te]. 


Define 7) = t) + @ and ¢, = ¢, + 8. An application of Theorem 1.4.1 
yields that 


mt) < r(t + 8,79, %q, 7), te [ty, te], 


where r(t +- 8, tT) , Ug , 7) is the maximal solution of (3.18.6). At ¢ = ft, , 
there results an absurdity 


Ble) < V(ty + 48, x(ty)) < r(te + 9, 79, Uys) < de), 


because of relations (3.18.7), (3.18.8), and (3.18.9). This proves the 
perfect equistability of the trivial solution of (3.18.1). 


CorROLiary 3.18.2. Under the assumptions of Theorem 3.18.2, the 
strong uniform stability of the trivial solution of (3.2.3) assures the 
perfect uniform stability of the solution x = 0 of (3.18.1). In particular, 
the function g(t, wu) = 0 is admissible. 


THEOREM 3.18.3. Suppose the trivial solution of (3.2.3) is strongly 
equi-asymptotically stable and that assumptions (i), (ii), and (iii) of 
Theorem 3.18.2 hold. Then, the perfect equi-asymptotic stability of the 
trivial solution of (3.18.1) follows. 


Proof. Since, by Theorem 3.18.2, the trivial solution of (3.18.1) is 
perfectly equistable, it remains to be proved that it is perfectly quasi- 
equi-asymptotically stable. For this purpose, let 0 <¢ <p and 
ty €(—o0, 00). Then, given b(c) > 0 and 7, J, there exist positive 
numbers 6) = 8)(79), 7 = 7(e), and T = T(z), €) such that 


u(t, tT) s% 7) <H6), t>m+T, (3.18.11) 


whenever uy <8. Choose % = L |! x || and L6& = 6. Let 5* = 
min[5, , 59], where 55 = 5(7,, p). Thus, if || x9 || < 5x, it follows that 
|| «(|| < B <p for some B. As before, let 6 be an 7/L-translation 
number so that (3.18.10) is satisfied. Then, by defining m(t) = 
V(t + 4, x(t)), where x(t) is any solution of (3.18.1) such that || x9 || < 8, 
we obtain 


Dtm(t) < g(t + 9, m(t)) + 9, 
\ 
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which implies, by Theorem 1.4.1, the inequality 
mt) <r(t +9, 79,%,7%), teh, 

choosing 7, = ty + @. It then follows that 


B(|| x(2)I) < V(t + 8, x(t)) < r(t + 8, 79, Uo» 0) 
<b) t2>647, 


in view of (3.18.11). We thus have 
IeOll << tem+T, 


provided || x, || < 8g. The proof is therefore complete. 


Corotiary 3.18.3. Under the assumptions of Theorem 3.18.2, the 
strong uniform asymptotic stability of the trivial solution of (3.2.3) 
implies the perfect uniform asymptotic stability of the null solution of 
(3.18.1). In particular, the function g(t, uw) == —au, « > Q, is admissible. 

Suppose that the function f(¢, x) is not almost periodic in ¢ and that 
feClJ x S,, R"]. Then, from the strong stability notions of the scalar 
differential equation (3.2.3), we may infer the strong stability of the 
system (3.18.1), which we now define. 


DEFINITION 3.18.3. The trivial solution of (3.18.1) is said to be 
strongly equistable if, for any « >0,t)¢ J, and any compact interval 
[t) , 4], there exist an 7 = 7(e) > 0 and a positive function 6 = A(t, , €) 
that is continuous in ¢, for each e such that, if || x» || < 4, 


| x(t, to > Xq> ll < €, te [to , i], 


where x(t, ty , X) , 7) iS an y-approximate solution of (3.18.1) on [t, , t,]. 
If, in addition, 8 is independent of #,, the trivial solution is said to be 
strongly uniform stable. 

The notion of strong asymptotic stability may be defined similar to 
Definition 3.18.2. 

We may now state the following 


THEOREM 3.18.4. Suppose that assumptions (i) and (11) of Theorem 3.18.2 
hold. Let fe C[J x S,, R"] and f(z, 0) = 0. Then, one of the strong 
stability definitions of the trivial solution of (3.2.3) yields the corre- 
sponding one of the strong stability notions of the trivial solution of 


(3.18.1). 


3.18. ALMOST PERIODIC SYSTEMS 25] 


Proof. We shall indicate the proof corresponding to the statement 
that the strong equistability of u = 0 of (3.2.3) implies the strong 
equistability of the trivial solution of (3.18.1). We follow the proof of 
Theorem 3.18.2 and choose 6, , 7; such that £6, = 5 and Ly, = 7. We 
can, then, claim that, with the numbers 6, , 7, so chosen, the trivial 
solution of (3.18.1) is strongly equistable. Supposing the contrary and 
proceeding as in Theorem 3.18.2, we obtain, in the present case, the 
inequality 
Dim(t) < g(t, m(t)) + 2, 


where m(t) = V(t, x(t, tp , X), 7)). With these changes, we can miinic 
the rest of the arguments to prove the stated result. 


Regarding the existence of almost periodic solutions for the system 
(3.18.1), we have the following 


THEOREM 3.18.5. Assume that 

(i) feCl(—o, 0) x S,, R"], and f(z, x) is almost periodic in t¢ 
uniformly with respect to x e S, S being any compact set in S, ; 

(i) Vecl x S, x S,,R,], V(t, x, y) is Lipschitzian in x and y 
for a constant L = L(p) > 0, and, for (¢, x, y)e J x S, x S,, 

A(x —yll) < Vitex, 9) < a(x —yil), abe #; 

Gu) DtV(t, x, v) < a(t, V(t, x, y)), te J,x,yeS,, where 
geC[J x R,, R); 

(iv) there exists a solution x(t) = x(t, ty, x9) of (3.18.1) such that 


IeOl<B, t2%, the(—0,0), B<p; 


(v) given d(c) > 0, a > 0, and 7, € J, there exist positive numbers 
7 = (ce), T = Tie, «) such that, if uw <«and7 >7,+ T, 


U(T, 79, Ug, 7) < Ae) (3.18.12) 


where u(7,7),%,%) is any solution of (3.18.6). Then, the almost 
periodic system (3.18.1) admits a bounded almost periodic solution, 
with a bounded B. 


Proof. We can prove this theorem following the proof of Theorem 2.15.3. 
Hence, we shall indicate it briefly. Let x(t) = x(t, to , Xo), ty € (— ©, ©) 
be the bounded solution such that || x(2)|| < B,¢ > t,. Let {7,} be any 
sequence of real numbers such that 7, — 0 as k — oo and 
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f(t + 7,,%x) — f(t, x) > 0 as kR-> ow, uniformly for t¢€(—o, oo) and 
xéS, S being any compact set in S,. Let 8 be any number, and let U 
be any compact subset of [f, 00). Let 0 < « < p be given. Choose 
a = a(2B). Then, let y and T be the numbers given in assumption (v), 
for this choice of a. Let kg = Ro(B) be the smallest value of k such that 
B-+ 7, 2 ty + T. Choose an integer 4) = (€, 8) > Ry so large that, 
for k, > ki > mm, 


F(t + Tey» %) — S(t + Tey » ¥)I| < 0/3L, (3.18.13) 


for all t€(—o,c),xeES. Let 6 be an 7/3L-translation number for 
f(t, «) such that tf) + @ > 0, that is, 


f(t + 8 x) —f(t, x) < n/3L, (3.18.14) 
for f€(—o, oo) and we S. Consider the function 
mt) = V(t + 8, x(t), x(t,)), tS ty5 


where t; = ¢ + 7, — 7,,. Then, 

D*m(t) < lim sup 3 [V(t + 8 + hy x(t + h), x(t, + )) 
— V(t + 6 -4- A, x(t) + hf (t + 4, x(t)), x(t.) + Af (t + 4, x(t,)))] 
“+ lim sup ; [V(t + 6 + h, x(t) + Af(t + 4, x(t)), «(t,) 


+ hf(t + 8, x(t,))) — V(t + 4, x(t), x(4))] 
<LI, F(t «(t)) — f(t + 4, x(t))I] + lA (tr (4) 
— f(t + 8, x(t,))] + DIV(t + 4, x(t), x(4y)) 
<LI x(t) — f(t + 8, x(t) + IA (4 » #(4) 
—f (ty + 9, x(t) + F(t. + 8 x(t) — S(t + 4, #(4))11) 
“+ g(t ++ 9, m(t)), 


using the Lipschitzian character of V(t, x, y) and assumption (iii). 
Since t+ 7, = ty), for te U, we obtain, by virtue of the relations 
(3.18.13) and (3.18.14), the inequality 


D*m(t =F Tey) < g(t + Thy + 9, mt oe Tie) +n, te U, 


which, by Theorem 1.4.1, yields 


m(t + 7),) <r(t + te, + 0, to + 0, uy, 7), t+ ty, 2S ty, 
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provided m(t,) = uy, where 7{7, 7), %, 74) is the maximal solution of 
(3.18.6). But, for all te U, t+ 7,, >t) + T. Hence, identifying 
T= t+ 7, + 9, 7%) = ty + 8, we get 


m(t +t.) <b), teU, 
according to relation (3.18.12). Consequently, for all te U, we have 
|] x(t + t2,) — x(t + 12,)ll << ¢, ky > ky > - 


This proves the existence of a function w(t) defined on [f, 00) and 
bounded by B. Since f is arbitrary, w(t) is defined for t €(— oo, o), 
and we have 


x(t + T,,) — w(t) > 0 as ki > @, 


uniformly on all compact subsets of (— 00, 00). 

Using the same arguments as in Theorem 2.15.3, it is easy to show 
that w(t) is differentiable and satisfies (3.18.1). 

To show that w(t) is almost periodic, it is sufficient to show that, for 
any sequence {r,} for which {f(t + 7,,x)} converges uniformly for 
te(—o, wo), xe S, the sequence {w(t + 7,)} converges uniformly for 
t €(— ©, 0), where 7, tends to a finite number or infinity. We may 
assume that 7, approaches either —oo or oo. 

Assume now that 7,, > 00 as k —> oo. For any « > 0, there exists an 
Ng = Ng(e) > O such that, if ky > ky, > my, (3.18.13) holds. We choose 
k, > ny so large that 7, > T. For each te(—o, «), let @ be an 
n/3L-translation number such that ¢t + @ > 0, that is, (3.18.14) holds. 
Fort <s <t-+7,,, we consider the function 


m(s) = V(s + 8, w(s), w(s)), 
where s; = s + t,, — T,,- Then we obtain, as before, 
D*m(s) < g(s + 8, m(s)) + LII|F(s, w(s)) —f(s + 4, w(s))I 
+N F(G A Teg 5 2(51)) — Ao A Tey » 20(54))!! 
+ MA (e > Tey 2 (81) — Fo + Ti + 8, 20(51))iI), 
where o = s — t,,. This implies, using (3.18.13) and (3.18.14), that 


D*m(s) < g(s + 9, m(s)) + », t<sStt+ tz. 
By Theorem 1.4.1, it follows that 
mE) <r(€ + 0, t + 6, uy, 9), é>, 
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if m(t) = uy. As previously, choosing « = a(2B), we get, by relation 
(3.18.12), 

r(E + 0,t + 0, uy, 7) < &(6), ESrt+T. 


If we set, therefore, € = t + 7,,, there results 
mt 4- T.,) < Be), teé(—o, 0). 
Accordingly, it follows that 
|| w(t + Te,) — W(t + Tell<<& ke BR, >My, 


for all t€(—o, wo). Thus, the sequence {w(t + 7,)} is convergent 
uniformly on (— ©, 00). 

In the case when 7; — — 9, we can prove in the same manner that 
{w(t + 7,)} is also convergent uniformly on (— ©, 00). The proof is 
therefore complete. 


CoroLiary 3.18.4. Let hypotheses (i), (ii), (ii), and (iv) of 
Theorem 3.18.5 hold, and let the trivial solution of (3.2.3) be strongly 
uniformly asymptotically stable. Then, the system (3.18.1) admits an 
almost periodic solution that is uniformly asymptotically stable. In 
particular, the function g(t, vu) = —au, x > 0, is admissible. 


3.19. Uniqueness and estimates 


It is naturally possible to give very general conditions for the unique- 
ness and the growth of solutions by employing Lyapunov functions. Let 
us begin with a uniqueness result of Perron type. 


THEOREM 3.19.1. Assume that 


(i) the function g(t, u) is continuous for tj <t <ty + a, u > 0, 
and, for every ¢,,t) < t, <t, + a, u(t) == 0 is the only differentiable 
function on ty < t << t;, which satisfies 


w= g(t,u), wll) =0, (3.19.1) 
fort, << t <3 


(it) feC[R,, R"], where 


Ryits St <h+a, || x — XQ || < 4; 
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(iii) VeC[R,, R,], V(t, 0) = 0, V(t, x) is positive definite, con- 
tinuously differentiable on Ry , and, for (#, x), (4, v)e Ry, 


V(x —y) = ESRD) 4 ERY) TF, 8) — fy) 


< g(t, V(t, x — y)). (3.19.2) 


Then, the differential system 
x’ = f(t, x), X(t) = Xo (3.19.3) 
admits a unique solution on 4; <t <t) +a. 


Proof. Let us suppose that there are two solutions x(t), y(¢) of the 
system (3.19.3) on f) <¢t < t) + a. Consider the function 


m(t) = V(t, x(t) — (0). 
We have, in view of (3.19.2) and the continuous differentiability of 
V(t, x), the inequality 
m'(t) < g(t, m(t)). 

Also, m(ty) == 0. For any ¢, such that tj < t, < t) + a, we obtain, by 
Theorem 1.4.1, the estimate 

mt)<r(t), t&<t<h, 
where 7(t) is the maximal solution of (3.19.1). Assumption (i), together 


with the positive definiteness of V, assures that x(t) == y(t), ty) St < t,. 
The proof is therefore complete. 


We can state a uniqueness result analogous to Kamke’s theorem in 
terms of Lyapunov functions as follows. 


THEOREM 3.19.2. Assume that 


(i) the function g(t, u) is continuous for 4) <t <t,+ a, u > 0, 
and, for every t,,ty) <t, < t) + a, u(t) =O is the only function 
differentiable on tj < ¢t < t, and continuous on tf, <t < t,, for which 


w(t) = lim, “2 — Me) 


exists, 
t>tyt t—t 


0 
u'(t) = alt, u(t)), &Q<t<f,, 
and 
u(ty) = ul(to) = 0; 
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(ii) hypotheses (ii) and (iii) of Theorem 3.19.1 hold except that the 
condition (3.19.2) is satisfied only for (¢, x), (t, y)€ Ry and t # ty. 


Then, the conclusion of Theorem 3.19.1] remains true. 
Proof. Define the function 


Btu) = sup | Vie — 9) 


£,"—y)=U 


for tj <t<t,+ a and u >O0. Since f(t, x), oV/et, aV/éx are all 
continuous on R, , it follows that g(t, w) is continuous on tj <t < tyta@ 
and u > 0. Following the proof of Theorem 2.2.2, it is now easy to 
establish this theorem. We leave the details. 


Much the same way, we can state and prove a uniqueness theorem 
analogous to Theorem 2.2.4. 

The next two theorems are concerned with estimating the difference 
between a solution and an approximate solution. 


THEOREM 3.19.3. Suppose that 
(i) geC[] x R,, Rj,u,de CJ, R,], and 
D_u(t) > g(t, u(t)) + MWD), E> by 
(ii) VeClJ x R", R,], V(t, x) satisfies the Lipschitz condition in x 
for a function M(t), where Me C[J, R,], and 


: : Ls 
D+V(t,x — y) = lim gup = (Vt + A, # —y + ALP 8) — f(D 
— V(t,x — y)I 
< g(t, Vitex —y)] (3.19.4) 
for te J, x, ye 2, where 
82 - [x,y ER": V(t, x — y) = u(t), t > to]; 


(iii) feCL x RR”), x(t) is a 6-approximate solution, and y(t) 
a solution of (3.19.3), defined for t > fy. 


Then, V(ty , %) — ¥o) < u(ty) implies 


V(t, x(t) —y(t)) << u(t), = t Sty. 
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Proof. Consider the function m(t) = V(t, x(t) — y(t). Hf, for a 
t = t,, x(t), y(t,)€ 2, then we obtain, using assumption (ii), the 
differential inequality 


Dtm(t) < g(t, , m(ty)) + M(t)8(tr), 
which, by Lemma 1.2.3, implies 
D_m(t,) < g(t, m(h)) + M(t)5(4). 


The desired result now follows on account of Theorem }.2.2. 


TuHeorem 3.19.4. Assume that ge C[J « R,, R] and that 7(t) 1s the 
maximal solution of 


u’ = g(t, u) + M(A)8(t), (tp) = ty > 0, 


defined for t > t,. Suppose further that assumptions (ii) and (iil) of 
Theorem 3.19.3 hold except that the condition (3.19.4) is satisfied for 
te J, x, ye 2*, where, for a certain €, > 0, 


Q* = [x, ye R® i 7(t) < V(t, x —y) <r(t)+e,t > ty]. 
Then, V(t) , %) — 9) = Up implies 
V(t, x(t) — y(t) < r(d), tet. 


The proof of this theorem can be constructed following the arguments 
of Theorem 1.4.2. 


3.20. Continuous dependence and the method of averaging 


Consider the differential system 
a’ = f(t, x, 9), (3.20.1) 


where fe C[J x S, x R”, R”]. Assume that, for every y,¢ R™, there 
exists a solution x(t) of the system 


a’ = f(t, x, Vo), (3.20.2) 
defined for ¢ > 0. 


Lemma 3.20.1. Suppose that 


(i) VeC[J x R*, RJ, Vi, 0) = 0, and V(z, x) 1s positive definite 
and satisfies the Lipschitz condition in x for a constant M > 0; 
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(ii) geCL] x R,, R], e(t, 0) = 0, and, for any step function o(f) 
on J with values in S, and for every te J, xe S, 


DtU(t, x, Yo) = lim sup ; [V(t + A, F(t, v(t), vo) — x 


+ WK F(t, lt), Yo) — F(t, ©, Yo)}) — V(t, F(t, v(t), yo) — *)] 
< g(t, V(t, v(t) — x)), (3.20.3) 
where 


F(t, o(t), y) = v(0) + | F(s, 28), y) ds, (3.20.4) 


Then, given any compact interval [0, Ty] contained in J and any e > 0, 
there is a5 = 6(e) > 0 such that, for every step function 2(t) in [0, To], 
with v(0) = x(0) and || v(t) — x(2)|| < 5 in [0, Ty], there follows 


If LAG. 290) — Fl, 2069). 90)] | <6 (3.20.5) 


for every t € [0, Ty], xo(¢) being any solution of (3.20.2). 


Proof. Since V(t, x) is positive definite and V(t,0) = 0, given any 
« > 0, there exists a pp == pu(e) > 0 such that 


V(t, x) <p implies || x || < e. 


Moreover, by the assumptions on g(t, u), there exists a y = y{e) > 0 
such that 


| g(t, #)| <p/To, 


whenever te [0, 7] and 0 <u < y. Let o(t) be a step function in 
(0, 7], with values in S, such that v(0) = x (0) and || v(t) — xp(2)]]| < 8 
in [0, Ty], where 6 = y/M, M being the Lipschitz constant for V(t, x). It 
then follows that 


| g(t, V(t, v(t) — x(t) <e/To, — t€ [0, Tr]. (3.20.6) 
Hence, considering the function 
m(t) = V(t, F(, v(t), Yo) — xo(t)), 


we obtain, in view of the relations (3.20.3) and (3.20.6) and the 
Lipschitzian character of V(z, x), 


Dtm(t) <p/T),  t€{0, Ty). 
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This implies that, for every ¢ € [0, To], 


V(t FL, 6) 90) —/(6 sa 99) 4) 


= V(t, F(t, v(t), ¥o) — xo(2)) 
< PB» 


which proves the assertion (3.20.5) of the lemma. 
Assume that, for each te J and xe S, 


eo? 


lim Fs, x,y) ds = [4 x, Yo) ds. (3.20.7) 


y~¥o 


It then follows that, given any compact interval [0, 7,] and any step 
function v(t) in [0, 7] with values in S, , 


lim | f(s, o(s), y) ds = | ‘fs 2s), Yo) as 


y~Yo 


uniformly in [0, 7]. Hence, if the assumptions of Lemma 3.20.1 hold, 
there exists, for every « > 0, a constant 6 = d(e) > 0 such that, 
whenever v(é) is a step function in [0, 7] with v(0) = x,(0) and 
|| v(4) — x9(t)|| < 5 in [0, 7)], there is a neighborhood I’ = I'(e) C R™ of 
Yo for which y € I’ implies 


[[ £76 20.) £6 al yo)] ds <6 £610, To 


In view of (3.20.4), this means that, for each ye TI, 
IF of) 9) — xo(Il<«¢ — t€[0, To]. 


This fact will be used prominently in the following 


THEOREM 3.20.1. Assume that 
(i) VecL] x R", R,], Vi, 0) = 0, and V(z, x) is positive definite 
and satisfies the Lipschitz condition in x for a constant M > 0; 
Gi) geCl] x R,, RI, et, 0) =0, and v(t) =0 is the maximal 
solution of 
u’ = g(t, w), (3.20.8) 
passing through (0, 0); 
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(iii) for any step function v(¢) on J, with values in S, , and for every 
te J,xeS,,yeR”, 


D‘U(t, x,y) <alt, Vt, ot) — 2)); (3.20.9) 
(iv) the relation (3.20.7) holds. 


Then, given any compact interval [0, 7,] C J and any « > 0, there 
exists a neighborhood [(<) of yo such that, for every ye I, (3.20.1) 
admits a unique solution x(t) with x(0) = x,(0), which is defined in 
[0, 7] and satisfies 


II x(t) —a(t)l<«, 26 [0, Ty]. (3.20.10) 


Proof. The assumptions on V and g, together with (3.20.9), imply, 
on the basis of Theorem 3.19.1, that there exists a unique solution x(t) 
of (3.20.1) with x(0) = x,(0), which is defined in some interval 
JO) = 0 TONIC F: 

From hypothesis (ii) and Lemma 1.3.1, we deduce that, given any 
compact interval [0, 7] C J and any p» > 0, there is an 7 = n(n) > 0 
such that the maximal solution 7(t, 0, 0, 7) of 


u’ = g(t, u) + dy (3.20.11) 
exists for t € [0, Ty] and satisfies 
r(t, 0,0, 7) <p, te [0, J]. 


Let « > 0 and [0, T)] be an arbitrary compact interval. Since V(t, x) 
is positive definite on J x R", we can find a p = p(e) > 0 such that, 
whenever V(t, x) << #, we have || x || < de. Let n(e) > 0 be the constant 
referred to previously. Choose a constant « > 2Me. By the continuity 
of gon J x R, , there exists a 5(e) > O such that 


| g(t, %) — g(t, Us)| < on 


for te [0, Ty], v4, uw, € [0, «], and | uw, — ug | < d(e). For every yc R™ 
and every step function v in J with values in S, , we have, for every t € J 
and xe R", 


| V(t, o(t) — x) — Vit, FU, o(2), y) — 2)| 
S MI o(4) — xo(4)]| + FG 2) ¥) — xolA)il), 


where F(t, v(t), y) is defined as in (3.20.4). Hence, as observed earlier, 
we can select a positive constant B(e) < ¢ and a step function v in [0, To] 
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with v(0) = x,(0) and |] v(t) — xp(t)|| < B in [0, T,] such that there is 
a neighborhood I'(e) of yy for which y € I’(e) implies 


F(t, o(t), 9) — x(t) <4, £€[0, Tol, (3.20.12) 
and 
| V(t, o(t) — x) — Vit, F(t, oft), ») — 2) <8, 


for every t € [0, Ty] and x € R®. 

Let us now take some y € I’(e), and let us consider the unique solution 
x(t) of (3.20.1), with x(0) = x,(0), which exists on some interval 
J(y) = [0, T(y)] contained in J. Defining for t € J(y) A [0, To], 


m(t) = V(t, F(t, v(t), y) — x(t). 
We deduce from (3.20.9) that 
D'm(t) < g(t, V(t, o(t) — x(t))). 
Hence, for all those t € J(y) A [0, To] for which 
max{|| o(#) — x(¢)]), || FU, o(4), ») — x@)I] < o/M, (3.20.13) 
there follows 
D*m(t) < g(t, m(t)) + 3n- 
This implies, by Theorem 1.4.1, that 
mt) <7(t,0,0,y), te J(y) 9 (0, TI, 
where 7(t, 0, 0, 7) is the maximal solution of (3.20.11) through (0, 0). 


Since r(t, 0, 0, 7) < pw for every t€[0, Ty}, we infer that m(t) < p as 
long as (3.20.13) holds, and therefore 


FG, 02), 9) — xl <5 < Gay 


Thus, using (3.20.12), we obtain, for sufficiently small te J(y) A [0, Ty], 
i| x(t) — x9(2)Il < (3.20.14) 


and so || v(t) — x(t)|| < 2e < a/M, for these values of t. Consequently, 
(3.20.14) holds for every t € J(y) A [0, T,]. All that remains to be shown 
is that [0, Ty] C J(y). 

Suppose the contrary, and let J/* = [0, T*), with T* < T,, be the 
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maximal interval in which x(f) exists. Since x,(¢) is bounded in [0, 75], 
(3.20.14) shows that x(f) is bounded in J*. It follows that 


I(t (2), 9)IL< Nin J* 


for some N = N(y) > 0. Hence, x(f) has a limit C as te ]* tends to 
T*, and, by continuity, 


| C —x(T*)| <« 


in view of (3.20.14). Since there exists a constant y > 0 such that, for 
each te€[0, To], the open ball B, in R” of center x,(¢) and radius y is 
contained in S,, we shall have Ce S, provided « > 0 was chosen 
sufficiently small. Therefore, x(¢) can be continued as a solution of 
(3.20.1) to the compact interval [0, 7*], which contradicts the definition 
of J*. This completes the proof. 


If the assumption (3.20.7) is replaced by the stronger requirement 
lim f(t, 9) = f(t % 99) 


uniformly in J x S,, then we can prove the conclusion (3.20.10) 
without the use of approximating step functions. This we state in the 
form of a corollary, observing that it is a generalization of Theorem 2.5.2. 


CoroL_ary 3.20.1. Let assumptions (i) and (ii) of Theorem 3.20.1 
hold. Suppose that, for each te J, x, ,x,¢€S,, and ye R”, 


: oe : : 
meceue h [V(t + h, x —~- x + Af (tx, ¥) — f(t 2 ¥)}) — V(t — %2)] 
< g(t, V(t, x, — xQ)). (3.20.15) 


Then, the conclusion of Theorem 3.20.1 is true. 
We next consider the problem of continuity of solutions with respect 
to initial values. We first prove the following 


LemMaA 3.20.2. Suppose that 
(i) VeCl x R", R,], and V(t, x) satisfies a Lipschitz condition 


in x locally; 
(ii) feClf x R", R"], and 
G(t, m) = ve nax Dt V(t, x — x9), 


t,2—-a%y)<m 
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where 


DtV(t, x — x) = lim sup ; [V(t + h, x — x9 + Af(t, x))) — V(t, x — x]; 


(iii) 7*(t, ty , 0) is the maximal solution of 
u’ = Git, x), u(ty) == 0 


existing for tf > ty. 
Then, if x(z) is any solution of 


x = f(t, x), x(t) = % (3.20.16) 
existing for tf > t), we have 
V(t, x(t) — %)) <r*(t, ty , 0), boty 
Proof. Define m(t) = V(t, x(t) — xo). Then, it is readily seen that 
Dtm(t) < D+ V(t, x(t) — x9) 
DV, x — Xq) 


I 


IN 


V(t,anae) <ma(t 
= Gt, m(t)), 
which implies, by Theorem 1.4.1, that 
m(t) < r*(t, ty , 0), be tes 
This proves the lemma. 


We now state the following theorem on continuity of solutions 
x(t, ty , Xo) with respect to initial values, whose proof may be constructed 
by combining the arguments of Theorems 2.5.1, 3.1.4, 3.19.1, and 3.20.1. 


‘THEOREM 3.20.2. Assume that 


(i) VEC x R*, RJ, VG, 0) = 0, and V(z, x) is positive definite, 
mildly unbounded, and satisfies a Lipschitz condition in x locally; 
(ii) geC[J x R,, RI, and u(t) = 0 is the unique solution of 
u’ = g(t, u) (3.20.17) 
passing through (Zé, , 0); 
(iii) feCL x R®, R"], and, for (t,x), (t,y)e J x R*, 


D*V(t, x —_ y) < alt, Vit, x — ¥))- 


264 CHAPTER 3 


Then, if the solutions w(t, ty, %) of (3.20.17) through every point 
(ty , Mp) exist for ¢ = t, and are continuous with respect to (ty, up), 
the solutions x(t, ty , X9) of (3.20.16) exist for t => t) and are unique and 
continuous with respect to initial values (ft) , Xo). 


3.21. Notes 


A result of the type given in Theorem 3.1.1 is due to Conti [1]. 
Corollary 3.1.2 is new. Theorem 3.1.2 is adopted from Lakshmikantham 
[6, 10]. Theorem 3.1.3 is also new and is useful in certain applications. 
For the result contained in Theorem 3.1.4, see Brauer [3], Conti [1], 
Lakshmikantham [6, 10], and Strauss [1]. See also Wintner [1]. Instead 
of D+ V(t, x) given in (3.1.2), it is more general to consider D-V(t, x). 
The proofs do not require any changes (see Corduneanu [11] and 
Yoshizawa [2]). 

Section 3.2 introduces various definitions (see Antosiewicz [4], 
Hahn [1, 3,4], LaSalle and Lefschetz [1], Lakshmikantham [6], 
Massera [4], and Yoshizawa [16]). For relationships between various 
kinds of stability and boundedness, see Antosiewicz [4], Massera [4], 
and Yoshizawa [16]. 

The results of Sect. 3.3 are adapted from the work of Antosiewicz [4, 6], 
Brauer [3, 8], | Carduneanu [11], and =~ Lakshmikantham [6, 10]. 
Theorem 3.3.5 is taken from Hahn [1, 3, 4], whereas Theorem 3.3.6 is 
due to Corduneanu [11]. Theorems 3.3.7 and 3.3.8 are adapted from 
Halanay [2]. Most of the results of Sect. 3.4 are based on the work of 
Antosiewicz [4, 6], Brauer [3, 8], Corduneanu [11], and Lakshmikantham 
[6, 10]. See also Hahn [1, 3, 4], Persidskii [4], and Yoshizawa [16]. 

Section 3.5 deals with the results concerning the preservation of 
stability properties of unperturbed systems under certain classes of 
perturbations. Theorem 3.5.1 is due to Corduneanu [8], whereas 
Theorem 3.5.2 is new. See also Corduneanu [11]. 

Theorems 3.6.1 and 3.6.2 are based on the work of Yoshizawa [2, 16]. 
The proof of Theorem 3.6.3 is new. Theorems 3.6.4-3.6.8 are due to 
Lakshmikantham and Leela [2]. See also Corduneanu [13]. Theorem 3.6.9 
is due to Massera ele The proof in the text is taken from Halanay [2]. 
The condition i “L(s) ds < Ku,u > 0, is not more general than 
L(t) < K. Theorem 3. : 10 is due to Corduneanu [11], which is more 
useful than Theorem 3.6.9, while considering the stability of perturbed 
systems. See also Yoshizawa [16]. 

Theorems 3.7.1 and 3.7.2 are taken from Halanay [2]. The short 
proofs given in the text are new. Theorem 3.7.3 is due to Strauss and 
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Yorke [1], whereas Theorem 3.7.4 is new. Theorem 3.7.5 is based on 
the work of Hale [2]. For Theorems 3.7.6 and 3.7.7, see Halanay [2]. 
Theorem 3.7.8 is due to Corduneanu [15]. See also Halanay [2], 
Krasovskii [14], and Malkin [8]. For transformation of time in the 
problem of stability by the first approximation, see Bylov [1]. 

The results on total stability given in Sec 3.8 are adapted from 
Halanay [2]. The notion of integral stability is introduced by Vrkoc [2]. 
For an equivalent notion, see Hayashy [1]. The results of Sect. 3.9 are 
based on Halanay [2]. 

Section 3.10 consists of results adapted from the work of Strauss [3]; 
for a generalization, see Hahn [3]. The results of Sect. 3.11 are due to 
Corduneanu [16]. See also Halanay [2]. Section 3.12 contains the work 
of Lakshmikantham [11]. Results of Sect. 3.13 are based on the work of 
Antosiewicz [4], Lakshmikantham [6,10] and Yoshizawa [2, 16]. 
Theorem 3.13.11 is new. 
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Chapter 4 


4.0. Introduction 


As we have seen, using a single Lyapunov function, it was possible 
to study a variety of problems in a unified way. It is natural to ask 
whether it might be more advantageous, in some situations, to use 
several Lyapunov functions. The answer is positive, and this approach 
leads to a more flexible mechanism. Moreover, each function can satisfy 
less rigid requirements. In this chapter, we attempt to obtain criteria 
for stability, instability, boundedness of solutions, and existence of 
stationary points, in terms of several Lyapunov functions. 


4.1. Main comparison theorem 


Let us consider the differential system 
x’ = f(t, x), X(ty) == Xp, ty > 0. (4.1.1) 
Let VEC[J x S,, R,%]. We define the vector function 


D*V(t, x) = lim: sup [V(t +h, x + hf(t, x)) — V(t, x)] (4.1.2) 


for (t, x)€ J x S,. The following theorem is an extension to systems 
of the corresponding theorem 3.].1 and plays an important role whenever 
we use vector Lyapunov functions. 


TueoREM 4.1.1. Let VeC[J x S,,R,%] and V(t,x) be locally 
Lipschitzian in x. Assume that the vector function D*V(¢, x) defined 
by (4.1.2) satisfies the inequality 
D+V(t, x) < g(t, V(t,x)), (tx)e] XS, (4.1.3) 
267 
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where ge C[J x R,%, RX], and the vector function g(t, u) is quasi- 
monotone nondecreasing in uw, for each fixed te J. Let r(t, ty , ug) be the 
maximal solution of the differential system 


u’ = g(t, u), u(ty) = uy = 0, ty > 0, (4.1.4) 


existing to the right of t, . If x(t) = x(t, ty , x9) is any solution of (4.1.1) 
such that 
V(ty » %) < Uy 5 (4.1.5) 


then, as far as x(t) exists to the right of ty , we have 
V(t, x(t, to, Xo)) XK r(t, to  Up)- (4.1.6) 


Proof. Let x(t, ty , ¥9) be any solution of (4.1.1) such that V(ty , x9) < uy. 
Define the vector function m(t) by 


m(t) == V(t, x(t, to , %)). 


Then, using the hypothesis that V(t, x) satisfies Lipschitz’s condition 
in x, we obtain, for small positive h, the inequality 


m(t -+ h) — m(t) < K || x(t + A) — x(t) — Af(t, x(2))) 
+ V(t +h, x(t) + hf(t, x(t))) — V(t, x(2)), 


where K is the local Lipschitz constant. This, together with (4.1.1) and 
(4.1.3), implies the inequality 


D'm(t) < g(t, m(0)). 
Moreover, m(t)) < uy. Hence, by Corollary 1.7.1, we have 
m(t) < r(t, ty , Uo) 
as far as x(t) exists to the right of t) , proving the desired relation (4.1.6). 


We can now state a global existence theorem analogous to 
Theorem 3.1.4. 


THEOREM 4.1.2. Assume that VeEC[J x R®, R,%], V(t, x) is locally 
Lipschitzian in a, and )., V,(t, x) is mildly unbounded. Suppose that 
geC[J x RN, R%], g(t, u) is quasi-monotone nondecreasing in u for 
each fixed te J, and r(t,t), uo) is the maximal solution of (4.1.4) 
existing fort > t,.If fe CL] x R”, R] and 


D+V(t, x) < g(t, V(t, x)), (t,x)e J x R*", 
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then every solution x(¢) == x(t, ty , x9) of (4.1.1) exists in the future, and 
(4.1.5) implies (4.1.6) for all t > ty. 

By repeating the arguments used in the proof of Theorem 3.1.4, with 
appropriate changes, this theorem can be established. 

On the basis of Corollary 1.7.1 and the remark that follows, we can 
prove the following: 


TueoreM 4.1.3. Let VeC[] x S,,R,%] and V(t,x) be locally 
Lipschitizan in x. Suppose that g, , g.€ C[J « R,%, R¥), g1(, uv), g(t, w) 
possess quasi-monotone nondecreasing property in u for each te J, and, 
for (t, x)e J x S,, 


g(t, V(t, x)) < Dt V(t, x) <g,(t, V(t, x)). 
Let 7(t, to , Up), p(t, t9 , Vp) be the maximal, minimal solutions of 
u’ == g,(t, uv), U(ty) = Uy, 
v= g(t,v), (to) = %> 
respectively, such that 


YS V(ty, %) < uo- 


Then, as far as x(2) = x(t, tg , Xo) exists to the right of t, , we have 
P(t, ty , VM) < V(t, x(t)) < r(t, to 5 Uo) 


where x(t) is any solution of (4.1.1). 


4.2. Asymptotic stability 


An approach that is extremely fruitful in proving asymptotic stability 
is to modify Lyapunov’s original theorem without demanding Dt V(t, x) 
to be negative definite. As we have seen, Theorem 3.15.8 is a very general 
result of this nature, although it covers a particular situation of the 
function f(t, x). The theorem that follows takes care of the general case 
of f(t, «) and requires two Lyapunov functions. 


THEOREM 4.2.1. Suppose that the following conditions hold: 


(i) feC[] x S,, R", f(t, 0) =0, and f(t,x) is bounded on 
JxS,. 
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(ii) VyeC[J x S,,R,], Vit, x) is positive definite, decrescent, 
locally Lipschitzian in x, and 


D*V(t,x) < w(x) <0, (,x)eJxS,, 


where w(x) is continuous for x € S,. 


(iii) V,eC[J x S,, R,], and V,(t, x) is bounded on J x S, and is 
locally Lipschitzian in x. Furthermore, given any number a, 0 < a < p, 
there exist positive numbers € = &x) > 0, 7 = n(x) > 0, 7 <a, such 
that 


DtV,(t, x) > é 
for « << |} x|| <p and d(x, E) <n, t > 0, where 
E = [weS,: w(x) = 0] 
and d(x, E) is the distance between the point x and the set E. 
Then, the trivial solution of (4.1.1) is uniformly asymptotically stable. 


Proof. Let « > 0 and t, € J be given. Since V(t, x) is positive definite 
and decrescent, there exist functions a, b € & such that 


A(|| «|l) < P(t, *) < a(|| x |)), (t,x)e J x S,. (4.2.1) 
We choose 6 =: 6(e) so that 
Be) > a(8). (4.2.2) 


Then, arguing as in the first part of the proof of Theorem 3.4.9, we can 
conclude that the trivial solution of (4.1.1) is uniformly stable. 

Let us now fix « »= p and define 8, = 8(p). LetO <« <p, tye J, and 
5 -= 8(e) be the same 6 obtained in (4.2.2) for uniform stability. Assume 
that || vy || <6). To prove uniform asymptotic stability of the solution 
x = 0, it is enough to show that there exists a T = T(e) such that, for 
some t* € [ty , ty) + 7], we have 


| x(t*, ty » Xo)I| < 6. 
This we achieve in a number of stages: 
(1) If d[x(t,), x(t.)] > 7 > 0, t, > t,, then 


r < M(t, — t), (4.2.3) 
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where || f(¢, x)|| < M, (¢, x) € J x S,. For, consider 


|e) — dia) < J" ad ds < [1 f(s, (9) 
<Mt—t) (= 1,257), 
and therefore 
r < d[x(t,), x(t2)] 
= {[ei(41) — x a(4e)P ov + [enltr) — %n(te) 2? 
< Mn'l?(t. — t). 


(2) By assumption (ii), given 5 = d(e), 0< 5 <p, there exist 
€é= &e), 7 = nlc), 7 <8 such that 


D*V(t, x) > &, 6 < || x|| <p, d(x, E) <n, t>0. 
Let us consider the set 
U = [xe S,:8 <||x] <p, d(x, E) < y], 
and let 
sup V(t, x) = L. 


[bell <p 
t>0 


Assume that, at t= t,, x(t) = x(t, f%),% )¢ U. Then, for ¢ >4#,, 
we have, letting m(t) = V,,(é, x(t)), 


Dtm(t) > D'V,(t, x(t)) > & 


because of condition (iii) and the fact that V(t, x) satisfies a Lipschitz 
condition in x locally. Thus, 


m{t) — m(t,) = [ Dém(s) ds 
and hence 
m(t) + mt) > J Dems) ds > f DV As, x(s)) ds 
SS eo —t,) 


as long as x(z) remains in U. This inequality can simultaneously be 
realized with m(t) < L only if 


t<t, + 2L/€. 
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It therefore follows that there exists a t,, tf; << t, <¢, + 2L/& such that 
x(t,) is on the boundary of the set U. In other words, x(t) cannot stay 
permanently in the set U. 


(3) Consider the sequence {#,} such that 


PE ee ei | See I 


Set n(t) = V(t, x(t)). Then, by assumption (ii), we have 


Din(t) < DtV,(t, x(t)) < 0. 


We let 
A= inff| w(x), 8 <|x|| <p, d(x, LE) > 7/2), 
and 
An 
= Dyni 


Suppose that x(t) is such that, for t, <t <tpy., 6 < || x(2)]| < p. If, for 
te Kt < thy, we have § <j x(t)| <p and d(x, E) > 3y, then, using 
assumption (ii) together with the definition of the set E, we obtain 


Athy) — A(ty) = lie D*n(s) ds 


te 


tee 
Sf DV A(s, x(s)) ds 


& 


Mh \ 


atkad fete 
<] DVAGs, xs) d+ [— D'Vi(s, x(s)) ds 
Sty teat 
2L 

= 


< —Mtyy: — te) = —A (4.2.4) 


On the other hand, if it happens that, for ¢, <t, < ty,1, 
S<|x(ll<p, — dx(), #] < 2m, 


then there exists a t,, t; <t,; <t, + 2L/€ such that d[x(t,), E] = », 
in view of (2). It follows that there also exists a t,, t; < ty < t, satisfying 
d[x(t,), E] = 4. These considerations lead to d[x(ts), x(t,)] = 4n, and 
hence we obtain, because of (1), 


by < Mn X(t, — ty), 
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which implies 


ae es (4.2.5) 


n 
Mn S a 


Moreover, 


n(t,) — a(t) < f * DEV A(s, x(s)) ds + | * DeVy(s, x(8)) ds 


< Mt — 4) <5 
Since n(t) is a nonincreasing function, we have 


n( tess) < nts) < n(ty) — 2, 
< n(t,) —A,. 
Also, on the basis of (4.2.5), we obtain from (4.2.4) that 
MAtii2) < M(t.) — Ay. 
Thus, in any case, 
Viltess (tess) < Valles (te)) — 2 - 


Choose an integer k* such that A,k* > a(d,) and T = T(e) = 4k*L/€(e). 
Assume that, for tj <t <t, + T, 


|| x(t, to » Xo)|| > 6. 
It then results from the preceding considerations that 
Vi(ty 4- T, x(tp + T)) < Vy(to » Xp) — R*Aq 
< a(8y) — k*A, 
0, 


IN 


which is incompatible with the positive definiteness of V,(t, x). Thus, 
there exists a t* € [ty , ty + T] satisfying 


ll w(2*, ty , Xp)l| < 4, 


and the proof is complete. 
4.3. Instability 
In Sect. 3.3, we proved a theorem on instability by means of a single 


Lyapunov function. We give below an instability theorem in which two 
Lyapunov functions are used. 
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THEOREM 4.3.1. Suppose that the following conditions hold: 
(i) feC[/ x S,,R"], ft,0) =0, and f(t,x) is bounded on 
are ee 


(ii) V,eC[] x S,, R.j, Vit, x) is locally Lipschitzian in x, 
decrescent, and, for any ¢ > 0, it is possible to find points x lying in any 
given small neighborhood of the origin such that V,(¢, x) > 0. 

(ii) DtV\(t, x) >0, (t,x)e J x S,, and, in each domain t > 0, 
a <i |[v|| <p, DtV\(t, x) > ¢,(t) w(x), where w(x) > 0 is continuous 
for xe S, and ¢,(t) > 0 is continuous in ¢ such that, for any infinite 
system S of closed, nonintersecting intervals of J of an identical fixed 
interval, we have 


J fals) ds = 0. (4.3.1) 


(iv) V,eCLJ x S,, RJ, and V,(t, x) is bounded on J x S, and is 
locally Lipschitzian in x. Furthermore, given any number a, 0 < a < p, 
it is possible to find y = n(x), y < a, and a continuous function &,(¢) > 0 
such that 


| " E(t) dt = 0, (4.3.2) 
t 
and, in the set « << || x|| <p, d(x, FE) < y, te J, 


D'V,(t, x) > (0), (4.3.3) 
where 
Ee = [xe S,: w(x) = 0). 


Then, the trivial solution of (4.1.1) is unstable. 


Proof. The proof of this theorem closely resembles that of 
Theorem 4.2.1, and hence we shall be brief. Suppose that, under the 
conditions of the theorem, the trivial solution is stable. That is, given 
OQ <e¢«<p, tye J, there exists a 6 >0 such that || «|| <6 implies 
Il H(t, tos Xo)ll «tS ty. 

According to assumption (ii), a point (tp , xf) can be found such that 
| vg |] < 6 and V(t), xf) > 0. We shall consider the motion x(t) = 
x(t, ty , xo) and its properties: 


(1) d(x(t), x(7)) Sy, t > 7; then t— 7 >y/Mn'*, This is clear 
from (1) in the proof of Theorem 4.2.1. 
(2) For every t > t, , there will be a positive number « such that 


a < || x(t)I|<¢e<p. (4.3.4) 
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This is compatible with the assumption of stability, that is, || x(£)l] < e, 
t > t,. However, since D*V,(t, x) > 0, it follows that 
V(t, x(t)) > V(t, . xX) > 0. 

Since V,(t, x) is decrescent, for numbers V(t), xf) > 0, a number 
a > 0 can be found such that, for all ¢ >t), || x || <«, we shall have 
V(t, %) < V(t, , xe). 

Consequently, || x || < « is not possible. According to (iv), there exists 


a number 7 = 7a, €), 7 <a, and a continuous function €,(f) > 0 such 
that (4.3.2) and (4.3.3) hold. 


(3) If d(x(r), E) < y, then a t* > 7 can be found such that 
d(x(t*), E) = 7. (4.3.5) 


Suppose that d(x(t),£) <7 for all t >7. Letting m(t) = V,(t, x(2)), 
we obtain, using the Lipschitzian character of V,(t, x) in x, the inequality 


D*m(t) > D*V,{t, x(t)) > E(t), 
and hence 
t t 
m(t) + m(r) > { D*m(s) ds > { £,(s) ds. 
Since V(t, x) is assumed to be bounded, the relation (4.3.2) shows that 


d(x(t), E) <7 cannot hold for all ¢ > 7. Hence, there exists a t* > 7 
such that (4.3.5) is satisfied. 


(4) If d(x(r), E) < 7/2, then, for t= t*, when d(x(t*), E) = 7, 


we have 
Vy(et, w(t)) > Vale, a) +f  als) ds, 


where 


and 
e€ = inf[w(x), a < || «|| < p, d(x, FE) >-4y] > 0. 


In fact, under the given conditions, tT < t,. < ¢* can be found such that 
d(x(t,), EZ) = 29, 
and, for t, <t <t*, we shall have 


an < d(x(t), E) < . 
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Hence, by (iii), it follows that 
D* V(t, x(t)) 2 a(t) ro(w(t)) > ealt), 
using the fact that V(¢, x) is locally Lipschitzian in x, and, consequently, 


Vi(t*, x(t") > Var, x(a) +  [ . $a(s) ds. 


Observing, however, that d(x(t*), x(t,)) = 4y, we get, in view of (1), that 


q 
BP at aS she ee aya 


(5) There is no number ¢, > fy such that, for all ¢ > t,, we would 
have 


d(x(t), E) > dn. 


Indeed, if such a ¢, exists, then, for all ¢ > t, , we should have 


H(t, x() = alt att)) + [DV a9) 


> Valty (4) +f dal) de 


By (4.3.1), this implies that V,(¢, x(t)) — 00 as t > oo, which is absurd 
because of the relation (4.3.4) and the fact that V(t, x) is decrescent. 
Thus it follows that, for any t*, a7;,.; > ¢ can be found such that 


U(x(7 544), LE) < $m, 
and, according to (3), there corresponds a t;\, > 7,,, satisfying 
dx(tFy), EL) = 9 
I_ct us consider the infinite sequence of numbers 
He een ee Ret Sn aed eats 


In view of assumption (iii) and (4), we have 
Vth Heh) > V(t 1%) +e df ven Bal) 45 
jel j 


where 7, < t** = t* — n/2Mn'/*, The infinite system of segments 
[t**, t*] satisfies condition (iii), and therefore the last sum increases 
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indefinitely with 7. In other words, V,(¢*, x(t*)) > co asi— ow. This is 
not compatible with the boundedness of V,(z, x(t)). The contradiction 
shows that the assumption of stability is wrong, and the theorem is 
proved. 


4.4, Conditional stability and boundedness 


Let, for k <n, Mg,_;) denote a manifold of (7 — k) dimensions 
containing the origin. Let S(«), S(«) represent the sets 


S(a) = [ve S,: |x|] <a], 
S(a) = [xe S,:||x || <a], 


respectively. Suppose that x(t) == x(t, t) , x9) is any solution of (4.1.1). 
Then, corresponding to the stability and boundedness definitions 
(S,)-(S,) and (B,)-(B,), we shall designate the concepts of conditional 
stability and boundedness by (C)-(C\,). We shall define (C,) only, 
since, on that basis, other definitions may be formulated. 


Derinition 4.4.1. The trivial solution of (4.1.1) is said to be (C,) 
conditionally equistable if, for each « > 0 and fy € J, there exists a positive 
function 6 = 8(f) , «) that is continuous in ¢) for each e such that 


x(t, ty , Xp) C S(e), t>t, 
provided 
XE 5(8) O Mn_x) . 


Evidently, if k = 0 so that M,,_,) = R®, definitions (C,)-(C\,) coincide 
with the stability and boundedness notions (S,)-(S,) and (B,)-(B,). 

Analogous to the definitions (C,)-(Cj,), we need some kind of 
of conditional stability and boundedness concepts with respect to the 
auxiliary differential system (4.1.4). Perhaps the simplest type of 
definition is the following. 


DEFINITION 4.4.2. The trivial solution of the system (4.1.4) is said to 
be (Ci) conditionally equitable if, for each « > 0, t) € J, there exists a 
positive function 6 = 8(f, , «) that is continuous in ¢, for each e such 
that the condition 


N 
> Ug SS, and uy = 0 (2 = I, 2,..., 2) 
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implies 


u,(t, ty , Up) < €, t >t. 


Miz 


i 
= 


t 


Definitions (Cs‘)-(Cj§) are to be understood in a similar way. 


THEOREM 4.4.1. Assume that 
(i) geCl] x R,%, R*), g(t, 0) = 0, and g(t, wu) is quasi-monotone 
nondecreasing in w for each te J; 
(ii) VeC[] x S,,R,%], V(t,x) is locally Lipschitzian in x, 
\ _ V(t, x) is positive definite, and 


N 
V(t, x) > 0 as ||x||>0 foreach te J; 
te] 


(iii) Vi,x) =O (@ = 1,2,...,k), R<n, if xe My», where 
M,,_;) is an (n — k) dimensional manifold containing the origin; 


(iv) feCL] x S,, R"), f(t, 0) = 0, and 
Di V(t, x) < g(t, V(t,x), (tx)e] x S,. 
Then, if the trivial solution of (4.1.4) is conditionally equistable, the 
trivial solution of the system (4.1.1) is conditionally equistable. 


Proof. Let O<¢€ <p and tye J be given. Since ¥., V,(t, x) is 
positive definite, there exists a b € 4 such that 


A(x H]) < d V(t, x), (t,x)e J xS,. (4.4.1) 


Assume that the trivial solution of the auxiliary system (4.1.4) is con- 
ditionally equistable. Then, given d(e) > 0 and t,¢ J, there exists a 
5 = O(ty , ¢) that is continuous in fy for each e, so that 


N 


Dd alt toMy) < Oe), tS hy, (4.4.2) 
i=1 
provided 
N 
igo, “yO eS a Bs (4.4.3) 


Let us choose uj = V (ty, Xo) (@ = I, 2,..., N) and x) € Mi,_,) so that 
uj =O (= 1,2,...,%), by condition (i). Furthermore, since 
i, V(t, x) > 0 as || x || > 0 for each te J, and V(t, x) is continuous, 
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it is possible to find a 8, = 6,(f) , ©) that is continuous in fy for each «, 
verifying the inequalities 


N 
eel ore Ye Vitae) Ss (4.4.4) 
i=l 


simultaneously. With this choice, it certainly follows that 
x € S(51) A Mae 


implies x(t, tg , X) C S(e), t St). If this were not true, there would 
exist a t, > ft, and a solution x(t, fy , x») of (4.1.1) such that, whenever 
x € S(8,) A Ma_y, we have x(t, ty, xo) C S(6), t€[t), t,), and 
x(t, , ty , X%) lies on the boundary of S(c). This means that 

Il *(t, 5 to Xo)ll = € || x(t, fo, Xp)Il <p; t€[t, 44), 


and, consequently, 


b(e) < y V(t, , x(t, , to , X%))- (4.4.5) 


i=l 


Moreover, for ¢ € [Z, , #,], we can apply Theorem 4.1.1 to obtain 
Vit, x(t, ty » X%o)) <r(t, ty, Uo), tée[ty, 4), 
where 7(t, f) , Zo) is the maximal solution of (4.1.4), which implies that 


N N 
Y Vie st, 165 %)) S Yr tes te): te (ty, 4]. (4.4.6) 


iel i=l 


Notice that, from the choice u,5 = V(t), x9) and the relation (4.4.4), 
xy € S(8,) A Mq_y) assures that (4.4.3) is satisfied. Hence, (4.4.2) and 
(4.4.6) yield the inequality 


N N 
y Vilty , H(t), %05%0)) < = T(t, , ty , UH) < O(€), 
i=l 


i=1 


which is incompatible with (4.4.5). Thus, x(t, ty, x) C S(e), t > ty, 
provided x, € $(5,;) A Miq_j3) , and the theorem is proved. 


THEOREM 4.4.2. Let assumptions (1), (ii), (iil), and (iv) of Theorem 4.4.1 
hold. Suppose further that 


N 
Y VAt,x) +0 as ||x|| +0 uniformlyin ¢. (4.4.7) 
iv 
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Then the conditional uniform stability of the solution u = 0 of (4.1.4) 
guarantees the conditional uniform stability of the trivial solution of 


(4.1.1). 


Proof. By definition (Cf), it is evident that 5 occurring in (4.4.3) is 
independent of ft) . In view of (4.4.7), this makes it possible to choose 8, 
also independent of ¢, , according to (4.4.4). Noting these changes, the 
theorem can be proved as in Theorem 4.4.1. 


THEOREM 4.4.3. Under assumptions (i), (ii), (iii), and (iv) of 
Theorem 4.4.1, the conditional equi-asymptotic stability of the trivial 
solution of (4.1.4) implies the conditional equi-asymptotic stability of 
the trivial solution of the system (4.1.1). 


Proof. Assume that the trivial solution of the auxiliary system (4.1.4) is 
conditionally equi-asymptotically stable. Then, it is conditionally 
equistable and conditionally quasi-equi-asymptotically stable. Since, 
by Theorem 4.4.1, the conditional equistability of the trivial solution of 
(4.1.1) is guaranteed, we need only to prove the conditional quasi-equi- 
asymptotic stability of the solution x = 0 of (4.1.1). For this purpose, 
suppose that we are given 0 < « <p and t)e€ J. Then, given b(e) > 0 
and t, € J, there exist two positive numbers 6) == 49(¢)) and T = T(ty, «) 
such that, if the condition 


N 
Yi tig < 8p, ig =O =F = 1, 2... A) (4.4.8) 
il 
holds, we have 
N 
>) u(t, to , Uy) < Be), t>t4+T. (4.4.9) 
i=1 
As previously, the choice uj, = V(t), x9) and x )¢€ My,_, implies 


Uj = 0 (¢ = I, 2,..., 2). Also, there exists a by = 59(t,) satisfying 
N 
Il xo ll < o, » Vilto so) < do (4.4.10) 
t=] 


at the same time. Let 8, = min[5,, 5¢], where 5¢ = S(t), p) is the 
number obtained by taking « = p. Thus, if xy @ S(8) A Ma_z), we 
notice that the condition (4.4.8) is fulfilled. Furthermore, since (Cj) 
holds, the inequality (4.4.6) is valid for all t > ¢. We can now assert 
that x(t) C S(e), t >t) + T whenever xy € S(5,) A M(,_,) . For other- 
wise, suppose that there exists a sequence {t,}, ¢, > ty + T, and t,—» 00 
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as k-—» oo such that, for some solution x(t, ty, x9) of (4.1.1) with 
x € S(8o) OA Mey_y » we have 


Il “(tz , fo » Xp)I| 2 €- 


This leads to an absurdity, 


ble) < Vite (te » to » XQ) 


i= 


_ 


N 
< iy r (ty ’ by ’ Uy) < Be), 


ixl 


in view of relations (4.4.1), (4.4.6), and (4.4.9). We thus have (C3), and 
consequently the theorem is established. 


THEOREM 4.4.4. Suppose that assumptions (i), (ii), (ili), and (iv) of 
Theorem 4.4.1 hold, together with (4.4.7). Then, the conditional 
uniform asymptotic stability of the trivial solution of (4.1.4) implies 
that the trivial solution of (4.1.1) is conditionally uniformly asymp- 
totically stable. 


Proof. We proceed as in Theorem 4.4.3, observing that the uniformity 
of conditional stability is assured by Theorem 4.4.2. As the numbers 46, 
and T are independent of ft), 8) resulting from (4.4.10) is certainly 
independent of t, , because of (4.4.7). 

TuHeorEeM 4.4.5. Assume that 


(i) geC[J x R,%, R%]and g(t, u) is quasi-monotone nondecreasing 
in u for each te J; 


(ii) VeC[J x R*, R®), V(t, x) is locally Lipschitzian in x, and 
N 
All |) < DY Vit, x) Safir), G&xye Tx R, 
i= 


where a, be ¥ on the interval 0 <u < , and 


b(u) — oo as u—> 00; 


(ili) V(t, x) = 0,7 = 1, 2,...,k, k <n, if xe My, , where Mq_i 
is an (n — k) dimensional manifold containing the origin; 


(iv) feClJ x R", R*], and 


D*V(t, x) <g(t, V(t,x)),  (t,x)e J XR 
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Then, if the auxiliary system (4.1.4) satisfies one of the definitions 
(C#)-(Cis), the system (4.1.1) verifies the corresponding one of the 
definitions (Cy)-(C,,). On the basis of parallel theorems of Sect. 3.13 and 
the proofs given previously, the proof of the respective statements of 
this theorem can be constructed. 

Let us now indicate the modifications necessary in order to obtain 
the usual stability and boundedness results, using several Lyapunov 
functions. Designate by (C**)-(C%*) the parallel definitions obtained 
by dropping the conditional character in (Ci*)-(Cj). For example, the 
definitions (C*) would run as follows: 


(C#*) For each « > 0 and t,€ J, there exists a positive function 
5 = A(t, , €) that is continuous in Z for each € such that the inequality 


implies 
N 
Y u(t, ty » Uo) <6 t >t. 

As a typical example, we shall merely state a theorem that gives 
sufficient conditions, in terms of any Lyapunov function, for the equi- 
stability of the trivial solution of (4.1.1). 

THeoreM 4.4.6. Suppose that 


(i) geC[ x R,%, R%], g(t, 0) = 0, and g(t, u) is quasi-monotone 
nondecreasing in wu for each te J; 

(ii) Vecly x S,,R,%], Vit, x) is locally Lipschitzian in x, 
>*, V(t, x) is positive definite, and 


V(t, x) > 0 as ||x|| +0 foreach te J; 


Wie 


ll 
fa 


(iii) fecly x S,, R", f(t, 0) = 0, and 
D+ V(t, x) < g(t, V(t, x)), (t,x)eJ x S,. 
Then the definition (C*) implies that the trivial solution of (4.1.1) is 
equistable. 


To exhibit the fruitfulness of using vector Lyapunov function, even 
in the case of ordinary stability, we give the following example. 
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Example. Let us consider the two systems 

w’ = ex + ysint — (x3 4+ xy?) sin’ t, 

y’ = xsint + ety — (xy + 3) sin? t. oo 
Suppose we choose a single Lyapunov function V given by 

V(t, x) = x2 + 2, 
Then, it is evident that 
D*V(t, x) < 2e-t + | sin t |) V(t, x), 
using the inequality 2| ab | < a? + b? and observing that 
[x? + y?]? sin? t > 0. 

Clearly, the trivial solution of the scalar differential equation 


u’ = 2(e* + | sint |) u, U(ty) = Uy > O 


is not stable, and so we cannot deduce any information about the 
stability of the trivial solution of (4.4.11) from Theorem 3.3.1, although 
it is easy to check that it is stable. On the other hand, let us attempt to 
seek a Lyapunov function as a quadratic form with constant coefficients 


V(t, x) = ¥[x? 4+ 2Bxy + Ay?]. (4.4.12) 


Then, the function Dt+V(t, x) with respect to (4.4.11) is equal to the 
sum of two functions w,(t, x), w(t, x), where 


w,(t, x) = x*[e-' + Bsin t] + xy[2Be* + (A + 1) sin ?#] 
+ y*{de-t + B sin ¢], 
w(t, x) = —sin? t[(x? + y?)(x? + 2Bxy + Ay?)]. 


For arbitrary A and B, the functions V(z, x) defined in (4.4.12) does not 
satisfy Lyapunov’s theorem (Corollary 3.3.2) on the stability of motion. 
Let us try to satisfy the conditions of Theorem 3.3.3 by assuming 
w,(t, x) = A(t) V(t, x). This equality can occur in two cases: 
(i) A, = 1, B, = 1,A,(t) = 2[e-! + sin ¢] when V(t, x) = $(x + y)?. 
(ii) A,=1, B,=—1, A(t) = 2fe-'—sint] when V,(t, x) = 
a(x — y)?. 
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The functions V, , V, are not positive definite and hence do not satisfy 
Theorem 3.3.3. However, they do fulfill the conditions of Theorem 4.4.6. 
In fact, 


(a) the functions V(t, x) >0, V.(t, x) >0, and ¥7., V,(t, x) = 
x2 + y?, and therefore 77, V,(t, x) is positive definite as well as 
decrescent; 

(b) the vectorial inequality Dt V(t, x) < g(t, V(t, x)) is satisfied with 
the functions 


Z(t, uy, Uy) = 2(e-t + sin t) u,, 


L(t, Uy, Uy) = 2(e-* — sin t) uy. 


It is clear that g(t, u) is quasi-monotone nondecreasing in u, and the 
null solution of u’ = g(t, u) is stable. Consequently, the trivial solution 
of (4.4.11) is stable by Theorem 4.4.6. 


4.5. Converse theorems 


We shall consider the converse problem of showing the existence of 
several Lyapunov functions, whenever the motion is conditionally 
stable or asymptotically stable. The techniques employed in the con- 
struction of a single Lyapunov function earlier in Sect. 3.6 do not right 
away extend to this situation. As will be seen, the results rest heavily 
on the choice of special solutions of a certain differential system and the 
chain of inequalities among them, a kind of diagonal selection of the 
components of these solutions, and the quasi-monotone property. 

With a view to avoid interruption in the proofs, let us first exhibit 
some properties of certain solutions of the system (4.1.4) and its related 
system 


u’ = g*(t, u), (4.5.1) 
where 
Ei(t, Uy , Ue ,---» Uy) 
L(t, 0, Us ,..., Uy) 


* = 
eX, u) &ilt, 0, O,..., Wz ye-2y Hy) 


£v(t, 0, 0,..., 0, wy) 


Assume that g € CL] x R,%, RY], g(t, 0) = 0, dg(t, u)/du exists and is 
continuous for (¢,u)e J <x R,‘, and g(t, u) is quasi-monotone non- 
decreasing in u for each te J. Evidently, g*(z, u) also satisfies these 
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assumptions. Moreover, since u, > 0 (é = 1, 2,..., N), it follows, in view 
of the quasi-monotone property of g(t, u), that 


e*(t,u) < g(t, u). (4.5.2) 


Observe that the hypothesis on g(t, u) guarantees the existence and 
uniqueness of solutions of (4.1.4) as well as their continuous dependence 
on initial values. Also, the solutions u(é, ty , uy) are continuously differ- 
entiable with respect to the initial values. Furthermore, u = 0 is the 
trivial solution of (4.1.4). Clearly, similar assertions can be made with 
respect to the related system (4.5.1). 

If U(t) = U(t,0,u9) and U*(t) = U*(t, 0, up) are the solutions of 
(4.1.4) and (4.5.1), through the same point (0, u,), respectively, it follows, 
from Corollary 1.7.1, that 


U*(t) << U(), t>0, (4.5.3) 


in view of (4.5.2). 
Consider next the N initial vectors, with uj. >0 (i = 1, 2,..., N) 
defined by 


Pi — (u49 , 03.3.5 0), 
Pe = (49 ’ Uo , 0,..., 0), 


Pi = (yo » Mag y+) Mig » 0,.-., 9), 


Pu = (tro » U29 >» Uno)» 


It is easy to see that p; < p,,,, for each i = 1, 2,..., N — 1. Let us 
denote the solution of the system (4.5.1) through the. point (0, p,) by 


ui (t, 0, Pi) 

Usalt, 0, Pi) 
Ui(t) = UF(t, 0, pi) = a} 
Unt, 0, P:) 


for each fixed 1, 7 = 1, 2,..., N. 
By Corollary 1.7.1, it follows that 


Ur) <UL, 150, 


where U7(t), U#,(t) are the solutions of the system (4.5.1) through 
(0, p,) and (0, p;,1), respectively. 
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This implies that, for cach j = 1, 2,..., N and t > 0, 


u4)(t, 0, Pr) S wa,(t, 0, Pe) < ++ < uy, (t, 0, Py). (4.5.4) 
We may now have the following: 


THEOREM 4.5.1. Assume that 


(i) the functionfe C[J x S,, R"], f(t, 0) = 0, and éf(é, x)/@x exists 
and is continuous for (¢, x) € J x S, ; 
(ii) the solution x(¢, 0, x9) of the system (4.1.1) satisfies the estimate 
Bull Xo ll) < || x4, 0, xo)! 
<BAlllMoll), £20, xe Max, (4.5.5) 
where 8, , B, 6-4; 
(iit) the function ge C[J x R,%, goce g(t, 0) = 0, dg(t, u)/du exists 
and is continuous for (t, u)e J x R,%, and g(t, u) is quasi-monotone 
nondecreasing in u for each te€ J; 


(iv) the solution U/(t,0, py) of the system (4.1.4) verifies the 
inequality 


N N 
aoe (t, 0, Py) < m(¥ ts) t >0, (4.5.6) 
t=1 t=21 
provided uj) = 0 (7 = 1, 2,..., k), where y, € #; 
(v) the solution UX(t, 0, py) of the related system (4.5.1) is such that 


N 
Unn(t, 9, Py) 2 V1 | pa ue) t > 0, (4.5.7) 
iz 


if ujy == O (@ = I, 2,...,k), where y,¢-4. Then, there exists a vector 
function V(t, x) with the following properties: 


(1) VecC[/ x S,,R,%], and V(t, x) possesses continuous partial 
derivatives with respect to tf and the components of «x for (t, x) € J x S,; 


OV (t,x)  OV;(t, x) 


(2) Vit, x) = ag S(t) 


Gt 
<gt, V(x) (= 1, 2, N); 
(3) Viix)=0 if xeMay, 1=1,2,.,k 
(4) A(x) < > Vi(t,x) <a(iix|), (Gx)efxS, 


where a, be .%. 
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Proof. Let us first observe that assumption (i) implies the existence and 
uniqueness of solutions of (4.1.1), as well as their continuous dependence 
on the initial values. Also, the solutions x(t, tf) , x9) are continuously 
differentiable functions with respect to the initial values (¢, , x)), and the 
system (4.1.1) possesses the trivial solution. 

Let us denote x(é, 0, x9) by x so that, by uniqueness of solutions, we 
have x) = x(0, t,x). Choose any continuous function p(x) € R,%, 
possessing continuous partial derivatives @u(x)/dx for x € S,, such that 


aa(l¥1) <5 wala) < aa(l I) (4.5.8) 
where a,, «,€ # and = 
u(x) =0 (G=1,2.58) if xeMgp- (4.5.9) 
We then define the vector function V(#, x) as follows: 
V(t, *) = my,(t, 0, 124(x(0, t, x), 0,.-., 0), 


Vt, 2) = Ugo(t, 0, #4 (x(0, t, x)), H(x(0, t, %)), 0,.--5 0), (4.5.10) 


V y(t, *) = Uyy(t, 0, 24(x(0, t, %)),--) (x0, Zt, x))). 


Because of the continuity of the functions x(0, ¢, x), u(x), U#(d),..., UX(t), 
with respect to their arguments, it is clear that V(t, x) (i = I, 2,..., N) 
is defined and continuous for (t, x) € J x S,.Since the functions f and g 
(and hence g*) satisfy hypotheses (i) and (iii), the functions U;(#), 
U#(t),.... UX(t), and x(0, t, x) are all continuously differentiable with 
respect to their arguments. This, together with the choice of (x), shows 
that V(t, x) possesses continuous partial derivatives with respect to ¢ 
and the component of x. Thus, for each 7 = 1, 2,..., N 


> 


Vit, x) =< uz(t, 0, 24(x(0, t, X))yeoey 2,(x(0, t, x)); 0,...; 0) 


Gus, On _ [ Ox(0, t, x) Ox(O, t, x) 
+ Ou, Ox | Oty OX Ke, *)| 


== g,(t, 0,..., 0, ut, 0, 24 («(0, Z, ¥)),..., 2-(x(0, zt, x)), 
0,..., O],..., Hen[t, 0, 441(x(0, Z, x)),..., u,(x(0, Zt, x)), 0,..., 0), 
since, by relation (3.6.11), 


dx(0, t, x) 
Oty E 


dx(0, t, x) = 
ax “f(t, x) = 0. 
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Using the quasi-monotone nondecreasing character of p(t, uw) in u, the 
fact that the solutions U¥(Z),..., U#(z) are all nonnegative, and relations 
(4.5.4), we obtain 


Vit, x) < g,[t, uy,(t, 0, uy(x(0, ¢, x)), 0,..., 0),..., 
Uja(t, Oy py(*(O, t, %))ye-- 1450, BX), Oseeey O)yeosy 
Un (ts 0, Hy(X(0, t, X))s---» Hy(*(0, £, ¥))] 
= gt, Vi(t, x), V(t, x),.... V(t, x)] 
= gilt, V(t, x)). 
This proves (1) and (2). 

To show that (3) holds, we observe that, if x belongs to M,,_,) , then 
Xy = x(0, t, x) also belongs to the manifold M,,_;). Now, by the defi- 
nition (4.5.10), the choice of u(x) satisfying (4.5.9), and the fact that the 
system (4.5.1)has the identically zero solution, it follows that, if «e M(,_;), 
V (t,x) =O = 1, 2,..., Rk). 

Since x = a(zt, 0, x9) and xy = x(0, t, x), we get, from (4.5.5), that 

BoX(th ll) <1, 4, =I < Br (il ID), (4.5.11) 


where B35", By’ € .£&. The definition (4.5.10) and the relations (4.5.4) yield 


N 


X V(t, x) = u,,[t, 0, 2,(x(0, t, x)), 0,..., 0] 
+ tUyo[t, 0, 44(x(0, t, x)), 2o(x(0, t, x)), 0,..., 0] 
ees Zee ae gad 
+ tty [ts , Hr(*O, #, ¥)) s+ Hv(*(0, 2, x))] 
< uyslt, 0, 14(x(0, t, ¥))s--5 an (2(0, t, 2))] 
+ Unolt, 0, py(x(0, ft, x)),..-, Hy (x(0, ¢, ))] 
Ano ekg Be 
+ ty [ts O, Ha(*(0, £, ¥)) sey Hy (%(O, ¢, *))], 
which, by virtue of (4.5.3), leads to 


yz V(t, x) < ut, 0, 24(«(O, t, x)),..., wy(x(0, t, x))] 


+ uo[t, 0, 444(x(0, t, x)),..., Hy (x(O, t, x))] 


a uylt, 0, 441(x(0, ¢, X))yeoes Hy (x(0, t, x))], 
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where 1, , Us ,...,¥y are the components of the solution U(t, 0, py) 
of the system (4.1.4). In view of (4.5.9) and the fact that x9€ Ma_p , 
using the relation (4.5.6) and the upper estimates in (4.5.8) and (4.5.11), 
we get 


¥ Vit, x) < al d eAx(0, t, »)| 


iel 


< yalaa(|| «(0, t, «))))] 
< yolere(B7 (I + 1) 
=a(jx|),  aex. 


Finally, as the solution U}(#) is nonnegative, we have 
N 
Y. V(t, x) > uyylt, 0, 124(x(0, t, 2)),---5 Hy(*(O, t, *))], 
i=l 


which, by using the inequality (4.5.7) and the lower estimates in (4.5.8) 
and (4.5.11), yields 


N N 
» Vit, “en 2 #(x(0, t, »| 


= Vilo(\l x(0, t, xi) 
S vile (Be "(I x |))] 


=D(\x||), be x. 
The proof is complete. 


It is to be observed that the upper estimate in (4.5.5) and the inequality 
(4.5.6) ascertain the conditional stability of the null solutions of (4.1.1) 
and (4.1.4), respectively. The lower estimate in (4.5.5) and the estimate 
(4.5.7) are compatible with the conditional stability of the null solutions 
of (4.1.1) and (4.1.4), respectively. 


THEOREM 4.5.2. Let assumptions (i) and (iii) of ‘Theorem 4.5.1 hold. 
Suppose further that 
(a) the solution x(¢, 0, x) of (4.1.1) satisfies the inequality 
By(I| ¥o ||) ox(2) < || x, 0, %5)!| 
<BAll| Xo ll) (2), = 20, — %E Minny, (4.5.12) 


where 8, , 8, € X and o,,a,€£; 
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(b) the solution U(¢, 0, py) of (4.1.4) verifies the estimate 


ya (t,0, Py) < ye ( 3} us] 5,(t), t>0, (4.5.13) 


where y, € ¥, 5, € &, and, whenever u,, = 0,7 = I, 2...., R; 
(c) the solution UX(t, 0, py) of (4.5.1) is such that 


N 
uyy(t, 0, Py) = 1 ( y, us 5,(2), t>0, (4.5.14) 


i=l 
where y, € #, 6,€ Y, and whenever u,, = 0, i = 1, 2,...,R 
(d) y,(r) is differentiable, and y;(r) > m > 0; 
(e) 46,(¢) and o,(¢) are such that 5,(t) > myo,(t), m, > 0. 


Then, there exists a function V(t, x) with the properties (1), (2), (3) of 
Theorem 4.5.1 and 


(ial) < Y Vilt, x) 


< a(t, || x|]), (@i,xj)eJ x S,, 


where be .¥ and a(t,r) belongs to class % for each fixed te J and is 
continuous in ¢ for each r. 


Proof. Let x(t, 0, x9), U(t, 0, py), and Us(t, 0, py) be the solutions of 
(4.1.1), (4.1.4), and (4.5.1) satisfying (4.5.12), (4.5.13), and (4.5.14), 
respectively. Choose any continuous function p(x) eR," possessing 
continuous partial derivatives with respect to the components of x, 
such that (4.5.9) and 


Bol! ¥ |I) ¥ mls) < || ||), Ba, aE H, (4.5.15) 


hold. Using the same definition (4.5.10) for V(t, x) and proceeding as 
in ‘Theorem 4.5.1, it can be easily shown that (1), (2), and (3) are valid. 
Assumption (d) implies that 


Wi(y7.) = mrre. (4.5.16) 
The inequality (4.5.12), in view of the fact that x = x(t, 0, xy) and 
Xo = x(0, t, x), yields that 


Ba (oy) < SLAG eel were (4.5.17) 


where £3", B;' both belong to class %. 
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As in Theorem 4.5.1, using the definition (4.5.10) and the nonnegative 
character of Ux(t), we get 


y Vit, x) = Uynlt, 0, py(x(0, t, X))yeees By(x(0, t, x))}, 


which, by virtue of (4.5.14), the lower estimates in (4.5.15) and (4.5.17), 
the relation (4.5.16), and the assumption (e), gives successively 


2 Vit, x) > n| » p(x(0, t, »)| 6, (2) 


> vilBe'(\ *(0, ¢, ~)II)) (4) 


> [Pale (LL) a0 
=> mm, || x || 
=O(jx|), be #. 


Again, as before, making use of the definition of V(¢, x) and the relation 
(4.5.4) and (4.5.3), we obtain 


: Vift, 2) < Yo uylt, 0, wy(2(0, #, 2))eos (20, t, 2) 


t=1 


which, in its turn, allows the following estimates successively, 


uy V(t, x) < | » #,(x(0, t, »)| 5,(2) 
S ve{a(|] ~(0, t, x)||)] (4) 


<m[=(@" (Say) 20 
= a(t, ||), 


because of (4.5.13) and the upper estimates in (4.5.15) and (4.5.17). 
The theorem is proved. 


Under the general assumptions of Theorem 4.5.2, it is not possible 
to prove the stronger requirement that >, V,(t, x) < a(|| x ||). This can, 
however, be done if the estimates (4.5.12). (4.5.13), and (4.5.14) are 
modified as in the following: 
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TuHeorEM 4.5.3. Let assumptions (i) and (iii) of Theorem 4.5.1 hold. 
Assume that the inequalities (4.5.12), (4.5.13), and (4.5.14) in assump- 
tions (a), (b), (c) of Theorem 4.5.2 are replaced by 


By || Xo ||* a(t) < || x(t, 0, p)lI 
<< Bs i Xo [|= a(t), t = 0, Xo Minx) > (4.5.18) 


B,, B., « > O being constants, and oe #; 


N N 
Y* u,(t, 0, Py) < yo Y. Ui S(t), t>0, (4.5.19) 
is i=l 


where y. > 0 is a constant, 6 € ¥, and, whenever uj) = 0,7 = 1, 2,..., 5 


N 
Unn(t, 0, py) = V1 », Uy O(t), t > 0, (4.5.20) 
i=l 
where y,; > 0 is a constant and u, = 0, 7 = 1, 2,..., k; respectively. 
Furthermore, let the functions 6(¢) and a(£) be related by 


5x(t) = o(2), 


for some constant 8 > 0. Then, there exists a function V(é, x) with the 
properties (1), (2), (3) of Theorem 4.5.1, and 


N 
M, |i «|? < >), Vit, x) < My) «IP, 
i=1 


where M, = y,\,82°, My = yoroB?, p = Bla, and A,, A, are some 
suitable positive constants. 


Proof. By choosing the continuous function p(x) ¢ R,* that satisfies 
(4.5.9) and 


N 
Ay eH < DY) w(x) < Agll xl, 
i=1 
A,, A», 8 being constants greater than zero and following the proof of 
Theorem 4.5.2, with necessary changes, it is easy to construct the proof 
of the theorem. 

It may be remarked that the conditional asymptotic stability of the 
null solutions (4.1.1) and (4.1.4) is expressed in terms of the upper 
estimate in (4.5.12) or (4.5.18) and (4.5.13) or (4.5.19), respectively. 
Also, the lower estimate in (4.5.12) or (4.5.18) and the inequality (4.5.14) 
or (4.5.20) are compatible with the conditional asymptotic stability of 
the trivial solutions of (4.1.1) and (4.1.4). 
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The conditional character of the stability notions in Theorems 4.5.1, 
4.5.2, and 4.5.3 are due to the requirements that x»¢ M,,_,, and 
Uy = 0,7 = 1, 2,...,%. By dropping these conditions and modifying the 
technique suitably, it is easy to get a set of necessary conditions for the 
stability concepts, in terms of several Lyapunov functions. 


4.6. Stability in tube-like domain 


Lyapunov stability of the invariant set of a differential system does not 
rule out the possibility of asymptotic stability of the set, nor does the 
asymptotic stability of the invariant set guarantee any information about 
the rate of decay of the solution. Various definitions of stability and 
boundedness are, so to speak, one-sided estimates, and thus they are not 
strict concepts in a sense. It is natural to expect that an estimation of 
the lower bound for the rate at which the solutions approach the 
invariant set would yield interesting refinements of stability notions. 
We introduce below the concepts of strict stability and boundedness of 
solutions. 

Let Z(x) and Z(«) represent the sets 


Z(a) = [xe S:||x]| > a], 

Za) = [xe S: |x| > a, 
respectively, and let S(«), S(a), and Mi,_,) have the same meaning as 
in Sect. 4.4. Let x(f, tp , x9) be any solution of (4.1.1). 
DEFINITION 4.6.1. The trivial solution of (4.1.1) is said to be 


(C'S) conditionally strictly equitable if, for any «, > 0, t,€ J, it is 
possible to find positive functions 6, = 6,(f9 , €,), 5g = S(t), €,), and 
€, = €(f, , €,) that are continuous in fy for each e, , such that 


€ <8, <8, <4, 
x(t, ty » Xp) C S(e) A Z(e), t> to, 
provided 
% & S(8,) MN 252) 0 Mary 5 
(C'S,) conditionally strictly uniformly stable if 5,, 8, , and e, in (C'S,) 
are independent of fy ; 


(C'S3) conditionally quast-equi-asymptotically stable if, given ¢, > 0, 
a, > 0, and ty € J, it is possible to find, for every a, satisfying 0 << a, <a,, 
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positive numbers «,, 7, = Ty(ty,€,%), and Ty = Ty(tg, €, , x2) such 
that 


TT, <T,, €g &, €g < a, 


Mb e)CSE)OZE), BET St<_ +7, 


whenever 
Xq € S(oq) O Z(o) O Mex) 5 


(C'S,) conditionally quast-uniform-asymptotically stable if T, and T, in 
(CS,) are independent of fy ; 


(C'S;) conditionally attracting if it is conditionally equistable and, in 
addition, (C'S,) holds; 

(C'S,) conditionally uniformly attracting if it is conditionally uniformly 
stable and, in addition, (C\S,) holds. 

‘The system (4.1.1) is said to be 

(C'S) conditionally strictly equi-bounded if, given o, > 0, ty€ J, it is 
possible to find, for every a, satisfying 0 < a, < a,, positive functions 
By = Bi(to, 11), Bo = Bo(ty, %) that are continuous in ft, for each a, , 
such that 

By <Bi» Bx <a, 


X(t, ty 1 Xo) CS(B,) O Z(B2), tS tos 
provided 
Xo E S(ca) "Y AC) (a) Mn—x) ; 


(CS,) conditionally strictly uniform bounded if B,, B, in (C'S;) are 
independent of fy . 

We observe that the foregoing notions assure that the motion remains 
in tube-like domains. In order to obtain the sufficient conditions for 
the stability of motion in tube-like domains, we have to estimate 
simultaneously both lower and upper bounds of the derivatives of 
Lyapunov functions and use the theory of differential inequalities. We 
are thus led to consider the two auxiliary systems 


u’ == gy(t, u), U(ty) = Uy > 0, (4.6.1) 
v’ = g(t, v), U(to) = VY = O, (4.6.2) 
where g,, g2€C[J x R,%, RY), go(t, uy) <gi(t, u), and gy(t, u), g,(t, u) 


possess the quasi-monotone nondecreasing property in uw for each te J. 
Then as a consequence of Corollary 1.7.1, we deduce that 


p(t, ty» Uo) K r(t, ty , Mo), t2>t, 
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provided 


UY Ku, 


where r(t, ty , Uo), p(t, ty, Uo) are the maximal, minimal solutions of 
(4.6.1), (4.6.2), respectively. 

Corresponding to definitions (CS,)(CS,), we may formulate 
(CS*)-(CS$) with respect to the system (4.6.1) and (4.6.2). For example, 
(C'S¥) would imply the following: 


(CS#) Given e, > 0, t, € J, there exist positive functions 6, = 5)(t), €,), 
8, = Solty, €1), €2 = €o(ty , €,) that are continuous in ¢, for each e, such 
that 


€g <8, <8, <a, 


N N 
€y < >} pi(t, to, ¥) < Y rt, to, uo) <4, t 2 to, 
ia 


i=1 


if Uy = Vig = O ( = 1, 2,..., R) and 


N N 
8. < Y %o < Y ty <4, 
i=l i=l 


Let us restrict ourselves to proving conditional strict equistability 
only. Similar arguments with necessary modifications yield any desired 
result. 


THEOREM 4.6.1. Assume that 


(i) fi» 8&& cl x R,%, R*), &2lt, u) < lt, u), gilt, 0) = 0, 
g(t, 0) = 0, and g,(t,u), g(t, uv) possess the quasi-monotone non- 
decreasing property in u for each te J; 


(ii) VeC[ x S,, R,%], V(t, x) is locally Lipschitzian in x, and, 
for (t, x)e J x S,, 


B(li ¥ ||) < 2s Vi{t,x) <a(|x||), 4, bE #5 


(iii) V(t, x) =0 (= 1, 2,..., Rk), k <n, ifx e My.) , where My,_4) 
is an (n — k) dimensional manifold containing the origin; 


(iv) feCLlJ x S,, R”], f(t, 0) = 90, and, for (t,x) e J x S,, 


82{t, Vit, x) < D*V(t, x) —< &i(t, Vit, x)). 
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Then, if the auxiliary system satisfies condition (C\S#), the trivial solution 
of (4.1.1) is conditionally strictly equistable. 


Proof. Let 0 <«, <p and t,€ J be given. Assume that (C.S}) holds. 
Then, given 4(e,) > 0, t) € J, there exist positive functions 5, = §,(ty, €), 
5, = 83(ty , «), and é, = €,(ty , €;) such that 


é, < 8, < 8, < Ha), 


N 
€g < y pilt, to, Up) 


i=1 
N 
< 3 r(t, to ? Ug) < b(€,), t = ty , (4.6.3) 
i=l 
provided 
Uy = Vig = 0 (2 = 1, Qyesey k), (4.6.4) 
N N 
8. < Vy = Y tin <4, 
i=1 isl 


We choose 2 = V,(ty , Xp) = Ug (¢ = 1, 2,...,. NM) and xe My,_;) so 
that v9 == uj = 0 (¢ = 1, 2,..., k), by condition (iii), Let us make the 
following choice: 


5, = b-1(6,), 8, = a-(8,), ae.) < €y, €, < 85. 


Then, it is easy to verify that «, < 6, <6, < «, and that «, 5, 5, 
depend on ¢, and e, . Furthermore, 5, < |} x9 || < 8, implies 


2 


a 


& < Vilto %) <4, 
1 


and vice versa. With this choice of «,, 5), and ¢,, the trivial solution 
of (4.1.1) is conditionally strictly equistable. Suppose that this is false. 
Then, there is a solution x(t, ty , x9) of (4.1.1) satisfying 


xy € 5(3,) A Z(8.) A Mga 


such that, for some t = t, > tg, it reaches the boundary of S(e,) A Z(e2). 
This means that either || x(t, , t9 , X»)|| = €, or || x(t, , to , Xp)|| = €, . Also, 
|| x(t, ty , X)|l <p, t € [ty , t,], and therefore, for ¢ € [¢, , t,], we can apply 
Theorem 4.1.3 to obtain 


P(t, fy 5 Uy) K V(t, x(t, ty , %y)) < 7(t, ty» Mp); te [t, 4), 
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where r(t, tf) , Ug), p(t, tp, Vp) are the maximal, minimal solutions of 
(4.6.1), (4.6.2), respectively, such that vy = V(tp,x%)) =u). This 
implies that 


N N 
YX pilt, to» %) < be V(t, x(t, to Xo) 
i=l 


i=l 
N 
< >: rt, to ’ Uo); (4.6.5) 
i=l 
for t €[t), t,]. In the first instance, if || x(t, , t , X9)|| = «,, using the 


right side inequality in (4.6.3) and (4.6.5), we arrive at the contradiction 


be) < » V(t, , x(t; , ty » Xo) 


t=1 


N 
< Y T(t ty, Uo) < O(a). 
isk 


On the other hand, if || x(t, , t), x9)|| = «2, we are led to a similar 
absurdity, 


HVS ST Vil sce) 


t=1 


N 
2 >: Pilty , ty, Vo) > €g & alee), 
i=l 
because of the left side inequalities in (4.6.3) and (4.6.5). This shows that 
(CS,) follows from (CS), and the proof of the theorem is complete. 


4.7. Stability of asymptotically self-invariant sets 


One has to consider, in many concrete problems like adaptive control 
systems, the stability of sets that are not self-invariant; this rules out 
Lyapunov stability, because those definitions of stability imply the 
existence of a self-invariant set. To describe such situations, the notion of 
eventual stability has been introduced in Sect. 3.14. It is easy to observe 
that, although such sets are not self-invariant in the usual sense, they are 
so in the asymptotic sense. This leads us to a new concept of asymp- 
totically self-invariant sets. Evidently, asymptotically self-invariant sets 
form a special subclass of self-invariant sets, and therefore it is natural 
to expect that their stability properties closely resemble those of invariant 
sets. 
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Let we C[R”, R™]. Define 
m 1/2 
|| zo(x)|] = ye ws)| i (4.7.1) 


t=1 


We shall denote the sets 
[x E.R” : || w(x)|| = O], 
[x € R® : || 2(x)|] < €], 
[ve RM: || w(x)]| < €] 


by G, S(G, ©), S(G, «), respectively. Suppose that x(t) = x(t, ty , x9) is 
any solution of (4.1.1). 


DeFINITION 4.7.1. A set G is said to be asymptotically self-invariant 
with respect to the system (4.1.1) if, given any monotonic decreasing 
sequence {e,}, €,->0 as p — oo, there exists a monotonic increasing 
sequence {t,(e)}, t,(€) > 00 as p— o, such that x,€G, t, > t,(€), 
implies 

x(t)C S(G,e&), th, pHl nw. 


Let M(,_;) be an (n — k) dimensional manifold containing the set G. 
We shall assume that G is an asymptotically self-invariant set with 
respect to the system (4.1.1). 


DeEFINITION 4.7.2. The asymptotically self-invariant set G of the 
system (4.1.1) is said to be (AS) conditionally equistable if, for each 
e >0, there exists a t,(e), t,(€) > 0 as « > 0, and a 6 = dt), 6), 
ty > t,(e), which is continuous in f, for each ¢ such that 


x(t) C S(G, ), t >t, > 4,(2), 
provided 
xy € 5(G, 8) A Mg_y- 


On the basis of this definition, it is easy to formulate the remaining 
notions (A.S,)-(AS,) corresponding to (C,)-(C3) of Sect. 4.4. 

The following theorem gives sufficient conditions for the set G to be 
asymptotically self-invariant with respect to the system (4.1.1). 


THEOREM 4.7.1. Assume that 


(i) geCL] x RX, RY], and g(t,u) is quasi-monotone non- 
decreasing in u for each t € J; 
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(ii) Vect] x S(G, p), R,*], Vit, x) is locally Lipschitzian in x, 


Hla) <Y VG), Gael x SGp), dex, — (4.7.2) 
and 


YVi,a) =o) if x6, (4.73) 


where ce &; 


(iii) V(t, x) =O@ = 1, 2,..., k),k <n, if x € Miy,_, , where Mi, _» 
is an (n — k) dimensional manifold containing the set G; 


(iv) feCL x S(G, p), R"], and 
D'V(t, x) < g(t, VG), (4x) J x S(G, p); 


(v) for any function A(t, u), which is continuous for ¢ > 0, u > 0, 
decreasing in ¢t for each fixed u, increasing in wu for each fixed ¢ such that 


lim lim A(t, «) = 0, (4.7.4) 
we have 
N N 
> u,(t, to ’ Ug) < B (: ’ >: uy) t > ty > 0, (4.7.5) 
i=1 i=1 


provided uj = 0 (¢ = 1, 2,...,k), where u(t, ty, uo) is any solution of 


(4.1.4). 


Then, the set G = [xe R”: || w(x)|| = 0] is asymptotically self- 
invariant with respect to (4.1.1). 


Proof. Let x»é€G. Since GC My,_,), it follows that x»€ Mq_x . 
As a consequence, we have, by (iii), V(t), x9) =0 (@ = 1, 2,..., R), 
k <n. We choose uy = V(t) , %) (¢ = 1, 2,..., N). Then, because of 
(4.7.3), we obtain 


. Un = ), Vilto , Xo) = (to). (4.7.6) 


i=l z=1 


Consider the function y(t) = A(t, o(f)), which decreases to zero as 
t —> © because of the assured monotonic properties of the functions f 
and a. Let now {e,} be a decreasing sequence such that e, —> 0 as p > oo. 
Then, the sequence {A(e,)} is a similar sequence. Since y(t)) >0 as 
ty —> 00, it is possible to find an increasing sequence {t,,(e)}, t,(€) > 00 as 
p— o, such that 


Win) < Ben), = ty S 2(€-), p= 1,2... (4.7.7) 
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We claim ee x )€G implies that x(t) C S(G, «,), t > t) > t,(e), for 
each p = I, . Suppose, on the contrary, that there exists a solution 

x(t) of (4.1. . such that x) € G, ty > t,(€) for a certain p, || w(x(t,))|| = € 
for some t = t, > ty > t,,(e), and 


Pp 


i] o(x(t))I| Sep <p, FE [hy ty). 


For t € [ty , 4], we obtain, on account of Theorem 4.1.1, the inequality 


7 V(t, x(t)) < 3 ri(t, to » Uo), (4.7.8) 


tol 


where r(t, fy , Mp) is the maximal solution of (4.1.4). At ¢ = t, , we arrive 
at the contradiction 


Ben) < » V(t, , x(t) < <=)? ri(t, , ty , Ug) 


< B(ty , a(to)) 
= (to) < dep), 


making use of the relations (4.7.5), (4.7.6), (4.7.7), and (4.7.8). This 
proves that the set G is asymptotically self-invariant with respect to the 
system (4.1.1). 


If we assume that the set wu = 0 is asymptotically self-invariant with 
respect to the auxiliary system (4.1.4), we have the following definition 
parallel to Definition 4.7.2. 


DEFINITION 4.7.3. The asymptotically self-invariant set u = 0 of the 
system (4.1.4) is said to be (AC}*) conditionally equi-stable if, for each 
e > 0, there exists a te), t(e) > © as « >0, and a 6 = Oty, ©), 
to = t,(<), which is continuous in ¢) for each e, such that 


N 


¥ u,(t, ty , Mp) <«, t>t > t(¢), 
i=l 


provided 


The following theorem assures the conditional equistability of the 
asymptotically self-invariant set G. 
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‘THEOREM 4.7.2. Suppose that hypotheses (i), (ii), (iii), and (iv) of 
Theorem 4.7.1 hold, except (4.7.3). Assume further that the set G is 
asymptotically self-invariant and 


N 
Vile) < ah), (xe J x SG) (4.7.9) 


where the function a(¢, r) is defined and continuous for ¢ > 0, r > 0, 
monotonic decreasing in ¢ for each fixed 7, monotonic increasing in r for 
each fixed tf, and 

lim lim a(t, 7) = 0. 

t+ r—+0 


Then (ACf) implies (AC). 


Proof. Let0 < « < pbegiven. Assume that the definition (AC#) holds. 
Then, given b(c) > 0, there exist a t,(e), t(e) > 00 as « > 0, and a 
5 = S(ty, €), to > t,(e) such that 


N 
Y u(t, ty, Uo) < Oe), t >t, > t,(0), (4.7.10) 
i=l 
provided 
N 
Yue <3, wy =O (§=1,2,...,k). (4.7.11) 
i=l 


Choose uj) = V(t), Xp), 1 = 1, 2,...,.k, and x) € Mi,_,) so that u,, = 0 
(i = 1, 2,...,.k), by condition (iii). If we now make the choice that 
v1 Uy = a(ty , || w(Xo)||), the assumptions on a(t, r) imply the existence 
of positive numbers #,(e) and 6, = 6,(f) , €), t > te), such that 


A(to » || (x o)Il) <8, |] H(%J| < 8, (4.7.12) 


provided t) > t,(e). Let t,(e) = max[Z,(e), f,(e)]. It can then be claimed 
that, if x)¢S(G,8,) A May, we have x(t, ty, x) C S(G, «) for 
t > t) > t,(e), where x(t, fy , Xo) is any solution of (4.1.1). Let us assume 
that this is not true. Then, there exists a solution x(¢) of (4.1.1) such that, 
whenever x) € S(G,5,) 1 Mg_y, x(t)C S(G, ©) for tef[t,, 4], 
t, > ty > t,(e), and x(t,) lies on the boundary of S(G, «). This implies 
that 
i zo(x(t))|) <S €, te [to , t,), 


and || z(x(t,))|| = «. Thus, there results 


le) < Y Villy 3H). (4.7.13) 
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Furthermore, for ¢ € [f) , ,], we obtain the inequality 
V(t, x(t)) < r(t, ty, uo); (4.7.14) 


in view of Theorem 4.1.1, 7(é, tj, uo) being the maximal solution of 
(4.1.4). Since the choice of u,) and the relation (4.7.12) guarantee that, 
whenever x, €5(G, 8,3) A May), the condition (4.7.11) is satisfied, 
it is easy to derive, from (4.7.10) and (4.7.14), the inequality 


N 


Y Vilty, (41) < D rifts» to» Mo) < (e). 


t=1 i=1 


This relation is incompatible with (4.7.13), thereby establishing (AC)). 


Corotiary 4.7.1. Under the assumptions of Theorem 4.7.2, the 
conditional equistability of the trivial solution of (4.1.4) assures the 
definition (AC). 

We can easily prove the statements corresponding to the definitions 
(AC,)-(AC,), on the basis of Theorem 4.7.2. To show the close 
relationship between theorems of this section and Sect. 3.14, we shall 
merely state below a theorem parallel to Theorem 3.14.1. 


THEOREM 4.7.3. Assume that 


(i) geClJ x R,%, R*], g(t, u) is quasi-monotone nondecreasing in 
u for each t € J, and the asymptotically self-invariant set u = 0 of (4.1.4) 
is conditionally uniformly stable; 

(ii) VeC[] x S(G, p), R,%], V(t, x) is locally Lipschitzian in x, and 


N 


(|| e()||) < p> V(t, x) < af|| (x)I/), 


for 0 <r < || w(x)|| < p and ¢ > O(r), where a, 6 € X& and the function 
O(r) = 0 is monotonic desredcing inr forO <7 <p; 


(iii) V(t, x) = O(¢ = 1, 2,...,k),k <nifxe My_yp» , where MQ.) 
is an (n — R) dimensional manifold containing the set G; 


(iv) fect] x S(G, p), R"], the set G is asymptotically self-invariant 
with respect to the system (4.1.1), and 


D*V(t, x) < g(t, VG, x)), 


for 0 « << || w(x)|| <p and t > Or). 
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Then, the asymptotically self-invariant set G is conditionally uniformly 
stable. 

Analogous to the boundedness concepts (B,)-(B,) defined in Sect. 3.13, 
we have the following weaker notions. 


DeFINITION 4.7.4. The system (4.1.1) is said to be, with respect to 
the set G, (EB,) conditionally eventually equi-bounded if, given « > 0, 
there exist t,(«) > 0 and B = A(ty, «), to > t,(x), which is continuous 
in t, for each «, such that 


x(t) C S(G, B), t >t > t(a), 
provided 
XE S(G, a) V1 Mey_p - 


The remaining definitions (EB,)-(EB,) may be easily formulated. 
As previously, the definitions (EB*)-(EBs) refer to the conditional 
boundedness concepts with respect to the system (4.1.4). A typical 
theorem on eventual boundedness is the following: 

THEOREM 4.7.4. Suppose that 


(i) geClJ x R,X,R,%], and g(t,u) is quasi-monotone non- 
decreasing in u for each te J; 
(ii) VeCLl] x R", R,%), V(t, x) is locally Lipschitzian in x, and 


b(\| (21) < Yo Vile, x) 
<alt,|| w(x), £50, xeR®, 


where a(t, r) is continuous for t >0, r >0Q, montonic decreasing in ¢ 
for each r, monotonic increasing in 7 for each t, and 


lim lim a(t,r) = 0, 
and be & on the interval 0 <r < 00 such that d(r) > © as r—> 0; 


(iii) V(t, x) =O(¢ = 1, 2,...,k), k <n, ifxe Ma_y 3 
(iv) feCL] x R", R"], and 


D*V(t, x) < g(t, Vit, «)), (t,x)e J x R” 


Then the condition (EB*) implies (FB,). 
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Proof. Let «>0 be given. Suppose that x9 ¢ S(G,«)A My,_,). 
Because of the assumptions on a(t, r), it is possible to find two positive 
numbers y = y(«) and ¢,(«) such that 


Atty, a) <y if ty > t,(a). (4.7.15) 


Assume that (EB) holds. Then, given y > 0, there exist two numbers 
to(x) and B = B(ty, x), ty > f(x), such that 


N 
Y u,(t, to, Uo) < B, t > ty > t,(a), (4.7.16) 
i=l 
whenever 
N 
Yuin <y Up =O (i= 1,2)...,2). (4.7.17) 
i=l 


Let t;(a) = max[t,(«), t,(«)]. Choose uy = Vi(ty, x9), ty = ts (x) 
(i= I, 2,..., k), and Sy uy = a(ty , || w(x,)||). Since x) € S(G, «) A My,_,), 
this implies, in view of condition (iii), that uj, —0O (¢ = I, 2,..., ) 
Moreover, the condition (4.7.17) is satisfied, in view of this choice, and 
consequently (4.7.16) is true. Since b(7) > oo as r > o0, there exists a 
B, = B,(ty, «) such that 


&(B,) = B. (4.7.18) 


We can now conclude that (FB,) holds with B, and t,(«). The assumption 
that this is false leads to the existence of a t, > ty > t,(x) and a solution 
x(t) with x) € S(G, «) A Mq_,) , such that 


|| o(x(t))I| = By 


at t= t, > t) > t,(x). By assumption (iv) and Theorem 4.1.1, we can 
infer that 


N 
oe V(t, x(t)) S 3 r(t, to, Up), t>t > ta(a), 
71 t=1 
which, because of the relation (4.7.16) and assumption (ii), shows that 
N N 
ist i=l 


This is a contradiction to the choice of §, in (4.7.18), and hence we claim 
that (FB,) holds. The proof is complete. 
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4.8. Stability of conditionally invariant sets 


We shall introduce in this section the concept of a conditionally 
invariant set with respect to a given set and consider the stability 
properties of such sets. 


DEFINITION 4.8.1. Let A and B be any two subsets of R” such that 
ACB. Then, the set B is said to be conditionally invariant with respect 
to the set A for the differential system (4.1.1) if x) A implies that 
x(t, tg , Xo) C B for all t >t) > 0. 

Let we C[R”, R”™], and let || zw(x)|| mean the same norm of w defined 
by (4.7.1). Let us continue to use the sets 


G = [xe R": || w(x)|| = 0], 

S(G, 6) = [xe R": || w(x)!| < €], 

S(G, «) = [xe R: || w(x)I| < €], 
and let us designate the set S(G,«) by B. Suppose that the set 
B = S(G, «) is conditionally invariant with respect to G, for some « > 0. 


Let M,,,_;) denote, as before, an (n — k) dimensional manifold containing 
the set G. We define 


S(B, ©) = S(G, « + ), e > 0. 


DEFINITION 4.8.2. The conditionally invariant set B with respect to the 
set G and the system (4.1.1) is said to be (CC) conditionally equistable if, 
for each « > 0 and t) € J, there exists a positive function 6 = S(t, , €), 
which is continuous in f, for each e, such that 


X(t, ty , %) C S(B, €), t>ty 


whenever 


XE S(G, 8a M (nx) : 


Evidently, on the strength of (CC), we can define (CC,)(CC,) 
corresponding to (C,)-(C4). 


REMARK 4.8.1. We observe that the set B need not be self-invariant. 
If « = 0, these definitions coincide with (C,)-(C,), that is, the conditional 
stability concepts of the self-invariant G. 
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To define the corresponding definitions (CCf)-(CC$) for the auxiliary 
system (4.1.4), let us define the set, for some 8 > 0, 


BY = [we Ry s: u; < p|, (4.8.1) 


i=1 


and assume that B* is conditionally invariant with respect to the set 
u = Oand the system (4.1.4). 


DEFINITION 4.8.3. The conditionally invariant set B* with respect to 
the set u = 0 and the system (4.1.4) is said to be (CCj‘) conditionally 
equistable if, for each « > 0 and t)€ J, there exists a positive function 
5 = S(t) , €), which is continuous in fy for each e, such that 


N 
Y u(t, to, %) <Bte t>th, 


t=1 
provided 


THEOREM 4.8.1. Assume that 


(i) geC{] x R,%, R%, g(t, 0) = 0, and g(t, u) is quasi-monotone 
nondecreasing in w for ae te J; 


(ii) VeC{] x R", R,.%], V(t, x) is locally Lipschitzian in x, and 
B(|| w(*)I|) oF V (t,x) <a(w(x))), (Axe J x RY, 


where a, b € # on the interval [0, 00) and 
b(r) + oo as 7 —> 0; 
(iii) feCl] x RR], and 
D‘V(t, x) <g(t, V(t,x)),  (t.x)e J x R®. 
Then, if the set B* is conditionally invariant with respect to the set 


u — 0 and the system (4.1.4), the set B = S(G, «), where « = 6-1(8), 
is conditionally invariant with respect to the set G and the system (4.1.1). 


Proof. Assume that the set B* defined by (4.8.1) is a conditionally 
invariant set. This implies that, if vw; = 0 (¢ = 1, 2,..., N), 
N 


¥ u(t, t%,0)<P, t>t 20. (4.8.2) 


7=1 
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Let us choose uj) = V;(to, %) (@ = 1, 2,...,.N). Then, it follows that 
xEG and V(t), x9) = 0 ( = 1, 2,...,.N) hold simultaneously. By 
Theorem 4.1.1, we obtain 


N N 
>” V(t, x(t, to » %)) < ¥" r(t, to , 9), tt, (4.8.3) 
i=l 


t=1 


where 7(t, fy , uj) is the maximal solution of (4.1.4) through (fy, uo). 
Since A(|| w(x)||) < &%, Vt, x), we readily get the inequality 


B(|| 2o(x(t, to » X9))II) < B, t2b, 


in view of (4.8.2) and (4.8.3). As a consequence, we deduce that, if 
X%y € G, x(t, ty , Xp) C S(G, «), t > ty, where « = 6-(). The conditional 
invariancy of the set B is immediate, and the proof is complete. 


REMARK 4.8.2. Notice that the 8 occurring in (4.8.2) may depend on f, , 
in which case « depends on tf, , and, as a result, the set B depends on t,. 
This suggests that the invariant sets we generally consider are, in a sense, 
uniform invariant sets, and perhaps a classification of invariant sets and 
the study of their stability properties may be of some interest. 

Regarding the stability behavior of the conditionally invariant set B, 
we have the following: 


THEOREM 4.8.2. Assume that conditions (i), (ii), and (iii) of 
Theorem 4.8.1 hold. Suppose further that V(¢, x) = 0 (¢ = 1, 2,..., A), 
k <n, if xe My,_, . Then, if one of the conditions (CCf)(CCf) is 
satisfied, the corresponding one of the conditions (CC,)-(CC,) is assured. 


Proof. We shall only indicate the proof corresponding to the statement 
(CC,), that is, the conditional quasi-uniform asymptotic stability of the 
conditional invariant set B. 

Let « > 0, y > 0, and t, € J be given. Suppose that 


mE S(G yO Maw 


so that we can infer that V,{t,, x9) =O (¢ = 1, 2,...,k). Choose 
Uj = V (ty , Xo) (¢ = 1, 2,...,.N). Then, we have by Theorem 4.1.2 that 
every solution x(t, fy, Xo) of (4.1.1) exists for ¢ > t¢) and satisfies 


V(t, x(t, ty, X)) < r(t, ty, Uo), b> ty. (4.8.4) 


where 7(t, tg , Mp) is the maximal solution of (4.1.4). Define y, = a(y), 
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and assume that (CC#) holds. Let « = b-1(8). Then, given b(« + «) > 0, 
y, > 0, and t, € J, there exists a positive number T = T(y, €) such that 


N 
sy ut, ty, ty) < A(x fe €), t2ty+ T, (4.8.5) 
i=t 
provided 
N 
Yi te S715 Uy =O (§ =1,2,..., 2). (4.8.6) 
jel 


Clearly, by the choice of y, and u,,, the condition (4.8.6) is satisfied. 
Hence, we obtain, using (4.8.4), (4.8.5), and the fact that 
N 
(| 2o(x)II) < ¥ V(t, x), 
i=1 
the relation 
b(|| zo(x(t, ty , XJ) < d(aw + €), t>n4+7, 


whenever x) 6 S(G, y) 0 Mi,_,). Evidently, this implies that the 
conditionally invariant set B is conditionally quasi-uniform asymp- 
totically stable. ‘The proof of the theorem is thus complete. 


4.9. Existence and stability of stationary points 


This section is concerned with the conditions sufficient to assure the 
existence of yo satisfying 


f(%) =9 (4.9.1) 


and the stability of the solution x(t) == y, of the autonomous differential 
system 


x’ = f(x), x(0) = xo, (4.9.2) 
where fe CLR”, R”]. 


THEOREM 4.9.1. Assume that 
(i) VeCLR*, R,%], V(x) is locally Lipschitzian in x, and 


ye V(x) > 00 as || x||—> co; 


(ii) ge C[R,.%, RX], g(u) is quasi-monotone nondecreasing in u, and 
D+V(x) <9(V(a)), we RM; 
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(iii) QeC{R,%, R,], Ov) is monotone nondecreasing in v, and 
O(v(x)) = 0 only if f(x) = 0; 


(iv) for a certain u,, the system 
uo= gu), u0)=u>0 (4.9.3) 


possesses the maximal solution 7(¢, 0, u)) defined for 0 < zt < oo such 
that r(z, 0, uy) is bounded and satisfies 


O(r(t, 0, uy)) > 0 as t—> oo. (4.9.4) 


Then, if x(t) is any solution of (4.9.2), it exists and is bounded for 
te J, and every cluster point (w-limit point) yo of x(t) satisfies (4.9.1). 


Proof. Let x(t) be a solution of (4.9.2). Then, by Theorem 4.1.2, x(2) 
exists for 0 <t < o. Furthermore, if V(t) , x9) <u, 


V(x(t)) <r(t,0,u),  t>0, (4.9.5) 


where r(Z, 0, uo) is the maximal solution of (4.9.3). The assumptions that 
r(t, 0, ug) is bounded for ¢ > 0 implies, in view of (i), the boundedness 
of x(z). Also, the function Q being monotonic nondecreasing, we have, 


by (4.9.5), 
O(V(x(t))) < O77, 9, uo), 


which, on account of (4.9.4), guarantees that 
lim O(V(x(t))) = 0. 
Hence, every w-limit point yy of x(¢) satisfies 
QAV(9»)) = 9, 


and (4.9.1) follows, because of assumption (iii). This proves the theorem. 


Coro.iary 4.9.1. Let the hypotheses of Theorem 4.9.1 hold, except 
that O(V(x)) = 0 only if f(x) = 0 is replaced by 


O(V(«)) =0  onlyif U(x) =0, 


where Ue C[R”, R”]. Then the assertion of Theorem 4.9.1 remains 
valid: if (4.9.1) is replaced by 


Uy) = 0. 
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THEOREM 4.9.2. Suppose that the conditions of Theorem 4.9.1 are 
satisfied. In addition, assume that, for every uy > 0, the maximal 
solution r(t, 0, wg) of (4.9.3) exists on 0 <t < o and is uniformly 
bounded for t 0 and bounded uw, and satisfies (4.9.4) uniformly for 
bounded u,. Then the set 


Z = [x: f(x) =0) 
is nonempty and connected. 


Proof. It is clear that, under the assumptions of the theorem, every 
solution x(t) of (4.9.2) exists for 0 <t < o, and, given any « > 0, 
there cxists a B(«) such that 


lx@)li < Ble), tS 0, 


provided || xy [| < «. Furthermore, every w-limit point y, satisfies (4.9.1). 
By Theorem 4.9.], it follows that the set Z is nonempty. Hence, only 
connectedness remains to be proved. 

Let «, « be arbitrarily positive numbers. Then, it follows from (ii) 
that there exists a 56 = 8(e, «) > 0 such that 


O(V(x)) = 8 if d(x, Z) > el xl! < Blo). 


Hence, by the uniformity of (4.9.4) and by (4.9.5), it is possible to find a 
T = T(e, x) such that 


d(x(t) Z)<e if t>T,||xll <a. (4.9.6) 


Since ail solutions «(¢) of (4.9.2), for arbitrary xy, exist on0 <t< 0, 
it follows by a generalization of H. Kneser’s theorem that the set Z,(t) 
of points z reached by some solution of (4.9.2) at a time ¢ > 0, when 
| vy i] <a, that is, 


Z(t) = [e: = = x(t), |] Xl] < a], 
is closed and connected. We notice that the set 
LZ, = ZOA[x:|| x || < o] 


is contained in Z,(t) for t > 0 [for, if yy € Z, then x(t) = y, is a solution 
of (4.9.2)]. 

Let x, , x, be two arbitrary points of Z, C Z,(7T). Then, there exists a 
finite set of points x, = %,%,,..-,Xna; =X, in Z,(T) such that 
ay — Xyay || <<, if 7 = 0, 1,..., N. In view of (4.9.6), there is a point 
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xteZ satisfying || x; — x*|| <« for i= 1, 2,...,N. Hence, there is a 
finite set of points x, = x5 = x°, x4,..., 2%, Mtl = xy,, = x, in Z such 
that |[«* — x*t!|| < 3e, for 7=0,1,..., N. Since e is arbitrary and 
Z=OZ,, « >O, the set Z is connected. This proves the theorem. 


Corotiary 4.9.2. Assume that the conditions of Theorem 4.9.2 hold. 
Suppose that the zeros of f(x) are isolated. Then f(x) has a unique zero yy , 
and the solution x(t) = yo of (4.9.2) is completely uniformly asymp- 
totically stable. 


4.10. Notes 


Section 4.1 introduces comparison theorems that are useful when 
several Lyapunov functions are employed (see Lakshmikantham [13]). 

The results of Sects. 4.2 and 4.3 have been taken from the work of 
Matrosov [1]. For the results contained in Sect. 4.4, see Lakshmikantham 
[13] and Matrosov [2]. 

Converse theorems of Sect. 4.5 are due to Lakshmikantham et al. [1], 
whereas the results of Sect. 4.6 concerning the stability in tube-like 
domains are taken from the work of Charlu et al. [1]. 

The notion of asymptotically self-invariant sets is introduced by 
Lakshmikantham and Leela [1], and the contents of Sect. 4.7 are based 
on their work. 

The results of Sect. 4.8 dealing with the criteria for the stability of 
conditionally invariant sets are due to Kayande and Lakshmikantham [1]. 

Section 4.9 deals with the results due to Hartman [6]. 

For related work using several Lyapunov functions, see Antosiewicz 
[4], Bellman [4], D’Ambrosio and Lakshmikantham [1], and Lakshmi- 
kantham and Verma [1]. 
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Chapter 5 


5.0. Introduction 


We treat in this chapter certain problems concerning Volterra integral 
equations. We consider successively basic integral inequalities, local and 
global existence theorems, the existence of extremal solutions, uniqueness 
of solutions, bounds, and error estimates of approximate solutions. 
We discuss the asymptotic behavior of solutions by suitably choosing 
Lyapunoy-like functions and examining their properties with respect 
to the integral equations. Using functional analytic methods and the 
concept of admissibility, we obtain certain general results concerning 
the behavior of solutions of integral equations from which a number of 
results may be deduced as particular cases regarding existence, unique- 
ness, boundedness, and asymptotic behavior. Finally, we indicate some 
results on a class of general integrodifferential inequalities. 


5.1. Integral inequalities 


We have considered in Sect. 1.10 those integral inequalities that are 
reducible to differential inequalities. We shall now discuss general 
integral inequalities. A principle result in integral inequalities is the 
following. 


TuHeEoREM 5.1.1. Assume that 
(ij) KeClJ x J x R, Rj, K(Z, s, x) is monotone nondecreasing in x 
for each fixed (¢, s), and one of the inequalities 
t 
x(t) < A(t) + | K(t, s, x(s)) ds, 
: (5.4.1) 
y(t) > ht) + | Kilts, 99) ds 
to 
is strict, where x, y, he CLJ, R}; 
315 
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(11) x(tp) < Y(t). 
Then, we have 
x(t) < y(2), t> ty. (5.1.2) 


Proof. Assume that the conclusion (5.1.2) is false. 
Then, there exists a t, such that 


x(t;) = ¥(4); (5.1.3) 
x(t) < y(t), bati<h. st 


Clearly, by (ii), t; >t). Since K is monotone nondecreasing in x, it 
follows from (5.1.3) that 


K(t,, s, x(s)) < K(t,, s, y{s)), 


and consequently, using (5.1.1), we arrive at the inequality 


x(t) <n) + f ; K(th 8, x(8)) ds 


fh 
< Mt) +f Kiss 99) as 


< y(t). 


This is a contradiction to the fact that x(t,) = y(t,). Hence, the inequality 
(5.1.2) is true. 


Let us now consider the integral operator defined by 
t 
Kee | K(t, s, ¢(s)) ds. (5.1.4) 
fo 


DEFINITION 5.1.1. We shall say that the integral operator K is monotone 
nondecreasing if, for any ¢,, ¢, € C[J, R] such that, for any t, > ty, 


Alt) <¢olt), % St<h, 
implies 
K$,(4)) < K¢G,{t)). 


Turorem 5.1.2. Let the integral operator K defined by (5.1.4) be 
monotone nondecreasing. Suppose further that, for ¢ > ty, 


x — Kx <y — Ky, (5.1.5) 
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where x, ye C[J, R]. Then x(t) < y(é,) implies 
x(t) <9), 1 Sh. 


Proof. We proceed as in Theorem 5.1.1 and obtain the relations (5.1.3). 


Since the integral operator K is assumed monotone nondecreasing, 
we have, by (5.1.3), 
Kx(t,) < Ky(t). (5.1.6) 


As a result, (5.1.5) and (5.1.6) yield 
x(t) = x(t,) — Kx(t,) + Kx(t,) 
< y(t) — Ky(t)) + Kx(ty) 
< y(t). 


This contradicts the fact that, at ¢ = ¢,, x(t,) = y(t,), and hence the 
proof is complete. 


DeFinition 5.1.2. A function ue C[J, R] is said to be an under function 
of the integral equation 


x=ht Kx (5.1.7) 
if it satisfies the inequality 
u<h+t Ku. 


Similarly, u is said to be an over function of (5.1.7) if it verifies the 
inequality 
u>h4 Ku, 


whereas if u satisfies Eq. (5.1.7), it is said to be a solution of (5.1.7). 

The following theorem, whose proof is a consequence of Theorem 
5.1.2, shows the relation between solutions, under and over functions of 
the integral equation (5.1.7). 


TuHeorEeM 5.1.3. Let the integral operator K defined by (5.1.4) be 
monotone nondecreasing. Suppose that x, y, z€C[J, R] be an under 
function, a solution, and an over function of (5.1.7), respectively on 
[t), 0). Then 
*(to) < ¥(to) < 2(%) 
implies 
x0) < y(t) <2(), 1S hy. 

The foregoing results can easily be extended to systems of integral 

inequalities. We prove a result parallel to Theorem 5.1.1 only. 
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THEOREM 5.1.4. Assume that 


(i) KeC[J x J x R", R"), K(t, s, x) is monotone nondecreasing 
in x for each (¢, s), and one of the inequalities 


x(t) < MO + fk (4, s, x(s)) ds, 


v(t) > ha) +f K (ts. 9(6)) ds 


is strict, where x, y, he CLJ, R"; 
(ii) x(¢g) << (ty). 


‘hese conditions imply 
x(t) < y(t), t > ty. 


Proof. Vf the assertion of the theorem is not true, then the set 


Z= U [t © [ty , 00): x(t) > y,(4)] 


i=1 


is nonempty. Let ¢, — inf Z. By (ii), it is clear that t, > f, . Furthermore, 
since Z is closed, t, € Z, and consequently there exists an index j such that 


¥(t1) = s(t), 
x(t) <yf(t) t%at<t, 
v(t) < y(t), messt!ah, tj. 
From the monotonicity of K(¢, s, x) in x, it results that 
Ki(ty 8, x(5)) < Ay(ty s 5, ¥(8))- 


Hence, 


wilt) <talty) + [Kilts a(9)) ds 


B 


& 
<Alt) + | Kiltrs 5, 9(s)) ds 


< v(t), 


which is an absurdity, since x,(t,) == y,(t,). This shows that the set Z is 
empty, and the theorem is proved. 
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5.2. Local and global existence 


Let us consider the integral equation 
t 
w(t) = x(t) + [ K(t,s x(5)) ds. (5.2.1) 
to 


We shall, first of all, prove a local existence theorem analogous to 
Caratheodory’s existence theorem for ordinary differential equations. 


THEOREM 5.2.1. Assume that x € C[[ty , tf) + 2), R”, 
KeC{[t,t + @) X [t,t + @) * R®, RY], 


and the function 
M(t)= sup || K(t,s, x) 


Jel] <= 28 
ty satgta 


is summable on [f) , ty + @), where 


B= sup |lxo(tl and ty > 0. 
tg tKtyta 


Then, there exists a number 0 < « < a such that the integral equation 
(5.2.1) has at least one solution on [tg , ty + J. 


Proof. Since the proof is similar to the existence theorem of Caratheo- 
dory, we shall be brief. Consider the sequence of approximations (¢,} 
defined by 

é(t)= xt,  t% <t<h+(alf) (f=1,2..), 


ty—(a/3) 


$;(t) = x(t) = J, K(t — (afp), 8, b;(8)) ds, ty + (aff) <t Sty ta 
(FSA: 


It is easy to show that the sequence {¢,;} forms a family of uniformly 
bounded and equicontinuous functions on [f),¢) + «], where « is 
defined by the relation P(«) < 8, where 


P(t) = | M(E) dé. (5.2.2) 


Since P(0) = 0, P() is continuous and monotonic nondecreasing, the 
existence of such an « is clear. Then {¢,} contains a subsequence con- 
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verging uniformly on [Z, , fg + x) to a limit function x(t), which can be 
shown to satisfy (5.2.1), using the usual techniques. The proof is 
complete. 


A global existence theorem that includes Theorem 2.1.2 can be 
proved using ‘Tychonoff’s Theorem 2.1.1. 
THEOREM 5.2.2. Let KeC[J x J x R", R"],GeEC[J x J x R,, R,], 
G(t, su) be monotone nondecreasing in u for each (t, s), and 
1 A(z, 8, ¥)|| < G(z, , || ||). (5.2.3) 


Assume that, for every continuous function u,(¢) > 0, 
t 
u(t) = ug(t) i | G(t, s, u(s)) ds (5.2.4) 
Li 


possesses a solution u(t) existing on [t, , ©). Then, for any x, € C[J, R®] 
such that |} x9(f)|| <u,(t), there exists a solution x(t) of the integral 
equation (5.2.1.) on [t) , ©) satisfying 


|| x(2)|| << u(2), tS. 
Proof. The proof is very much the same as that of Theorem 2.1.2. 


In the present case, the integral operator T defined by (2.1.5) takes the 
form 


t 
T(x)(t) = x(t) + | K(t, s, x(s)) ds. 
ty 
The space of continuous functions B, the topology on B, and the closed, 


convex, and bounded set By, remain the same as in the proof of 
Theorem 2.1.2. he operator 7 is compact in the topology of B, and 


hence 7(B,)) is compact, since the set B, is bounded. To show 
T(By) C By, we notice that 


| TM) < [hol + fF K( ssl) 
< ust) + [GC Hho a 


<< up(t) + | | G(t, s, u(s)) ds = u(t), 


using the monotony of G. We can conclude the validity of the theorem, 
on the basis of Theorem 2.1.2. 


The notion of maximal and minimal solutions may be introduced. 
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DEFINITION 5.2.1. Let r(é) be a solution of the integral equation (5.2.1) 
existing on [f) , 4g + a). Then 7(t) is said to be the maximal solution of 
(5.2.1) if, for every solution x(t) of (5.2.1) existing on [fy , 4) + a), the 
inequality 

x(t) < r(t), te [ty, ty + @) 


is verified. By reversing the preceding inequality, we may define the 
minimal solution of (5.2.1). 

The existence of maximal and minimal solutions may be proved under 
the hypothesis of Theorem 5.2.1. 


THEOREM 5.2.3. Let the hypotheses of Theorem 5.2.1 be satisfied. 
Suppose that K(t, s, x) is monotone nondecreasing in x for each (t, s). 
Then there exists a maximal solution and a minimal solution on 
[to , t) +. a] for a certain a > 0. 


Proof. We shall indicate the proof of the existence of maximal solution 
only. Consider, for some arbitrarily small vector «g > 0, the integral 
equation 


t 
x(t) = x(t) +g + | K(t,5,(s)) ds. 
Je, 
On the basis of Theorem 5.2.1, there exists an « > O such that there is a 
solution x(t, €9) on [ty , t) + a]. Let 0 <e, <e«, <e,. Then, we have 
x(tq 5 €2) < (ty, &), 


t 
x(t, €2) < X(t) + eg + J K(t, s, «(S, €2)) ds, 
to 


t 
x(t, ) > elt) + eet [ K(t, 5, x(s, 4) ds. 
to 


An application of Theorem 5.1.1 yields 
X(t, €.) < x(t, <,), t € [ty , ty + a]. 


Since the family of functions {x(t, «)} are equicontinuous and uniformly 
bounded on [Z) , fg + a], it follows by Theorem 1.1.1 that there exists a 
decreasing sequence {e,} tending to zero as n-» oo, and the uniform 
limit 


7(t) = lim x(t, «,) 


exists on [fy , 49 + a]. It can be easily shown that r(¢) is a solution of 
(5.2.1). Furthermore, to show that 7(Z) is the desired maximal solution 
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of (5.2.1) on [fp , ty + «J, let x(t) be any solution of (5.2.1) defined on 
[to » t¢9 + «J. Then, on the strength of Theorem 5.1.1, it follows that, 
fore Me, 


x(t) < x(t, €), te [ty, ty + a]. 


The uniqueness of the maximal solution shows that x(t, «) tends 
uniformly to v(t) on [t), tf) + «], and therefore the proof is complete. 


5.3. Comparison theorems 


As in ordinary differential equations, an important technique is 
concerned with comparing a function satisfying an integral inequality 
by the maximal solution of the corresponding integral equation. The 
following theorem is a result of this type. 


TuHeorEM 5.3.1. Let GeC[J x J x R,, RI, G(t,s, u) be monotone 
nondecreasing in u for each (#, s), and 


t 
m(t) < m)(t) + | G(t, s, m(s)) ds, t >to, 
fg 


where me C[J, R,]. Suppose that r(t) is the maximal solution of the 
scalar integral equation 


t 
u(t) = u(t) + | G(t, s, u(s)) ds (5.3.1) 
ty 
existing on J. Then, the inequality m(ty) < ug(ty) implies 
m(t) < r(t), hie tye (5.3.2) 
Proof. Let u(t, «) be any solution of the integral equation 
t 
u(t) = u(t) + « + | G(t, s, u(s)) ds 
to 
for e > 0 sufficiently small. Since lim... u(t, «) = 7(t), it is enough to 


show that 
m(t) < u(t, €), tS. (5.3.3) 


Observe that m(t)) < u(ty , ©) and 


u(t, €) > up(t) + | G(t, s, u(s, €)) ds. 
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Hence, an application of Theorem 5.1.1 shows that the inequality (5.3.3) 
is valid. This establishes the theorem. 

We shall next prove an extension of the result of Theorem 5.3.1 to 
systems of integral inequalities. The proof that will be presented is 
simple and short and makes use of the partial ordering in R”. 

Let us introduce the relation < in R”, namely, we set, for any two 
elements x, y € R”, 


xy iff x; <y; foreach 7 = 1, 2,..., 2. (5.3.4) 


This relation induces a partial ordering in R”, and it is easy to see that, 
for any bounded set A C R®, there exists the sup A with respect to the 
relation (5.3.4), which is 


sup 4 = min[fze R": x <2 foreach xe Al. (5.3.5) 
In fact, we need (5.3.5) only for two elements sets, in which case we have 


sup[x, y) = 2 = (%, BQ yeoey Bn), (5 3 6) 


where 2; = max(x,,y,), 


x,;, y,; being the components of x and y, respectively. We are now in a 
position to prove the following: 


THEOREM 5.3.2. Let Ke C[J x J x R®, R"], K(t, s, x) be monotonic 
nondecreasing in x for each (t, s), and 


x(t) < x(t) + | K(t, s, x(s)) ds, (5.3.7) 


where x, x) € C[J, R”]. Assume that 7(¢) is the maximal solution of 


u(t) = x9(t) + i K(t, s, u(s)) ds (5.3.8) 
existing on [f), 00). Then 
x(t) < r(t), tS ty. (5.3.9) 
Proof. Define 
F(t, s, y) = K(t, s, suply, x(2)]). (5.3.10) 


By (5.3.6), «(¢) < supLy, x(t)], and therefore it follows, from the 
monotonicity of K and (5.3.10), that 


F(t, s,y) > K(t, s, x(t)) foreach y. (5.3.11) 
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Let 7*(t) be the maximal solution of 
t 
u(t) = x(t) + | F(t 8, u(s)) ds 
to 
existing on [t¢) , 00). Then, using (5.3.11) and (5.3.7), we get 


r#(t) = x(t) + | F(t, s, r*(s)) ds 


> x(t) + j : K(t, s, x(s)) ds 
> x(t). 
It then results from (5.3.12) and (5.3.6) that 
sup[r*(t), x(t)] = 7*(t), 
and consequently, by (5.3.10), 
F(t, s, r*(t)) = K(t, s, r*(t)). 


(5.3.12) 


Thus, 7*(¢) is also the maximal solution of (5.3.8). Hence, (5.3.12) proves 


the desired result (5.3.9). The proof is complete. 


Corotiary 5.3.1. Let fe CLJ x R”, R”], f(t, x) be monotonic non- 


decreasing in x for each ¢ and 


x(t) <x + i) f(s, x(s)) ds, 


where « € C[J, R”]. Suppose that r(t) is the maximal solution of 


¥=fy), Wh) = %, 
existing on [¢, , 00). Then, 


x(t) < r(t), tS. 


5.4. Approximate solutions, bounds, and uniqueness 


Let us define an approximate solution of the integral equation (5.2.1). 


DerIniITION 5.4.1. Let xe CLJ, R®], and satisfy 


(x) — alt) — f KU x66) ao < 300, 


(5.4.1) 
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where 8€ C[J, R,]. Then x(Z) is said to be a 6-approximate solution of 
(S221): 

The difference between an approximate solution and a solution is given 
by the following result. 


THEOREM 5.4.1. Assume that 


(ij) KeC[] x ] x RR, R"),GeCl] x J x R,,R,], GE s, u) is 
monotonic nondecreasing in u for each (Z, s), and 


\ K(t, Ss, x) aoe K(t, Ss, BD) < Gt, Ss, i x—y Il) (5.4.2) 
(ii) x(t, 5) is a 6-approximate solution of (5.2.1), where 6 € C[J, R,]; 
(iii) (é) is the maximal solution of 
u(t) = 8(t) + | "Gly Sadaya (5.4.3) 
ty 


existing on [fj , 00). 
Then, if y(t) is any solution of (5.2.1) existing on [%) , 00), we have 


\| w(t, 8) — y(t)\| <r(t), tS ty. (5.4.4) 
Proof. Consider the function 
m(t) = |} x(t, 8) — yl, 


where x(t, 5) and y(t) are 5-approximate solution and solution of (5.2.1), 
respectively. Then, using (5.4.1) and (5.4.2), we get 


m(t) = || x(t, 8) — x(t) — [ K(t, s, x(s, 8)) ds | 
+ [KG 5.965,8) ~ K(t,s, (oh ds 


< 8(t) + | G(t, s, m(s)) ds. 


An application of Theorem 5.3.1 now yields 
mE) elie VO Pee tgs 
and the proof is complete. 


The next theorem offers an estimate of the growth of solutions of 


(5.2.1). 
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‘Tneorem 5.4.2. Suppose that 


(i) KeC[LJ] x J x Rk", R"), GeCl] x J x R,,R,], GU, s, u) is 
monotonic nondecreasing in wu for each (ft, s), and 


| A(t, 8, x)|| < G(t, s, |] vl); (5.4.5) 


(it) r(t) is the maximal solution of (5.3.1) existing on [f) , 2%); 
(iit) a(t) is any solution of (5.2.1) existing on [¢), 0) such that 
|| xg()t] < uo(Z). 
Then, we have 
i| v(t)|| < r(t), tS tg: (5.4.6) 


Proof. It m(t) = || x(2)\|, we have, by (5.4.5), the integral inequality 
at 
m(t) < || xo(t)|| 4 fe | K(t, s, «(s))I| ds 


t 
< up(t) -b i G(t, s, m(s)) ds, 
fo 
and, consequently, Theorem 5.3.1 assures (5.4.6). 


Turorem 5.4.3. Assume that 
(i) K,,K,eCLJ x J x R",R"],GeCl] x J X R,, Ry], Gls, u) 


is monotonic nondecreasing in u for each (¢, s), and 
| Ait, Sy v) — At, 5, y)|| S Gt, S, | vo y II); (5.4.7) 


(tt) vy, ¥% € CL, R"], and x(t), y(t) are any two solutions of 
ot 
x(t) = x(t) 4 | Ky (4, s, x(s)) ds, 
“ty 


we) welt) + J Kale, 8969) a, 


respectively; 


(iii) (¢) is the maximal solution of (5.3.1) such that 
Il Xo(t) — VolZ)Ii < Molt), tet. 
Under these assumptions, we have 


Ix) — Ol <1, tS ty. 
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Proof. The proof is an easy modification of the proof of Theorem 5.4.2. 
For, setting m(t) = || x(t) — y(#)|| and using (5.4.7), we obtain 


mt) < |i) — ACO + [KC 6) — Kalb 5, WG) a 


< u(t) + i G(t, s, m(s)) ds. 


The desired result follows from Theorem 5.3.1. 


A uniqueness theorem of Perron type may now be stated. 


THEOREM 5.4.4. Suppose that 
(i) Ge Cll, % + a] x [yt +4] xX R,, Ri Gl, 5,0) =0, 


G(t, s, ¥) is monotone nondecreasing in wu for each (t, s), and u(t) = 0 is 
the only solution of the integral equation 


u(t) = | G(t, s, u(s)) ds (5.4.8) 
on [ty , to + a]; 
(ii) Ke Ct), t + a} X [t), t) + a] x R", R"], and 
|| K(i, s, x) — K(t, s, y)| < Gt, 5, |v — |). 
Then, there exists at most one solution of (5.2.1) on tf) <t <t)+ 4. 
Proof. Let x(t), y(t) be two solutions of (5.2.1) existing on [ty , tg -+ a]. 
Setting m(t) = || x(¢) — y(2)|| and arguing as before, we get 


m(t) < | G(t, s, m(s)) ds, 


which implies, in view of Theorem 5.3.1, that 

m(t)<r(t), tt, 
where 7(¢) is the maximal solution of (5.4.8). Since m(t)) = O and u(t) = 
is the only solution of (5.4.8), the assertion of the theorem is immediate. 
5.5. Asymptotic behavior 


In this section, we shall investigate the asymptotic behavior of 
solutions of a Volterra integral equation of the form 


x(t) = — is a(t — s) g(x(s)) ds. (5.5.1) 
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This is equivalent to considering the integral equation 


x(t) =» x(0) -- [ A(t — 8) g(x(s)) ds, 
whcre 


at 
A(t) =: | a(r) dr. 
0 
Before proceeding further, we shall prove some elementary lemmas. 


Lemma 5.5.1. Let fecC[J, RJ, f’() exist on O<t< ow, and 
fi) <0, f'@ = —k > —-w for 0 <t < @, k being some positive 
constant. Then f‘(t) > 0 as t—> o. 
Proof. Suppose that the conclusion is false. Then, by hypothesis, there 
exists aA => 0 and a sequence {f,,}, t,, > 20 as m —» oo, such that 

F(t) < -r < 0. 


Consider the intervals 


I, = [t, — (/2k), t] for n> N, 


where ft, — (A/2k) >> 0 for 2 => N. Using mean value theorem, we obtain 
FCO) = f'n) FFE — th) 
— —A 4 2A ass 4A, 


where te/,,n = N, andt < 6 — O(t,t,) <t, . Applying mean value 


nw? 


theorem again, it follows that 


A cy Oe 
f(t, 5A) —F(tn) a 2 (5) — 


a n= QN, 
4k? 7 

which clearly contradicts the fact that f(¢) decreases to f(oo) > 0 as 
t— #, and thus completes the proof. 


Remark 5.5.1. If f”(¢) is bounded from above rather than from below, 
Lemma 5.5.] remains valid. Also, instead of f"(t) = -~k, we may ask 
the right second derivative only. 


Lemma 5.5.2. Assume that a@€ C[J, R], (—1)'a(t) > 0 for0 <t <a 
(¢ = 0,1, 2,3), and a(t) 4 a(0). Then, either —a’‘(t), a(t) > 0 for 
0. t-° #, or there exists a t) > 0 such that —a’‘(Z), a(t) > 0 for 
0 < t < t) and a(t) = a(ty) = a(wo) > O0 for th St < w. 
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Proof. If there exists a ft) =O such that a’(t)) = 0, then, since 
—a'(t) > 0, a"(t) > 0, it follows that a(t) = a(t.) > O fort, <t < ow. 
This implies ¢, > 0 in view of the fact a(t) # a(0). Hence, there exists a 
t, > O such that a’(t,) < 0, and thus a(t) < a’(t,) < OforO <t<t,. 
Suppose that a"(t,) = 0. Then, as —a(t), a’(t) > 0, this means that 
a(t) = O fort, <t < ow. Hence, 


a(t) == a(t,) + a'(ty)(t — t,), St < o, 


which contradicts a(t) 20 for ¢ sufficiently large. Consequently, 
a”(t,) > 0, and thus a”(t) > a’(t,) > 0 for 0 < t <t,. The conclusion 
of the lemma is immediate. 


Remark 5.5.2. Although a(o) > 0 is not necessarily zero, as a result 
of Lemma 5.5.1, we derive that a’(f) increases to zero and a”(t) decreases 
to zero as f > ©. 


Lemma 5.5.3. If ae C[J, R], (—1)'a‘(t) > 0 for 0 <t < o, then 
ta'(t) > 0, ta"(t) > 0 as t—> Ot, (5.5.2) 
and 
a(t), tat), tat) EL, (0, 0). (5.5.3) 


Proof. By the mean value theorem and the monotonicity of a’(£), we 
deduce that 


a(t) — a(0) = ta’(&) < ta’(t) < 0, 0O< &F€<t< om, 


from which lim,.9+ fa’(t) = 0 follows. 
By the second differences and the monotonicity of a”(t), we have 


a(t) 2a (5) + a(0) = (5) ae) 
2 (5) a(t) > 0, O<Ex<t< om, 


which yields lim,_9+ t2a"(t) == 0. 
As the integrand is of constant sign, a’(t) € L,(0,«) follows from 


i a(s) ds = tim f eae = lim [a(t) — a(c)] 
ot * 


7 e> €—0* 


= a(o) — a(0). 


By a similar reasoning, we can show the other two statements in (5.5.3). 
Hence, the proof is complete. 
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Lemma 5.5.4. Let S(t) be defined on 0 <t < T, b(t) exist and be 
finite on O<t<T, and b(t) EL,(e, T) for each O<e< T. Let 
q(t, 5), g(t, s)/et be continuous on 0 <5, t < T in t, s. Suppose that 


be) g(t +e, t)h> y(t) as e>0+t on O<t<T, 


where y € C[[0, 7], R]. Assume that there exists a 6(€) €L,(0, 7) such 
that 


q(t, _ 3) 


| (£) g(t, t — 1,1 (8) (tt — OL | ae) < 4(€) 


for0 <€<t<T. Then, 
t 
f(t) = | b(t —s) q(t) as 
0 
is continuously differentiable, and f’(t) = A(t), where 
t t 
A(t) = y(t) + | b(t — s) g(t, s) ds + { b(t — 5) MES 4g (5.5.4) 
0 0 


forO <?t<T. 
Proof. Define h(t) by (5.5.4). It follows readily from the hypothesis that 


he C{[0, 7], R]. Also, 
fm) i= [ nea as [. [f. b'(s — 7) q(s, 7) ds| dr 
+ ik [ ir b(s — 1) SE) 1) dr] ds, (5.5.5) 


where the interchange of order of integration is easily justified by the 
hypothesis and Fubini’s theorem. We note that the assumption of the 
lemma implies that d(t) is absolutely continuous on0 <« <¢t < T, and 
this yields the second equality in 


t t 
J b(s— 7) q(s,7)ds = lim {bs — 2) q(s, 2) ds 
T T+E 


«0 


_ fe 7) He) 7) 4 as| 


lien [Os — 2) a6) 


= b(t — 7) g(t, r) — (7) | “Ws = 7) “a “ 


O<7Tr<4 (5.5.6) 
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Combining the relations (5.5.5) and (5.5.6), we obtain 
t 
ft) = | h(s) ds 
0 


after an interchange of the order of integration. The conclusion of the 
lemma now follows readily. 


We now prove 


TuHeoreM 5.5.1. Assume that 


(i) a@eC[J, RF], (—lta(t) > 0, O<t<o, 7=0,1,2,3, and 
a(t) # a(0); 
(ii) geC[R, R], xg(x) > 0, x #0, and 


G(x) = [ gd 0 as |e | 0; 
9 
(iii) u(z) is any solution of (5.5.1) existing on 0 <t < ©. 

Under these assumptions, 

lim u(t) = 0 (« = 0, I, 2). (5.5.7) 

Proof. Differentiating (5.5.1), we get 
t 
x) + a(0) g(x) = — f a't — 5) a(x(s)) a (5.5.8) 


Whenever we refer to (5.5.1) and (5.5.8), we mean the identities that 
result from substituting u(z) into them. The possibility of none of 
a'(0), a"(0), a””(0) being finite necessitates that a little care be exercised in 
handling certain integrals that arise. In all the cases, the arguments used 
in the preceding lemmas supply the rigor, and hence, in this proof, we 
tacitly assume such considerations whenever they are relevant. 

Consider the function 


V(t) = Gu(ty) + date) [feces as] 
~3f a(e—s)|f a(uls)) ar) ds > 0. (5.5.9) 
Using (5.5.1) and integrating by parts, we obtain 
vo) = ra) [f. tus) a] 


a { wees [ i * g(u(7)) ar] ds <0, (5.5.10) 
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which implies that 
G(u(t)) < V(t) < V(O) = G(x), 
where uw, = u(0). It then follows from assumption (ii) that 


|u(t)| <B, te], (5.5.11) 


where B = B(u,)->0 as uy->0. In succeeding formulas, B will not 
necessarily be the same as in (5.5.11). However, it will have the same 


property. 
From (5.5.3), (5.5.8), and (5.5.11), we derive that 
ju"(t)| <B, tel. (5.5.12) 
The inequalities (5.5.11), (5.5.12), and the mean value theorem show that 
jw'(t)| <B, te J. (5.5.13) 


Integration by parts and (5.5.8) yield 
t 2 
V(t) = hat d. 
(2) = 20° [feutsy) ds] 


t t 2 
—4 ib a(t — s) [J un dr| ds 
— g(u(t))[u"(t) +- a(0) g(u(t)))- 


By Lemma 5.5.3, #a"(t)eL,(0, 0). This, together with (5.5.11), 
(5.5.12), and Lemma 5.5.3, implies that 


|V"t)| <B, tes. 
By Lemma 5.5.1, it follows that 


V(t) —0 as t—> o. 


Hence, 

lim {ae —s)[f gu(r) ae] as = 0 

im | a’(t—s u s = 0, 
0 ee “| 


toa 


which assures, in view of —a” (i), a”(t) > 0, 


lim a"(T) | - [ | (u(r) ar] ds = 0, 
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for every 0 < T < o. Choose Ty > 0 arbitrarily if the first alternative 
of Lemma 5.5.2 holds, and choose 0 < Ty < ty if the second one does. 
Then, clearly 


ae at g(u(z)) dr] as =0, (5.5.14) 


to J 


0< 7T < T,. Suppose that lim,,., u(t) 4 0. Then, there exists aA > 0 
and a sequence {t,,}, #; > 0, t, —-> 0 as m—> oo, such that 


| u(t,)| > A. 


This, together with the relations (5.5.8), (5.5.13), and the mean value 
theorem, implies the existence of a 5 >0O and a yp» >O, where 
0 <6 <min(7), ¢,), such that 


| g(u(7))| = be for ty — é<a7r< ty 


As a result, we have 


ty 


} pa [J ¥ (47) ar] ds > yp? : - (t, — s)? ds 


s 


=122>0 (2 = 1,2,...) 


which contradicts (5.5.14). Thus, lim,,., u(t) = 0 is established. 

Formula (5.5.7), 7 = 1, follows from (5.5.7), ¢ = 0, (5.5.12), and the 
mean value theorem by employing an argument similar to the proof of 
Lemma 5.5.1. Similarly, formula (5.5.7), 7 = 2, follows from (5.5.7), 
i = 0, assumption (ii), (5.5.8), and the fact that a’(t)€1,(0, 00). This 
completes the proof of the theorem. 


5.6. Perturbed integral equations 


Corresponding to the integral equation (5.5.1), let us first consider 
the perturbed equation 


xis | a(t — s) g(x(s)) ds — b(t) + f(2). (5.6.1) 


As in the previous section, the letter 8 denotes a finite a priori bound 
that may vary from time to time. Concerning Eq. (5.6.1), we have the 
following result. 
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THrorem 5.6.1. Assume that 


(i) aeC{J, R}, (—lfa() > 0 forO <t < 0,1 = 0,1, 2; 

(ii) geEC[R, R], xe(x) > 0, G(x) = ff g6) dé > 0 as |x] 0, 
and { g(x)| < K,(1 + G(x)) for some K, S 0; 

Gis be CT, R}, o’(t) exists and is continuous on 0 < ft < 0; 


(iv) there exists a y € C[J, R] such that y(z) is continuously differ- 
entiable on 0 »< # < oo and 


BD) <alt)y(t), (WDE < aly, 0 <t < @; 
(v) fect, RI, and feL,(0, 0). 
Then, if x(t) is a solution of (5.6.1) on0 <¢t < o, we have 
| x(t)| < K, te]. (5.6.2) 


Suppose that, in addition: 


(vi) --a"(t) 20, O<t< 0, *(0) >0, x £0, g(x) is differ- 
entiable on R, and 6’(2), y nt) existonQ <¢t < 0; 
(vit) either (b"(t))? <a’"(t)y"(t),0 <t< w, or | d(Z)], | t6°(2)I, 


"(t)| < K, for some K > 0, on 24 «OO, > 0 being some 
y. Be Be g 
number; 


(viii) f(t) is continuously differentiable on p < f < oc and bounded. 
hen, 
ix") <K, pct<a, 
and, if also a(t) # a(0), 


lim x(t) = 0 (z == 0, 1). (5.6.3) 


Proof. We shall first prove (5.6.2). For t é J, define 
, at 2 
E(t) = G(x(O) i $a) [J g(a(s)) | 
0 
+ (8) [ g(x(s)) ds + dye 
at 


=a |e 4) [ iy e(x(s)) as} dr, (5.6.4) 


Fe) = [if dr (5.6.5) 
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and 
V(t) = [1 + E(d)] exp(—K,F(). (5.6.6) 


From assumptions (i), (ii), and (iv), it is evident that E(t), V(t) > 0. 
Differentiation of (5.6.6) yields, after some calculation involving an 
integration by parts, 


V(t) = —K, \f@)| Vt) + 


a(x(t)) f(t) + 3a(t) ( | co) ds) 


+B) f slots ds+ iv) — 3] ae —2)([ aloo) as) ar 

x exp(—K;,F(t)). (5.6.7) 
Hence, by (i), (iv), and (5.6.7), we see that 

V(t) <{-K, — KG) + |e) 1/0) (KF), 
which, together with assumption (ii), implies that 
V(t) <0. 
Therefore, it follows that 
G(x) expl—KFO] < VO) < V0) 
= 1 + G(x(0)) + 47), 

and so 


Glv) < [1 + G(s(0)) + rO)] exp (Ki | 1f(O! at). 


From this inequality, the truth of (5.6.2) is clear in view of the as- 
sumptions on f and G. 
To prove the second part, we differentiate (5.6.1) to obtain 


x") = —a(0) (0) — f ; a(t — 7) g(x(r)) dr — Bt) +f"). (5.6.8) 


Because of assumptions (vii), | b’(¢)| <K, » <t < o if the second 
alternative holds. If the first alternative holds, we proceed as follows. 
Since a(t) >0, we see that y"(¢) = 0, and therefore —y‘(#) is non- 
increasing, which, together with the last condition in (iv), proves that 
[b(O| <K. 

Noting that a’(t) €1.,(0,0), we see, from (5.6.2), (v), (5.6.8), and the 
hypothesis, that | x"(¢)| < K, » <t < o. This, together with (5.6.2) 
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and the mean value theorem, yields that | x’(t)| < K, 


wx ; 
Furthermore, from (5.6.1), (iii) and (v) imply | x’(t)| < K,0 <t<o. 
It is easy to get, after some calculation, 


Vl) (0) + Sa" (J alate) ds) + OW Flats) ds 


ly"(t)} exp(—K,F(0)), (5.6.9) 


where V’(2) is the right-hand derivative of V’(2), 
Qt) = —K, | MO) ~ KVOLAOK, 
+ Jeo) KOAO + eC KO 10) 
+ F( — x"(8) — a0) (0) 
~ Kyi £00) (240 (fats) as) 


OF (sy de + — 4 “a(t 2) (falas) ds) ar) 


= 2 f ae 2) (J alos) as) del exp(—KFO). 


There exists a K such that 2,(f) > —K > —o, p <t < w. This 
follows from the Sra Vit) >0, V(t) <0, the boundedness of 
x(t), x(t), v(t) on wp <t < ow, the relation | f(é)|, = | f’(é|, and the 


hypothesis. Hence, (iv) aw (5.6.9) imply that V(t) > —K,p <t <0. 
By Lemma 5.5.1 and Remark 5.5.1, we have V’(t) > 0 as t > o. 

Returning to (5.6.7), we find, as a result of V’(t) +0 as t>o, 
(1), (411), (iv), and (v), that 


lim [ a"(t — 7) ( | 2(x(s)) ds) dr = 0. (5.6.10) 


The arguments used in the proof of Theorem 5.5.1 enable us to conclude 
from (5.6.10) that .(¢) + 0 as t > oo, From this property, the bounded- 
ness of v"(¢), and the mean value theorem, we deduce that x’(t) > 0 as 
t—» «. ‘The proof is thus complete. 


‘he next theorem concerns the perturbed equation 


x'(t) == —p(t. x(t)) — [ a(t — 7) g(x(r)) dr + f(t, x(2)). (5.6.11) 
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We define 
&(x) = ymax, g(¢), x20, 
ae) = min, e(2), « <0, 
M(x) = max(g(x), —g(—x)), «20, (5.6.12) 
m,(x) = min(G(x), G(—x)), 
m,(x) = max(G(x), G(—x)), 
where 


G(x) = fate) a8. 


Observe that, if g(x) is odd and nondecreasing, then (5.6.12) reduces 
to &(x) = g(x), M(x) = g(x), m(x) = m,(x) = G(x). 


THEOREM 5.6.2. Assume that 


(i) ae CT], RI, (—l)ia(t) > 0 for 0 <t < 0, i= 0, 1,2; 


(ii) geC[R, R], xg(x) >0 for |x| <p, 0 < p< 0, and g(x) is 
not identically zero in any neighborhood of the origin; 


(iii) peCLlJ x R, R), xp(t, x) >0 forO <t < w, |x| <p; 

(iv) feC[J x R, RJ, and, for each « >0, there exists a 6 = 
5(€) > 0, where 5(c)—>0 as «—0, and a A(t) = A(t, ©) > 0, where 
iss B(t) dt <«, such that | f(t, x)| < f(t) whenever 0 <¢t < oc and 
| x | <5; 


(v) for sufficiently small « > 0, m,(5)/eM(8) > e. 


Then, for any 0 <7 <p, there exists a dy = 5)(y) such that every 
solution x(Z) of (5.6.11) defined on 0 < t < © with | x(0)| < xy satisfies 


jx()i <9, t>0. 
Suppose, in addition, that 


(vi) p(t, x) is continuously differentiable, and 


| P(t, x)I, | Pelt, *)|, | Pelt, *)) SK, Ox<t<o, |x| <p; 


(vii) —a”(t) > 0,0 <t < ~, a(t) EL,(0, «), a(t) # 0; 
(viii) xg(x) > 0, x #0, and g(x) is differentiable for | x | < p 
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(ix) f(t, x) is continuously differentiable, and 
AE 9 A(E*)|<K, O<t<o, |x| <p; 


(x) Bi(t), Bt) < K(e),O<t<0,0<e <1. 
Then, 
lim x(t) =0  (¢ = 0,1). (5.6.13) 
Proof. 'To prove the first assertion of the theorem, let 0 << <p. 
Choose € = e(7), so that 0 < d(e) <7, and the assumption (v) is 


satisfied. ‘This means that 5 and P(t) = A(t, e) are fixed for the remainder 
of the proof. Now choose 85) = 6 (7) so that 


«M(8) -| mg(8) e < m,(8), (5.6.14) 


which, by the definition of m, and m, , implies that 6, < 8. 
Let x(t) be a solution of (5.6.11) defined on Jf with | x(0)| < 8, . Then, 
by continuity, | x(t)| < 6 for sufficiently small ¢. Define 


E(t) = Gls(e)) + batt) (f° a(a(s) ds) 


ee | a’(t — 7) ( f #(x(s)) ds) dr, (5.6.15) 
and 


l(t) = (eM +- E(t) exp (— | B(r) dr), (5.6.16) 


where M = M(6). Ditferentiating (5.6.16), we obtain 
Pye = * a V(t) 4- jee) —P(, x(t) + f(t, x(2)] 
+ 49 (| £609) ds) ~3/ at) (| _ata(s)) ds) ar 


x exp (- : { lr) dr). (5.6.17) 


Thus, by hypothesis, we have, as long as | x(t)| < 4, the relation 


V7) < MBC) + | CoC). LPC sO exp (~ J” Ble) ar) 
<0, 
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and hence also 
1 t 
G(x(t)) < [eM + G(x(0))] exp (— | B(x) dr) 
0 
< (eM + m,(8)) e < m,(8). (5.6.18) 


Suppose that there exists a ¢, such that | x(¢,)| = 6. Then, from (5.6.14) 
and (5.6.18), it follows that 


m(3) < G(x(t)) < m,(8), 
which is impossible. Hence, no such f, exists, and 
|x(t)| <8 <7, t>0. (5.6.19) 


We shall now prove the second part of the assertion. Since a(t) € L,(0, <0), 
we deduce from (5.6.19), (5.6.11), and the hypothesis the inequality 


[x(t <<K, t>0. 


This, together with 
(8) = —palts x(0)) — pelt, x(2) «'(8) — (0) aC(0) 
~ [ae — 2) a(a(e)) dx +.flt.a(0) 
ay ACETOVETO) 
and the hypothesis, implies that 


[x"(Qi<K, O<t<o. 


Taking the right derivative of (5.6.17), we obtain the formula 
Vi(t) = 3a") (| “g(x(s)) ds) ex (— { * Al) dz) 
+ 2 oe Pp rae 


ET ONAORERAOTAU) 


8 (x(4)) xP x(4)) — p(t, x) 


+ e(x(e)) [+ Bevel, x) — fle x(H)) 


— 2pilt, x(t)) — 2pa(t, x(t) x(t) 
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+ 2filt, x(0)) + 2falt, x(2)) x'(8) — (8) 
~ a(0) e(s(0)] ~ EBC (84° (f° Cato) 4) 
253 | a(t ~~ 7) ( | 2(x(s)) ds) dr) 


=| a(t — 7) ( | e(x(s)) ds) dr 


“6 


exp (- t [8 dr). 


Arguing as in the proof of Theorem 5.6.1, it is easy to deduce that 
V(t) > —K > --w, te J, and V'(t) > 0 as t-> o. Hence, it follows 
from (5.6.17) and the assumptions that (5.6.10) is true. To conclude 
(5.6.13) from this, we have to repeat the corresponding reasoning as in 
Theorem 5.6.1. The proof is therefore complete 


5.7. Admissibility and asymptotic behavior 


In this section, we shall be concerned with an integral equation of the 
type 


x(t) =: h(t) + { K(t, 8) f(s, x(s)) ds. (5.7.1) 


In order to obtain better results concerning Eq. (5.7.1), we shall need 
the concept of admissibility of a pair of subspaces with respect to an 
operator. 

The underlying space will be the space C[J, R”], of all continuous 
functions from J to R”, with the topology of uniform convergence on 
every compact interval of J. This topology may be defined by means of 
seminorms, namely, 


|v Jn = suplia(, O<t<n, 2 =1,2,.. 


It is easy to see that this topology is metrizable and that C[J, R®] is 
complete. 

Suppose that B, D are Banach spaces of functions from J to R” such 
such that B, DC CLJ, R"]. We shall assume that the topologies of B, 
D are stronger than the topology of CL/J, R”]. 


DEFINITION 5.7.1. The pair of spaces (B, D) is said to be admissible 
with respect to the operator T: CLJ, R"] > CLJ, R”] iff TBC D. 
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Lemma 5.7.1. Let T be a continuous operator from C[J, R”] into itself. 
Suppose that B, D are Banach spaces that are stronger than C[ J, R"] 
and the pair (B, D) is admissible with respect to T. Then, T is a con- 
tinuous operator from B to D. 


Proof. It is sufficient to show that T is a closed operator from B to D, 
Then, on the basis of the closed graph theorem, we can conclude that T 
is a continuous operator from B to D. Let x, 4+ x and Tx, 2+ y. We 


must prove that y = Tx. From the fact that x, *> x, it follows that 


x, LER, x Consequently, Tx, “281+ Tx. On the other hand, 


Tx, > y, and this implies 


TX, CUR") y 


Hence, y = Tx, and this means that T is a closed operator, because the 
graph is closed in B x D. It follows that one can find a constant k > 0 
such that 


[Tx|lp <Rkl|xlp, xeB. 


We can now prove an existence theorem for the Volterra integral 
equation (5.7.1). 


THEOREM 5.7.1. Consider Eq. (5.7.1) under the following conditions: 


(i) B and D are Banach spaces stronger than C[J, R”] such that 
(B, D) is admissible with respect to the operator 


t 
(Tx)(t) = | K(t, s) «(s) ds, (5.7.2) 
0 
where K(?, s) is a continuous function for0 <s <t < 0. 
(ii) x(t) > f(t, x(4)) is a continuous operator on 
S = [x(t): x(t)e Dand |x |p < p], 
with values in B such that 
f(t x(0)) fle <A M1) — Hl, BYES, (5.7.3) 
A being a positive constant. 
(iit) A(t) € D. 
Then, there exists a unique solution of the Eq. (5.7.1), provided that 


A <1, | A)p +ALL, Ole < p(l — Ak). (5.7.4) 
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Proof. Consider the following operator on S: 


(Ux)(t) ©= h(t) + i K(t, x) f(s, x(s)) ds. (5.7.5) 
We can write 


(GNC) — (EVN) = fF KC ILM. 969) — Al. 909) 


By Lemma 5.7.1, we get 
(Us\(t) = (Uy(Dlo <M x0) —WDlv (5.7.6) 


taking into account the condition (5.7.3). By the assumption (5.7.4), 
it follows that U is a contraction operator. 
It now suffices to prove that US C S, in order to conclude the existence 
and uniqueness of the solution, by means of Banach fixed point theorem. 
We have 


(O(n < | MOIp + ALA MO) In - (5.7.1) 
But, 
A O)Jia “< AG (0) — £4 Din A LLG Die 
<Alxvl[p + [f(t Og. 
As a result, we obtain 
(OUN)(t)Ip << | k()|p + Akp + RI f(t, O)\2 <p, 


because of the condition (13.7.4). 
‘The proof is complete. 


Remark 5.7.1. If f(t, a(¢)) 1s defined for all xe D, then the second 
assumption in (5.7.4) is not necessary. Theorem 5.7.1 remains valid if 
R" is replaced by a Banach space X. hen (¢, s) ~ K(#, s) will be an 
operation into the space of linear bounded operators from X to X. 

Another existence theorem can be proved, if we use Schauder’s fixed 
theorem. We shall merely state the theorem, omitting its proof, since 
it can be proved analogously. 


‘THreoreM 5.7.2. Consider Eq. (5.7.1) under the following conditions: 


(1) The same as in Theorem 5.7.1. 
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(ii) x(t) — f(t, x(2)) is a continuous operator from S (the closure of S 
in CLJ, R"]) into B such that 


f(t, (la <7, 
WA, x(t) <A), = xe S, tt SO, 


where 7 is a positive constant and A(¢) is continuous on R, . 


(iti) The same as in Theorem 5.7.1. 


Then, there exists at least one solution x(t) € S of Eq. (5.7.1), whenever 
| A(t)|p and r satisfy the inequality 


| A(t)|p + kr <p. 


In applying Theorems 5.7.1 and 5.7.2 to concrete situations, it is 
only the admissibility condition (i) that is difficult to be verified. It is 
therefore important to obtain necessary and sufficient conditions in 
order that a given pair of spaces is admissible with respect to an integral 
operator. For this purpose, we shall introduce the space C, defined as 
follows. 

Let g(t) > 0 be continuous on [0, 00). Then we designate by C, the 
space given by 


C, = [x(t) € CL, R"] = || x@|| < Ag(t), t > O], 


where A depends on the function x(t). In the space C, , we introduce 
the topology by means of the norm 


|x lo = su 
Ce tet 


[Asta | 


Then it is easy to check that the space C, is stronger than the space 
CLJ, R*). 

When the spaces B, D are C, spaces with different g, criteria for their 
admissibility may be given. The following theorem is to that effect. 


THEOREM 5.7.3. Let us consider the pair of spaces (C,, Cg) and the 


integral operator 7, defined previously. Then the pair (C,,C,) is 
admissible with respect to T iff 


| "| Kh sile(s)ds <LG(O, 1 = 0, (5.7.8) 


for some L > 0 depending only on g, G, and K. 
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Proof. Since the sufficiency part of the proof is obvious, we shall only 
prove that the condition (5.7.8) is necessary. 

First of all, let us treat the scalar case, that is, » = 1. Suppose that 
(5.7.8) is not satisfied. Then, we can find a sequence {t,,} such that 
t,, > O and t,, > « as m— oo, for which 


ne a 


atm 
| | K(t,, ,5)| g(s) ds > mG(t,),  m>1. (5.7.9) 
9 


Tet us define a new function 


b(t) = g(t) sign K(Z,, , 0), O<t<t,. (5.7.10) 
This is a measurable function, and 


Ibn (t)| < g(t). 
From (5.7.9) and (5.7.10), we have 


t 


i " K(tm 58) bm(8) ds > mG (tm), -m > 1. (5.7.11) 
0 


‘The theorem of Lucin concerning the structure of measurable functions 
shows that there exists a continuous function f,,(¢), defined on 
0 <¢t <t,,, such that 


lfn(t)| <e(t), O<t<ty, 
and 
afm 
| K(tu 58) f(s) ds > mG(t,,), mm > 1. (5.7.12) 
“0 


Without any difficulty, we can extend the function f,) 
half-lne t > 0 such that it remains continuous and 


fn) < gt), te J. 


(t) on the whole 


Suppose now that TC,C Cg. By Lemma 5.7.1 and the fact that 
i finlDlc, <1, m -= 1, 2,..., it follows that 


Fin(t)| SS LG(t), te J 


for some convenient L > 0. This contradicts (5.7.12). Consequently, 
the condition (5.7.8) is necessary for the admissibility of the pair 
(C5 Go). 
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In the case when » > 1, we shall represent the kernel as a sum 
K(i, s) = x K;;,(4, s), 


4,j=1 


where K,,(t, s) is a matrix kernel whose elements are all zero excepting 
the (i, j)th element. It is easy to see that such a kernel acts as a scalar 
kernel. As a result, for every K,,(t, s), we can obtain an admissibility 
of the type (5.7.8). Since 


n 


KG, sl < Do | Kae yb 


t,jx1 


it follows that, for K(z, s) also, we can obtain the condition (5.7.8). The 
proof is therefore complete. 


We shall now derive a particular case of Theorem 5.7.] as an appli- 
cation. 
THEOREM 5.7.4. Consider Eq. (5.7.1) under the following conditions: 
(i) || K(, s)\| < Rk exp[—oa(t — 9],O0<s <t<w,k, x > 0. 
(ii) fect] x S,, R"], f@, 0) = 9, o 


(iii) || A(t)|| < My exp[—ft], where hy and f are positive numbers 
such that 0 < B <a. 


Then, there exists a unique solution of Eq. (5.7.1) satisfying 
| a(t)|| < pexp[—Bt], te J, 
whenever /, and A are small enough. 


Proof. From condition (1), we obtain 
t 
[KG silexpl—Ps] ds < Ma pytexpl—B, 10. (5.7.13) 
0 


This implies that the pair of spaces (C,,C,), with g(t) = exp[—¢], 
is admissible with respect to the operator 7, in view of Theorem 5.7.3. 
Considition (iii) means that A(z) € C, , and, from (ii), it follows that 


f(t, x) —f(b Mle, SAl* — le, - 


Thus, we have verified all the assumptions of Theorem 5.7.1, and hence 
the proof is complete. 
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Let us now consider the linear integral equation of the type 
t 
x(t) = | K(t, s) x(s) ds + f(t), (5.7.14) 
0 


with continuous kernel for 0 <s <t < o and continuous f(Z) on J. 
The unique solution of (13.7.14) is given by 


t 
x(t) = | R(t, s) f(s) ds + f(t), (5.7.15) 
0 
where R(t, s) is the resolvent kernel of K(é, s), that is, 


Rt, s) = y K,(t, s), (5.7.16) 
K,(t, s) = K(t, s), 


t 
Kya(t,s) = | K,(t,u) K(u,s) du, n> 1. (5.7.17) 
Corresponding to (5.7.14), we consider the perturbed integral equation 
at 
x(t) = | K(t, s) x(s) ds + f(t, x). (5.7.18) 
0 


DEFINITION 5.7.2. Let B, D be Banach spaces such that B, DC C[J, R”] 
and are stronger than C[J, R"]. Then, the pair (B, D) is said to be 
admissible for (5.7.14) if the solution x(¢)¢ D whenever f(t) € B. 

We note that this concept of admissibility differs from the one given 
in Definition 5.7.1. 

An argument similar to that utilized in the proof of Lemma 5.7.1 
shows that, for every admissible pair (B, D), the mapping f—»x ts 
continuous from B to D. Consequently, for any admissible pair (B, D), 
we can find a number & > 0 such that 


Iw¥lpb SRI fle. 


We are now in a position to prove a result concerning the perturbed 
equation (5.7.18). 


THEOREM 5.7.5. Assume that 


(i) the pair (B, D) is admissible with respect to (5.7.14), where B 
and D are Banach spaces stronger than C[J, R”]; 
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(ii) x(t) > f(t, x) is a mapping from D to B such that 


| f(z, x) —flt,yis<Alx—ylip, x, ye D. 


Then, there exists a unique solution x(t) € D of Eq. (5.7.18) provided A 
is small enough. 


Proof. The proof is very simple. Indeed, consider the mapping 
A:u(t)—> x(t) from D to D, where x(t) is the solution of the linear 
equation 


x(t) = | K(t, s) x(s) ds + f(t, u). (5.7.19) 


From the admissibility of the pair (B, D), it follows that 


lx —-¥lp SR f(t.) —f(t ole 


<kAlu—v\p, 


where x = Au, y = Av. Consequently, for A < k-!, the mapping is 
contractive, and the proof is complete. 


Another general theorem that aseerts only the existence of a solution 
of (5.7.18) may be proved in the same way, making use of Schauder’s 
fixed point theorem. 


THEOREM 5.7.6. Let us assume that condition (i) of Theorem 5.7.5 
holds. Suppose further that f(¢, x) is an operator from D to B such that 


(a) f(t, x) is completely continuous; 
(b) there exists a number 7 > 0 with the property 


f(t, ula <rk* for |ulp <r. 


Then, Eq. (5.7.18) has at least one solution x(t) € D such that | x |) <r. 

For the proof, it is enough to observe that the mapping A : u(t) —> x(t) 
defined by (5.7.19) is completely continuous from D to D and carries 
the ball 


S=(u:ueD,lulp <7] into itself. 


We can derive some concrete results concerning the existence and the 
behavior of the solutions of perturbed integral equations, as an appli- 
cation of Theorems 5.7.5 and 5.7.6. 
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Let us suppose that the solution of Eq. (5.7.14) is in C, for every 
f(t) € C, . From (5.7.15), it follows that this situation occurs if and only if 


[  Raniivaces, 
“9 


whenever f(t) € C,. Hence, on the basis of Theorem 5.7.3, we obtain 
the necessary and sufhcient condition for the pair (C,,C,) to be 
admissible with respect to (5.7.14), namely, 


t 
[ 1 RG 91 g(s)ds << Mg), te Sf, (5.7.20) 
0 
Suppose, for example, that the operator /(t, x) is given by 


f(t, x) == | K,(t, s, x(s)) ds + f(t), (5.7.21) 


where f(#) eC, and K,(Z, s, x) is continuous for0O <s <t<o,xeER 
such that K,(Z, s, 0) == 0. 

In order for the operator defined by (5.7.21) to act from C, to C,, 
it is enough to impose appropriate conditions on K,(z, s, x). We shall 
suppose that 


| K,(t, s, x) — K,(t, 5, y)] < Kp(t, s)| « — y |, (5.7.22) 


where K,(t, s) is a positive continuous function for 0 <s <t < a, 
satisfying 


| ‘RG Oaia = Mew, #67. (5.7.23) 


Indeed, if x(t) € C, , then there exists an A > 0 such that 
| x(t)| < Agt), te J. 
From (5.7.21), we obtain 
Mes) <A [Kol s)(9) do + 1/00) 
< AM g(t) + (f(O), 


and this proves that f(t, x) 6 C, if f(t)e C,. 
The foregoing considerations prove the following result. 
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THEOREM 5.7.7. Consider the perturbed integral equation 
t 
x(t) = | [K(t, s) x(s) + K,(t, s, x(s))] ds + f(t), (5.7.24) 
0 


subjected to the following conditions: 


(i) The pair (C, , C,) is admissible for (5.7.14), that is, the resolvent 
kernel R(t, s) satisfies (5.7.20). 


(ii) The function K,(t,s,x) is continuous for O<s<t< 0, 
K,(t, s, 0) = 0 and obeys (5.7.22) and (5.7.23). 


(iii) f(t)eEC,. 


Then, there exists a unique solution of (5.7.24), belonging to C,, 
provided M, is small enough. 

As particular cases of Theorem 5.7.7, we mention the following results 
concerning the boundedness and the exponential decay of the solutions 
of the perturbed integral equations. The first case corresponds to the 
choice g(t) = 1, whereas the second one corresponds to 


g(t) = exp[—at], a > 0. 
CorOLLarY 5.7.1. Let us suppose that Eq. (5.7.14) has a unique 


bounded solution for every bounded f(t). Then, the perturbed integral 
equation 


v(0) = [ K(a8) + Kelts M9) as +40 (5.7.25) 
has a unique bounded solution for every bounded f(¢) if 
[1K od < My, te 
where M, is small enough. 


Coro.iary 5.7.2. Assume that (5.7.14) has a solution x(t) verifying 
| x(t)| < Mexp[—at], a>0, 1t>0, (5.7.26) 


for every f(t) satisfying 


If(t)| < Aexp[—ot], #20, (5.7.27) 
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where M and A depend on f. Moreover, let Ko(t, s) be a continuous 
function for 0 <s <¢t < oo with the property that 


t 
| | Ka(t, s)| exp[a(t — s)]ds << M,, t2>0. 
0 


Then, Eq. (5.7.25) has a unique solution satisfying (5.7.26), whenever 
f(t) verifies (5.7.27), provided M, is small enough. 


5.8. Integrodifferential inequalities 


Let F be an operator from C[J, R] into C[J, R]. We shall consider the 
integrodifferential equation 


f(t,x', x, Fx) =0, (0) = x, (5.8.1) 


where fe C[J x R°, R]. Let us first prove a basic theorem on integro- 
differential inequalities. 


THEOREM 5.8.1. Let us assume that 
(i) fect] x R°, R], and f(t, x,y,z) is nondecreasing in x for 
fixed (t, y, 2) and nonincreasing ¢ for fixed (¢, x, y); 
(ii) the operator F maps C[J, R] into C[J, R], and, for any two 
functions w,, wu, € CLJ, R], the inequality 
u,(t) < u(t), O<t<t, t, € (0, 00) 
implies 
Fu < Fo for t=t3 
(ii) v, weEC{LJ, R], v, w are continuously differentiable on (0, 00), 
and the inequalities 
f(t, v', uv, Fe) < 


0, 
f(t, w', w, Fw) > 0 
hold for t € (0, «), one of them being strict. 
Then, (0) < w(0) implies 

v(t) << w(t), 120. (5.8.2) 
Proof. Suppose that the set 

Z = [te J: oft) > w(2)] 
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is nonempty. Let ¢, = inf Z. Then ¢, > 0, because o(0) < w(0). Further- 
more, we have 
V(t) = w(t), (5.8.3) 


wut) < w(t), O0O<t<u, 


and 
v'(t;) > w'(ty). (5.8.4) 


It then follows from assumption (ii) that 
Fo < Fw for t=4t,. (5.8.5) 
The monotonicity of the function f now yields 
F(t, U'(4), 24), Fv) 
2 f(t, , w'(t), (4), Fo) 


because of the relations (5.8.3), (5.8.4), and (5.8.5). This implies a 
contradiction in view of the strictness of one of the inequalities assumed 
in (iii). Consequently, the set Z is empty, and (5.8.2) is true. The proof 
is complete. 


RemaARK 5.8.1. If the function f(t, x, y, ) is independent of x, then the 
operator-differential equation (5.8.1) reduces to pure operator equation. 
Then, for the validity of Theorem 5.8.1, the continuous differentiability 
of v, w is not necessary. 

Remark 5.8.1 may be used to prove the following: 


Corotiary 5.8.1. Let v, Ae CLJ, R,], and suppose that 
t 
v(t) < v% + | As) ds, 
0 
where v) > 0 is a constant. Then, 
t 
v(t) < Vo exp [/ X(s) ds|, t>0. 
0 


Proof. To apply Theorem 5.8.1, we set 


f(t, *, y, ) =YV—F—% 
and 


Fu = | As) u(s) ds. 
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Consider the function w(t) = (v» 4- «€) exp[f. A(s) ds] for arbitrary small 
e > 0. Then, it is easy to check that 


f(t, v, Fv) <0, 
f(t, w, Fw) > 0, 
and 
Vp < w(0). 
Since the assumptions of Theorem 5.8.1 hold, we have 


u(t) < w(t), t > 0. 


As this inequality is true for all « > 0, we deduce, letting « > 0, the 
desired result. 

It is not difficult to see that Theorem 5.8.1 includes integrodifferential 
equations of the form 


t 
x'(t) == f(t, x(t)) + | K(t, s, x(s)) ds, 
0 
where the kernel K is monotone nondecreasing. 


DEFINITION 5.8.1. Let ve CEJ, R}, and v’(t) exist and be continuous 
for t€ (0, 00). If a satisfies the inequality 


f(t, v', vu, Fv) > 0, te (0, oo), 


then 2) is said to be an over function with respect to the integro- 
differential equation (5.8.1). On the other hand, if v satisfies 


f(t, v', v, Fv) < 0, tE(0, oo), 


then v(t) is said to be an under function. 
As a consequence of Theorem 5.8.1, we have the following result. 


THEOREM 5.8.2. Let u(t), w(t) be under and over functions with 
respect to Eq. (5.8.1) and v(t) be a solution of (5.8.1) existing on [0, 0). 
Then 
u(0) < v(0) < w(0) 
implies 
u(t) < v(t) < w(t), t>0. 
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DEFINITION 5.8.2. Let ve C[J, R], and v(t) exist and be continuous 
for 0 <t < co. Then v(t) is said to be a 5-approximate solution of the 
integrodifferential equation (5.8.1), if v(z) satisfies the inequality 


| f(t, v'(t), v(t), Fv)| < 8(2), t€(0, 0), 


where 5€C{J, R,]. 
A result that gives an error estimation of the 6-approximate solution 
is the following: 


THEOREM 5.8.3. Let v(t) be a 6-approximate solution of (5.8.1). 
Suppose further that 
S(t, %1,I1>F1) — f(t X25 V2» Fe) 
2S Blt, % — X25 V1 — Vo, GW — J2))s 2X, VW 2 Ves 
where ge C[J x R°, R], and G is an operator that maps C[J, R] into 
C[J, R]. Assume that the function g(t, x, y, 2) is nondecreasing in x for 
fixed (¢, y, s) and nonincreasing z for fixed (t, x, y), and, for any two 
functions u, ve C[J, R], the inequality 
u(t) < u(t), O<t<u4, t, € (0, 0), 
implies 
Gu < Gu for t=4t,. 


Then, if u(t) is any solution of (5.8.1) such that u(0) = x» and 
| u(0) — xy | < po, we have 


| v(t) — u(t)| < p(t), #209, 


where p(t) > 0 is continuously differentiable for 0 <¢< oc and 
satisfies 
g(t, p’, p, Gp) > a(t), te (0, oo). 

Proof. We shall first show that v(t) — u(t) < p(t), t > 0. Setting 
2(t) = v(t) — u(t) and proceeding as in the proof of ‘Theorem 5.8.1, 
we arrive at az, > 0 with the properties 

a(t) = p(t), 

2'(t4)) > p(t), 
and 

Gz < Gp, i=. 
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Since p(t,) > 0, p’(t,) = 0, we have o(t,) > u(t), v'(t,) > u’(t,), and, 
consequently, 


81) 2 ft» oA), w(t), Fo) — f(t, 5 u(t)» (ty), Fu) 
> &(ty , 2'(t), 2(4)), G2). 


Now, using the monotonicity properties of g, it follows that 


(ty » 2(ty), 2(4), G2) 
S gh» p'(h)s p(t)» Gp) 
< d(t), 


which implies 6(¢,) < 6(¢,). This absurdity proves 
u(t) — u(t) < p(t), tO. 


A similar argument shows that u(t) — v(t) < p(t), t > 0. The theorem 
is therefore proved. 


5.9. Notes 


See Walter [3] for the type of results in Sect. 5.1 (see Jones [1]). 
Theorems 5.2.1 and 5.2.3 are due to Nohel [1]. Theorem 5.2.2 is new. 
For Theorem 5.3.1, see Nohel [I]. The proof of Theorem 5.3.2 is 
adopted from Olech [9], whereas Corollary 5.3.1 is due to Olech [9]. 
See also Cafiero [1]. 

For the results of the type given in Sect. 5.4, see Walter [3]. 
Sections 5.5 and 5.6 consist of the work of Levin and Nohel [2, 3]. 
See also Friedman [l, 2], Halanay [3], Levin [2, 3], Miller [5], and 
Padmavally [1]. 

The results of Sect. 5.7 are due to Corduneanu [18, 21]. Section 5.8 
contains results adopted from Nickel [l]. See also Azbelev and 
Tzaliuk [1], Barbu [1], Baumann [1], Bene’ [1,2], Cameron and 
Shapiro [1], Corduneanu [19], Erdelyi [1], Goldenhershel [1], Iwasaki 
and Sato [1], Krasnoselskii [1], Krein [2], Levin and Nohel [4], Mann 
and Roberts [1], Miller (6, 7], Mitryakov [1], Nohel [2-5], Petrovanu [1], 
Ramamohana Rao [2], Sato [1, 4], Volterra [1-3], and Willett [1]. 
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